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Determination of the CKM angle 𝛽

3

• The value of sin 2𝛽 is measured precisely 
in 𝑏 → 𝑐 ҧ𝑐𝑠 (𝐵0 → 𝐽/𝜓𝐾𝑆

0, …) transitions:

sin 2𝛽 𝑏→𝑐 ҧ𝑐𝑠 = 0.691 ± 0.017

• Trigonometric ambiguity: 2𝛽 → 𝜋 − 2𝛽

• Time-dependent interference between 
decays w/ and w/o oscillation

• A 𝒞𝒫-specific final state 𝑓 provides 
sensitivity only to sin 2𝛽

• Tagging of the initial 𝐵0 flavor is 
necessary

• Measurement of 𝐵0 decay vertex is 
needed for a time-dependent analysis

𝐵0

ത𝐵0

𝑓

𝑒−2𝑖𝛽
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𝛼

𝛾 𝛽



𝑏 → 𝑐ത𝑢𝑑
ഥ𝐵0 → 𝐷0ℎ0

𝑏 → 𝑐 ҧ𝑐𝑠

(𝐵0 → 𝐽/𝜓𝐾𝑆
0)

Features of the 𝑏 → 𝑐ത𝑢𝑑 transition

4

• Provides a complementary and 

theoretically clean approach to access 𝛽

• Dominated by tree amplitudes and not 

sensitive to most of physics beyond 

standard model (BSM)

• Time-dependent Dalitz analysis of the 

𝐵0 → 𝐷{ℎ0, 𝜋+𝜋−} with 𝐷 → 𝐾𝑆
0𝜋+𝜋−

decays resolves the trigonometric 

ambiguity.

• A discrepancy between 𝒞𝒫 asymmetries 
measured with 𝑏 → 𝑐ത𝑢𝑑 and 𝑏 → 𝑐 ҧ𝑐𝑠
would indicate a BSM effect
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The binned Dalitz plot approach
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• The phase difference Δ𝛿𝐷 between the 𝐷0 →

𝐾𝑆
0𝜋+𝜋− and ഥ𝐷0 → 𝐾𝑆

0𝜋+𝜋− decay amplitudes is 

needed to measure the CKM angle 𝛾 in 𝐵± →

𝐷𝐾± with 𝐷 → 𝐾𝑆
0𝜋+𝜋− decays

• Δ𝛿𝐷 cannot be measured in each point of the 

phase space. Phenomenological models are 

used to predict Δ𝛿𝐷.

• A model cannot provide reliable information 

about the phase. Even the uncertainty scale is 

not evident

• The model uncertainty can limit future precise 

measurements

(Initial) motivation

• The phase space is divided into 2𝒩 regions

• The parameters 𝐾𝑖, 𝐶𝑖 and 𝑆𝑖 are defined for the 𝑖th region:

 𝐾𝑖 – probability of 𝐷0 meson decay into the 𝑖th region

 𝐶𝑖 and 𝑆𝑖 – cos and sin of the decay amplitude phase difference 

between ഥ𝐷0 and 𝐷0 averaged over the 𝑖th region

• A decay probability (density) is expressed through 𝐶𝑖 and 𝑆𝑖
instead of Δ𝛿𝐷

• The parameters 𝐶𝑖 and 𝑆𝑖 can be measured in coherent decays 
of 𝐷0ഥ𝐷0 pairs

Binned 𝑫𝟎 → 𝑲𝑺
𝟎𝝅+𝝅− DP in a nutshell*

* The 𝐷0 → 𝐾𝑆
0𝜋+𝜋− decay is considered here, but the 

binned approach can be applied to any multibody decay
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…

• Giri, Grossman, Soffer and Zupan [1] 

 The idea of binned DP approach for the angle 𝛾

measurement in 𝐵± → 𝐷𝐾± with 𝐷 → 𝐾𝑆
0𝜋+𝜋− decays

• Bondar and Poluektov [2]

 The ideas of ‘equal-phase’ and ‘optimal’ binning

 A realistic approach and feasibility study

• QC measurements for 𝐷0 → 𝐾𝑆
0ℎ+ℎ− by CLEO-c

 The first result [3]

 The final result [4]

• Measurements with QC input

 CKM angle 𝛾 [5-7]

 Charm mixing [8]

 CKM angle 𝛽 (this talk) [9]

• New ideas [10], [11] (A. Poluektov’s talk) and 

[12] (this talk)

Binned 𝐷0 → 𝐾𝑆
0𝜋+𝜋−: brief history

J
o
in

t 
B

E
S

II
I-

L
H

C
b

 w
o
rk

sh
o
p

 

F
e
b

ru
a

ry
 8

th
  
2

0
1

8
, 
B

e
ij

in
g

6

CLEO-c

Measurements 

with QC input



𝐵0 → 𝐷ℎ0 with 𝐷 → 𝐾𝑆
0𝜋+𝜋−

7

V. Vorobyev et at. (Belle Collaboration) PRD 94, 052004 (2016)
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• Time-dependent PDFs:

𝑔𝑖 Δ𝑡 ∝ 𝒰𝑖 + 𝑞𝐵 𝒟𝑖 cos Δ𝑚Δ𝑡 − ℱ𝑖 sin Δ𝑚Δ𝑡

𝒰𝑖 = 𝐾𝑖 + 𝐾−𝑖 , 𝒟𝑖 = 𝐾𝑖 − 𝐾−𝑖 ,

ℱi = −2 𝐾𝑖𝐾−𝑖 𝑆𝑖 cos 2𝛽 + 𝐶𝑖 sin 2𝛽

• 16 Dalitz plot regions

• The equal-phase Dalitz plot partitioning

• The parameters 𝐶𝑖 and 𝑆𝑖 measured by CLEO-c [1]

The method

[1] PRD 82, 112006 (2010)
[1]
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Signal modes

• 𝐷0ℎ0, with ℎ0 in

 𝜋0 → 𝛾𝛾,

 𝜂 → 𝛾𝛾, 𝜋+𝜋−𝜋0,

 𝜂′ → 𝛾𝛾 𝜂𝜋
+𝜋−

 𝜔 → 𝜋+𝜋−𝜋0

• 𝐷∗0ℎ0 → 𝐷0𝜋0 with
 𝐷∗0 → 𝐷0𝜋0

 ℎ0 in 𝜋0 → 𝛾𝛾, 𝜂 → 𝛾𝛾

𝐵0 → 𝐷𝜋0 𝐵0 → 𝐷𝜋0

Main variables

• 𝑀bc – beam-energy constrained mass

• Δ𝐸 – energy difference

Signal yield

962 ± 41

The parameters of Dalitz plot

• 𝐶𝑖 and 𝑆𝑖 from CLEO-c (external input)

• 𝐾𝑖 from 𝐵− → 𝐷0𝜋− decays

CLEO Collaboration

PRD 82, 112006 (2010)
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𝐵0 → 𝐷ℎ0 with 𝐷 → 𝐾𝑆
0𝜋+𝜋−

The full Belle data set

772 × 106 𝐵 ത𝐵 pairs @ Υ 4𝑆
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sin 2𝛽 = 0.43 ± 0.27 stat ± 0.08 syst

cos 2𝛽 = 1.06 ± 0.33 stat −0.15
+0.21 syst

𝛽 = 11.7 ± 7.8 stat ± 2.1 syst
0

Maximum likelihood fit of the 𝚫𝐭 distributions

Direct exclusion of 

the 2nd solution @𝟓. 𝟏𝝈

The first model-independent 

measurement of 𝐜𝐨𝐬 𝟐𝜷

• Uncertainties of 𝐶𝑖 and 𝑆𝑖: 1.1
∘

(dominant)

• Δ𝑡 resolution function

• Signal purity

• Background Δ𝑡 PDFs

• Uncertainties of 𝐾𝑖

Main systematics sources

PRD 94, 052004 (2016)

𝐵0 → 𝐷ℎ0 with 𝐷 → 𝐾𝑆
0𝜋+𝜋−
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Stat. origin

The solutions 

corresponding to 

sin 2𝛽 = 0.69
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A. Bondar, A. Kuzmin and V. Vorobyev, arXiv:1802.00200

𝐵0 → 𝐷𝜋+𝜋− with 𝐷 → 𝐾𝑆
0𝜋+𝜋−
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𝐵0 → ഥ𝐷0𝜋+𝜋− Dalitz plane
The master equation

𝑔𝑖𝑗 Δ𝑡 ∝ 𝒰𝑖𝑗 + 𝑞𝐵 𝒟𝑖𝑗 cos Δ𝑚Δ𝑡 − ℱ𝑖𝑗 sin Δ𝑚Δ𝑡

𝒰𝑖𝑗 = 𝐾𝑖𝑘𝑗 + 𝐾−𝑖𝑘−𝑗, 𝒟𝑖𝑗 = 𝐾𝑖𝑘𝑗 − 𝐾−𝑖𝑘−𝑗,

ℱ𝑖𝑗 = 2 𝐾𝑖𝐾−𝑖𝑘𝑗𝑘−𝑗 𝑆𝑖𝑠𝑗 − 𝑆𝑖𝑐𝑗 cos 2𝛽 − 𝐶𝑖𝑐𝑗 + 𝑆𝑖𝑠𝑗 sin 2𝛽

𝟐𝓜+ 𝟏 (+𝟐𝓜) parameters

• The angle 𝛽

• 2ℳ pairs of 𝑐𝑗 , 𝑠𝑗

• 2ℳ 𝑘𝑗 parameters – easy to 

measure with 𝐷 → 𝐾𝜋 decays

𝟐𝓜 𝓝+ 𝟏 constraints

• 2ℳ from 𝐵0 → 𝐷𝒞𝒫𝜋
+𝜋−

• 2ℳ𝒩 from 𝐵0 → 𝐾𝑆
0𝜋+𝜋−

𝐷
𝜋+𝜋−

• 2𝒩 𝐷 Dalitz plot bins

• 2ℳ 𝐵 Dalitz plot bins

• Overconstrained 
system for any 
positive 𝒩 and ℳ

Solvability

LHCb friendly: only charged 

final-state particles
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Estimates for future signal yields
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Decay

Belle

(𝟏 𝐚𝐛−𝟏)

Belle II

(𝟓𝟎 𝐚𝐛−𝟏)

LHCb 

Run I

LHCb 

Run II

(𝟖 𝐟𝐛−𝟏)

LHCb

Upgrade 

(𝟓𝟎 𝐟𝐛−𝟏)

𝐵0 → 𝐷𝒞𝒫𝜋
+𝜋− 1.0 ⋅ 103 50 ⋅ 103 2.0 ⋅ 103 8 ⋅ 103 140 ⋅ 103

𝐵0 → 𝐾𝑆
0𝜋+𝜋−

𝐷
𝜋+𝜋− 1.3 ⋅ 103 65 ⋅ 103 1.2 ⋅ 103 5 ⋅ 103 84 ⋅ 103

𝐵0 → 𝐷𝒞𝒫ℎ
0 0.8 ⋅ 103 40 ⋅ 103 – – –

𝐵0 → 𝐾𝑆
0𝜋+𝜋−

𝐷
ℎ0 1.0 ⋅ 103 50 ⋅ 103 – – –

[1] PRL 115, 121604 (2015)

[2] PRD 94, 052004 (2016)

[3] PRD 76, 012006 (2007)

[4] PRD 92, 032002 (2015)

[5] Phys. Lett. B712, 203 (2012)

[6] JHEP 10, 097 (2014)

Belle LHCb

Based on:
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Feasibility study
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𝑗 > 0

𝑗 < 0
Decay

Belle II

(𝟓𝟎 𝐚𝐛−𝟏)

LHCb

(𝟓𝟎 𝐟𝐛−𝟏)

𝐵0 → 𝐷𝜋+𝜋− 1.5∘ 1.5∘

𝐵0 → 𝐷ℎ0 0.7∘ –

• A model of the 𝐵0 → ഥ𝐷0𝜋+𝜋− decay is built 
using the results from Ref. [1]

• Precision is assessed with toy MC taking 
into account the expected flavor tagging 
power and time resolution

• The joint analysis of 𝐷 meson decays to 
𝐾𝑆
0𝜋+𝜋− and 𝒞𝒫 eigenstates is considered

[1] PRD 76, 012006 (2007)

Future precision for the angle 𝜷

𝐵0 → ഥ𝐷0𝜋+𝜋− Dalitz plot (toy MC)

The ത𝐵0 → 𝐷0𝜋+𝜋− binned Dalitz plot parameters 

(𝑘𝑗, 𝑐𝑗 and 𝑠𝑗) calculated using the model

A fit corresponding 

to Belle II 



• Value (and sign!) of the bias varies over the 𝐵
and 𝐷 Dalitz plot bins leading to a major 
cancellation of the effect

𝛿𝛽𝑏→𝑢 ҧ𝑐𝑑 ≈ 0.2∘ ×
𝑟𝐵
0.02

𝛿𝛽mixing ≈ 0.05∘ ×
𝑥2 + 𝑦2

0.01

Bias due to the neglect of 𝑏 → 𝑢 ҧ𝑐𝑑
and charm mixing
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• The bias is larger for the 𝐵0 → 𝐷𝒞𝒫ℎ
0

decays:

𝛿𝛽𝑏→𝑢 ҧ𝑐𝑑
𝐷𝒞𝒫ℎ

0

≈ −𝜂𝒞𝒫 × 1.9∘ × cos Δ𝛿𝐵

𝛿𝛽mixing
𝐷𝒞𝒫ℎ

0

≈ −𝜂𝒞𝒫 × 0.6∘ ×
𝑦

0.01

• The bias is proportional to the 𝒞𝒫
parity 𝜂𝒞𝒫 of the 𝐷 final state



Uncertainty due to QC results 

14

• The uncertainty 𝛿𝛽 in the 𝐵0 → 𝐷ℎ0 analysis [1]

related to the parameters 𝐶𝑖 and 𝑆𝑖 measured by 

CLEO [2] is 1.1∘

• Similar uncertainty one may expect for a 𝐵0 →
𝐷𝜋+𝜋− analysis

• More precise QC measurements from BESIII are 

required for future precise measurements

• Good communication between LHCb, Belle II and 

BESIII is essential to produce coordinated results 

for the appropriate Dalitz plot partitions

[1] PRD 94, 052004 (2016)

[2] PRD 82, 112006 (2010)
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CLEO Collaboration

PRD 82, 112006 (2010)

[Xiao-Rui Lyu, ICHEP 2016]

Waiting for the final result from BESIII 



1. The 𝑏 → 𝑐ത𝑢𝑑 transitions provide theoretically clean and the 
most precise approach to measure the cos 2𝛽

2. In the future, the angle 𝛽 can be measured in 𝑏 → 𝑐ത𝑢𝑑
transitions with precision below one degree in a model-
independent way

3. BESIII QC measurements of 𝐷0 → 𝐾𝑆
0𝜋+𝜋− are required for 

the future precise measurements (not only for 𝛽)

Conclusions
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Thank you!



Backup
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Experimental conditions in toy MC

𝜀tag ≡ 1 − 2𝑤 2

• 𝑤 is the wrong-tag probability for the 𝐵 meson flavor

• 𝜀tag defines effective reduction of a data sample due to non-ideality of a 𝐵

meson flavor tagging procedure J
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Parameter Belle II LHCb

Time resolution (ps) 1.25 0.06

Tagging power 𝜀tag (%) 30 8

Background fraction (%) 30 5



Toy 𝐵0 → ഥ𝐷0𝜋+𝜋− model
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Resonance
𝑀

(𝐺𝑒𝑉/𝑐2)
Γ

(𝑀𝑒𝑉)
𝐽 ℱ

(%)
𝜑

(deg)

𝐷2
∗ 2460 2.4657 49.6 2 29.9 0

𝐷𝑣
∗ 2.01 10−4 1 7.6 −145.0

𝐷0
∗ 2400 2.308 276.11 0 6.5 −165.0

𝜌 770 0.7756 144 1 36.3 103.7

𝜔 782 0.7826 8.49 1 0.5 −88.4

𝜌 1450 1.465 310 1 0.4 −76.3

𝑓2 1270 1.275 185 2 7.5 −97.6

𝑓0 500 0.513 335 0 10.0 80.8

𝑓0 1370 1.434 173 0 1.8 −139.2

• The model is based on Belle measurement from PRD 76, 012006 (2007)

• Each resonance is described with a relativistic Breit-Wigner function



The CKM mechanism

19

• The unitary matrix of quark mixing for 
charged weak currents (Cabibbo, 
Kobayashi and Maskawa, CKM)

𝑑′
𝑠′
𝑏′

=

𝑉𝑢𝑑
𝑉𝑐𝑑
𝑉𝑡𝑑

𝑉𝑢𝑠
𝑉𝑐𝑠
𝑉𝑡𝑠

𝑉𝑢𝑏
𝑉𝑐𝑏
𝑉𝑡𝑏

𝑑
𝑠
𝑏

• Four independent parameters

• Can be parametrized with three Euler 
angles and single phase.

The CKM matrix

𝑉𝑢𝑑𝑉𝑢𝑏
∗

𝑉𝑐𝑑𝑉𝑐𝑏
∗ +

𝑉𝑡𝑑𝑉𝑡𝑏
∗

𝑉𝑐𝑑𝑉𝑐𝑏
∗ + 1 = 0

The Unitarity Triangle

ℒ ∝ −
𝑔

2
ത𝑢𝐿, 𝑐𝐿, ҧ𝑡𝐿 𝛾𝜇𝑊𝜇

+𝑉𝐶𝐾𝑀 𝑑𝐿, 𝑠𝐿, 𝑏𝐿
𝑇 + ℎ. 𝑐.
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Time-dependent measurements 
at an asymmetric 𝐵-factory
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𝑔 Δ𝑡 =
1

4𝜏𝐵
𝑒
−
Δ𝑡
𝜏𝐵 1 + 𝑞 𝐴 sin Δ𝑚Δ𝑡 − 𝐵 cos Δ𝑚Δ𝑡

• 𝑞 = ±1 denotes the initial flavor of signal 𝐵 meson

• Standard model predicts 𝐴 = −𝜂𝑓 sin(2𝛽) and 𝐵 = 0 for a 𝒞𝒫-

specific final state with 𝒞𝒫 parity 𝜂𝑓

Time-dependent 𝑩 decay rate

• Flight distance Δ𝑧 ≈ 200 μm

• Vertex resolution 𝜎 Δ𝑧 ≈ 130 μm

• Correct flavor tagging for ≈ 80% events

• Boost factor:

 Belle 𝛽𝛾 = 0.425

 BaBar 𝛽𝛾 = 0.56
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The Belle experiment
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m / KL detection
14/15 lyr. RPC+Fe

Central Drift Chamber
small cell +He/C2H6

CsI(Tl)
16X0

Aerogel Cherenkov cnt.
n=1.015~1.030

Si vtx. det.
3/4 lyr. DSSD

TOF counter

SC solenoid
1.5T

8 GeV e-

3.5 GeV e+

• Operation period: 1999 – 2010

• 1.04 ab−1 integrated luminosity

• 772 × 106 𝐵ഥ𝐵 pairs
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Combined BaBar + Belle analysis of 
ത𝐵0 → 𝐷𝐶𝑃

∗
ℎ0

22

PRL 115, 121604 (2015)

• Peaking background (0.049)

• Δ𝑡 resolution functions (0.020)

• Vertex resolution (0.015)

Main systematics sources

𝑔 Δ𝑡 ∝ 1 + 𝑞 𝐴 sin Δ𝑚Δ𝑡 + 𝐵 cos(Δ𝑚Δ𝑡)

𝐴 = −𝜂𝑓 sin(2𝜑1) and 𝐵 = 0 for a 𝐶𝑃-specific final state

Time-dependent 𝑩 decay rate

Observation of 𝑪𝑷
violation at 𝟓. 𝟒𝝈
confidence level

sin 2𝜑1 = 0.66 ± 0.10 stat. ± 0.06 (syst. )

• No significant direct 𝐶𝑃 violation found:

𝐵 = −0.02 ± 0.07 stat. ± 0.03 (syst. )

Maximum likelihood fit of the 𝚫𝐭 distributions
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Combined BaBar + Belle analysis of 
ത𝐵0 → 𝐷 ∗ ℎ0 with 𝐷0 → 𝐾𝑆

0𝜋+𝜋−

23

First evidence for 

cos 𝟐𝜷 > 𝟎@ 𝟑. 𝟕𝝈

Direct exclusion of 

the 2nd solution @𝟕. 𝟑𝝈

Observation of 𝑪𝑷
violation @𝟓. 𝟏𝝈

sin 2𝛽 = 0.80 ± 0.14 stat. ± 0.06 syst. ± 0.03 (model)

cos 2𝛽 = 0.91 ± 0.24 stat. ± 0.09 syst. ± 0.07 (model)

𝛽 = 22.5 ± 4.4 stat. ± 1.2 syst. ± 0.6 model
0

Maximum likelihood fit of the 𝚫𝐭 distributions

• Possible fit bias

• Vertex reconstruction

• Δ𝑡 resolution function

• Signal purity

• Background Δ𝑡 p.d.f.s

Main systematics sources

[M. Röhrken, Moriond 2017]
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