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Motivation and Previous Works

• Heavy quarkonia probe all the energy regimes of QCD, and are thus an ideal, and to some extent, 
unique laboratory to test our understanding of QCD (both perturbative and nonperturbative aspects).  
(Brambilla and Vairo, RMP (2005), Brambilla, et. al, EPJC (2011)).

• NRQCD provides an elegant approach to separate relativistic physics of annihilation from the 
nonrelativistic physics of quarkonium structure.  (Bodwin, Braaten, and Lepage, PRD (1995))

• Large radiation corrections are found for the production of double charmonia, which can remedy the 
large discrepancy between experiments and theories. (Zhang, Gao, and Chao, PRL (2006), Gong, and 
Wang, PRD (2008))

• For charmonia, 𝑣2 ≈ 0.3, 𝛼𝑠 ≈ 0.24, thus relativistic correction is as significant as radiation 
correction. 

• Cross section for 𝑒+𝑒− → 𝐻𝑐  𝑐 + 𝛾 can be larger than that for 𝑒+𝑒− → 𝐽/𝜓 + 𝐻 by 2 orders, and 
thus could be observed at B-factory. (Chung, Lee, and Yu, PRD (2008))
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velocity-scaling rules:

(BBL)

𝑖𝜒†𝑫 ∙ 𝝈𝑫2𝜓~𝑔𝜒†𝑬 ∙ 𝝈𝜓~𝑣6



NRQCD Factorization

effective Lagrangian:

factorization:

decay rate:
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Factorization at amplitude level:

(for electromagnetic decay or exclusive electromagnetic production)
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Strategies to Determine the NRQCD Matching Coefficients

Figure 2. NRQCD diagrams for the process 𝑒+𝑒− → 𝑄  𝑄 + 𝛾 (the first one) and 𝑒+𝑒− → 𝑄  𝑄 +
𝛾 (the last three).
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polarization vector of hadronscaling:
quark (antiquark) velocity 𝑞~𝑣

explicit form of Dirac spinor:

gluon velocity 𝑘~𝑣/𝑣2

spherical 
decomposition:

Coope, and Snider 

JMP 11, 1003 (1970)

calculation of QCD amplitude

amplitude with 
definite hadron spin

series expansion in v spherical decomposition



matching



cross section



Results of SDCs

SDCs in the rest frame of hadron



SDCs in the laboratory frame



SDCs in the rest frame of the hadron and those in the laboratory frame are 

related to each other through Lorentz boost combining with Gremm-
Kapustin relations (Gremm, and Kapustin, PLB, 1997):



SDCs for cross section



Numerical Results

Input:

PRD 52, 1726 (1995)

pole mass of c quark: 𝑚𝑐 = 1.44 ± 0.03GeV

fine structure constant: 𝛼 = 1/137

strong coupling constant: 𝛼𝑠(𝑚𝑐) = 0.31





Figure 2. Cross sections for the production of 𝜒𝑐𝐽 in the energy 

region of Belle II. The dotted curve shows contributions only 

from the matrix element. The dashed curve includes 

also                  , while the solid curve displays our final result 

with all the three contributions.



Conclusion and Discussion

In this work, we calculate the relativistic corrections to Exclusive 𝜒𝑐 + 𝛾
Production from 𝑒+𝑒− annihilation, especially the contributions of 

operators with chromoelectric components, which are new. By explicit 

calculation, we show that the QCD amplitude  can be exactly matched by 

the NRQCD amplitude, and the SDCs are indeed independent of the 

hadron state. The calculation is carried out in both the rest frame and the 

laboratory frame. The results are in good agreement reported results in 

literatures, except that our results for 𝜒𝑐2 disagree those in Li, et. al, JHEP 

(2014). Numerical calculations are also done in this work.



The End

Thanks for your attention!


