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GLW vs ADS

• Unfortunately,  

A(B–→DK–) ≈ 0.1 A(B–→DK–)


• The ADS trick: Instead of using a D decay to 
a CP eigenstate (“GLW” method), use a D 
decay where one decay path is doubly 
Cabibbo suppressed to balance the 
amplitudes.


• CLEO input: 
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TABLE XVIII. Branching fraction results from the Standard Fit and the Extended Fit. Uncer-
tainties are statistical and systematic, respectively.

Parameter Standard Fit Extended Fit

B(K�⇡+) (%) 3.77± 0.06± 0.05 3.76± 0.06± 0.05
B(K�K+) (10�3) 3.99± 0.07± 0.08 3.98± 0.07± 0.08
B(⇡�⇡+) (10�3) 1.36± 0.03± 0.04 1.37± 0.03± 0.04
B(K0

S⇡
0⇡0) (%) 0.99± 0.02± 0.06 0.99± 0.02± 0.06

B(K0
L⇡

0) (%) 0.94± 0.03± 0.03 0.96± 0.03± 0.03
B(K0

L⌘) (10
�3) 3.36± 0.30± 0.17 3.40± 0.31± 0.17

B(K0
L!) (%) 0.90± 0.05± 0.03 0.91± 0.05± 0.03

B(K0
S⇡

0) (%) 1.17± 0.02± 0.03 1.16± 0.02± 0.03
B(K0

S⌘) (10
�3) 4.95± 0.14± 0.36 4.90± 0.14± 0.36

B(K0
S!) (%) 1.15± 0.02± 0.04 1.14± 0.02± 0.04

B(K0
L⇡

0⇡0) (%) 0.95± 0.06± 0.05 0.94± 0.06± 0.05
B(K�e+⌫e) (%) 3.54± 0.05± 0.08 3.52± 0.05± 0.08
B(K�µ+⌫µ) (%) 3.38± 0.05± 0.08 3.36± 0.05± 0.08
B(Y0) (10�3) 4.38± 0.18± 0.12 4.33± 0.17± 0.11
B(Y1) (10�3) 1.65± 0.10± 0.04 1.63± 0.10± 0.04
B(Y2) (10�3) 3.43± 0.16± 0.10 3.33± 0.14± 0.08
B(Y3) (10�3) 0.99± 0.08± 0.03 0.97± 0.08± 0.02
B(Y4) (10�3) 1.70± 0.11± 0.05 1.62± 0.10± 0.04
B(Y5) (10�3) 2.11± 0.13± 0.07 2.13± 0.12± 0.05
B(Y6) (10�3) 3.15± 0.15± 0.08 3.14± 0.14± 0.08
B(Y7) (10�3) 3.68± 0.16± 0.09 3.71± 0.16± 0.09

(cos2 � + sin2 �)1/2 = 1.28 ± 0.27 to be consistent with physical boundary. Similarly, in the
Standard Fit, ⌧ = 0.81 ± 0.21. The PDFs for � in Figs. 9 and 10 are obtained by probing
cos � and sin � under the constraint ⌧ = 1, which reduces the height of the PDF relative to
the other parameters. The implied values for � from these PDFs are |�| = (10+28+13

�53�0 )� for the
Standard Fit and � = (18+11

�17)
� for the Extended Fit. Also, applying the above constraint

in the Standard Fit improves the uncertainties on y and x2 by 15% and 8%, respectively,
resulting in y = (3.3± 1.7± 0.8)% and x2 = (0.14± 0.21± 0.09)%; the changes in all other
parameters are negligible. Performing the Extended Fit with ⌧ = 1 produces negligible
shifts in all the fit parameters.

Our results for ci, si, and branching fractions do not supersede other CLEO-c measure-
ments. For ci and si, our fitted values are consistent with those in Ref. [29], after accounting
for di↵erences between the two analyses.

VII. SUMMARY

We present an updated analysis of quantum correlations in D0D̄0 decays at the  (3770)
using the full CLEO-c dataset, resulting in a new value of cos � = 0.81+0.22+0.07

�0.18�0.05 and a first
measurement of sin � = �0.01 ± 0.41 ± 0.04, which, when combined, imply a strong phase
of |�| = (10+28+13

�53�0 )�. By including external inputs on mixing parameters in the fit, we find
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CP and flavour tagged Dº (CLEO-c/BESIII)
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CP and flavour tagged Dº (CLEO-c/BESIII)
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FIG. 8: CP-even tagged K0
Lπ+π− Dalitz plot (a), and its m2(π+π−) projection (b). CP-odd tagged

K0
Lπ+π− Dalitz plot (c), and its m2(π+π−) projection (d).

the latter, we estimate the biases and adjust the K(′)
i values using the correction factor:

|AD0→K0
S
π+π−|2/|AD0→K0

S
π+π− + re−iδAD̄0→K0

S
π+π−|2.

Here r = |A(D0 → K+π−)/A(D0 → K−π+)| and δKπ are the ratio of amplitudes of the
DCSD to CF decay and the relative strong phase, respectively. The amplitude ratio squared,
r2 = (3.44 ± 0.01 ± 0.09) × 10−3 and δKπ = (22 ± 16.3)◦ are taken from Ref. [16]. This
correction factor is estimated in each of our eight Dalitz-plot bins using the BaBar D0 →
K0

Sπ+π− Dalitz-plot fit amplitude [4]. The model dependence of this correction is negligible.
Uncertainties on these corrections due to the uncertainty on δKπ are small and are included
in our systematic uncertainties.

The fitting procedure was tested using a simulated C-odd D0D̄0 Monte Carlo sample
where we performed 100 toy K0

Sπ+π− vs. K0
Sπ+π− experiments with ci and si taken from

the BaBar model. The means and widths of the pull distributions of the ci and si parameters

tion of c(′)
i .

15

CLEO-c: Phys. Rev. D80, 032002 (2009), 
updated in Phys.Rev. D82 (2010) 112006

6
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CP-even fractions, measured with CLEO-c data

• CP-even fraction F+ allows to use self-conjugate decays like D→π+π–π0, in B–

→DK– like 2-body D decays. 

•                                                        
 
F+ = 1 for CP-even eigenstates, F+ = 0 for CP odd ones.


7

PLB740, 1 (2015) PLB747, 9 (2015)

F+ =
NCP�even

NCP�even +NCP�odd

�(B± ! D(fself�con)K
±) / 1 + r2B + 2(2F+ � 1) cos(�B ± �)

(plus with some corrections for charm mixing)
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• CP-even fraction F+ allows to use self-conjugate decays like D→π+π–π0, in B–

→DK– like 2-body D decays. 

•                                                        
 
F+ = 1 for CP-even eigenstates, F+ = 0 for CP odd ones.
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�(B± ! D(fself�con)K
±) / 1 + r2B + 2(2F+ � 1) cos(�B ± �)

(plus with some corrections for charm mixing)

number of events tagged as CP-even
number of events tagged as CP-odd
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CP-even fractions, measured with CLEO-c data
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L mesons produced do not deposit any reconstructible signal in

the detector. However, double-tag candidates can be fully reconstructed
using a missing-mass squared (M2

miss) technique [27] for tags containing a
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L meson. Yields are extracted from the signal and sideband regions of
the M2

miss distribution. Figure 2 shows the M2
miss distributions for candidates

tagged with either a K0
L⇡

0 or K0
L! tag.
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Figure 1: Mbc distributions for D ! ⇡+⇡�⇡0 candidates tagged by CP -even (a) and CP -
odd (b) eigenstates; corresponding plots for D ! K+K�⇡0 for CP -even (c) and CP -odd
(d). Tags involving a K0

L are not included. The vertical dotted lines indicate the applied
signal window.

In the selection of ⇡+⇡�⇡0 vs. ⇡+⇡�⇡0 candidates an additional K0
S veto

is applied to remove D ! K0
S(⇡

+⇡�)⇡0 decays that are otherwise found to
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CP-even fractions, measured with CLEO-c data
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CP-even fractions, measured with CLEO-c data
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CP-even fractions, measured with CLEO-c data
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The measured values for N+ and N� for the two signal modes are dis-
played in Fig. 4. It can be seen that there is consistency between the indi-
vidual tags for each measurement. From these results it is determined that
F+(⇡+⇡�⇡0) = 0.968 ± 0.017 ± 0.006 and F+(K+K�⇡0) = 0.731 ± 0.058 ±
0.021, where the first uncertainty is statistical and the second is system-
atic. These values are slightly higher than, but compatible with, the model
predictions reported in Sect. 2.
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Figure 4: D ! ⇡+⇡�⇡0 results for N+ (a) and N� (b). D ! K+K�⇡0 results for N+

(c) and N� (d). In each plot the vertical yellow band indicates the value obtained from
the combination of all tags.

The results for the number of self tags are not used in the determination
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CP-even fractions, measured with CLEO-c data

• Self-tags (i.e. Dº→π+π–πº vs 
Dº→π+π–πº) can also be used  
(rate ∝1 – (F+ – 1)2) 


• Mixed CP tags work as long as CP 
content is known. It is for example 
for the Dalitz bins of D→KSππ and 
D→KLππ from the ci, si 
measurements discussed later.  
(rate ∝1 – (F+

signal – 1)(F+
tag – 1)) 

10

PLB747, 9 (2015)

a K0
S instead of a K0

L meson. The contamination from specific modes in the
other categories of double tags is typically 10% or less. The statistical un-
certainties on these background estimates arising from the finite size of the
simulated samples are included in the total statistical uncertainties on the
signal yields.

The measured double-tag event yields after background subtraction are
given in Table 2.

Table 2: Double-tagged signal yields after background subtraction. Information on the
entries marked ‘†’, not studied in the current analysis, can be found in Ref. [1].

⇡+⇡�⇡+⇡� ⇡+⇡�⇡0 K+K�⇡0

K+K� 19.3 ± 6.3 † †
⇡+⇡� 3.3 ± 8.2 † †
K0

S⇡
0⇡0 18.6 ± 5.2 † †

K0
L⇡

0 49.2 ± 10.9 † †
K0

L! 22.0 ± 6.5 † †
K0

S⇡
0 112.8 ± 11.0 † †

K0
S! 41.0 ± 6.8 † †

K0
S⌘(��) 18.8 ± 4.5 † †

K0
S⌘(⇡

+⇡�⇡0) 3.1 ± 2.7 † †
K0

S⌘
0 9.3 ± 3.3 † †

K0
S⇡

+⇡� 217.9 ± 16.8 289.2 ± 17.6 52.5 ± 7.8
K0

L⇡
+⇡� 485.0 ± 26.3 291.1 ± 19.2 78.1 ± 11.1

⇡+⇡�⇡+⇡� 41.0 ± 16.3 75.5 ± 15.7 —

Knowledge of the single-tag yields of the CP -eigenstate modes is required
for normalisation purposes. Since the single-tag reconstruction criteria ap-
plied are identical to those employed in Ref. [1], all information on these
yields is taken from the earlier publication. It is also necessary to know the
single-tag yield for the decay D ! ⇡+⇡�⇡0. A fit to the mbc distribution
returns a result of 29998 ± 320 signal candidates, after the subtraction of
small peaking-background contributions.

4. Analysis with the CP tags

The yields of the single and double tags containing a CP eigenstate are
used as inputs to determine the CP -even fraction, F 4⇡

+ . Following on from

10
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CP-even fractions, measured with CLEO-c data

11

F+ (D0 →π+π–π0)       = 0.973 ± 0.017
F+(D0 →K+K–π0)      = 0.732 ± 0.055
F+ (D0 →π+π–π+π–)    = 0.769 ± 0.022
F+ (D0 →KSπ–π+π0)    = 0.238 ± 0.018

PLB740, 1 (2015) PLB747, 9 (2015)

F+ =
NCP�even

NCP�even +NCP�odd

�(B± ! D(fself�con)K
±) / 1 + r2B + 2(2F+ � 1) cos(�B ± �)

(plus with some corrections for charm mixing)

JHEP 1801 (2018) 082 

JHEP 1801 (2018) 144 
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• Treat K3π like two-body decay with 
single effective strong phase δD. 
 
 
 
 
 

•  


• Coherence factor R < 1;

Coherence Factor Analysis of

Measuring � with B±� D0K± events
No tagging required!
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rB =

�����
A(B� ! D

0
K�)

A(B� ! D0K�)

�����
rD =

�����
A(D0 ! K+⇡�⇡+⇡�)

A(D
0 ! K+⇡�⇡+⇡�)

�����

�
�
B� !

�
K+3⇡

�
D
K�� / r2B +

�
rK3⇡
D

�2
+ 2RK3⇡rBr

K3⇡
D · cos

�
�B + �K3⇡

D � �
�

Re�i�D = ci + isi

CLEO-c input theory: Atwood, Soni: Phys.Rev. D68 (2003) 033003

CLEO-c data: Phys.Rev. D80 (2009) 031105, PLB 731 (2014) 197, Phys.Lett. B757 (2016) 520-527

2 Formalism

2.1 Phase-space integrated amplitudes and interference parameter

The measurement of � from B� ! DK� [1–8] and the method for extracting Zf from

mixing introduced in [15] both exploit the interference of D0 and D0 decay amplitudes

to the same final state fp, hfp|Ĥ|D0i and hfp|Ĥ|D0i. The subscript p = (p1, . . . , pn)

identifies a point in n dimensional phase space, with n = 3Nf � 7 for a final state f

with a particle content of Nf pseudoscalars. Ĥ is the interaction Hamiltonian relevant

for the decay. It is useful to define the magnitude of the ratio of these amplitudes, rp,

and their phase di↵erence �p, at phase-space point p, through

rpe
i�p =

hfp|Ĥ|D0i
hfp|Ĥ|D0i

. (2.1)

The decay rates integrated over regions or bins of phase space, which we label with ⌦,

can be expressed in terms of the real, positive quantities

A⌦ ⌘

vuut
Z

⌦

|hfp|Ĥ|D0i|2
��� @n�
@(p1...pn)

���dn
p, B⌦ ⌘

vuut
Z

⌦

|hfp|Ĥ|D0i|2
��� @n�
@(p1...pn)

���dn
p, (2.2)

and the complex parameter

Zf
⌦ ⌘ 1

A⌦B⌦

Z

⌦

hfp|Ĥ|D0ihfp|Ĥ|D0i⇤
��� @n�
@(p1...pn)

���dn
p. (2.3)

In these expressions, | @n�
@(p1...pn)

| represents the density of states at phase space point

p. The complex interference parameter Zf
⌦ has a magnitude between 0 and 1. It

encodes the relevant interference e↵ects in phase-space region ⌦. As the integrand

in the definition of Zf
⌦ is proportional to e

i�p , |Zf
⌦| is maximal if �p is constant over

the integration region, while highly fluctuating �p tends to result in small |Zf
⌦|. The

complex interference parameter Zf
⌦ can also be expressed in terms of the coherence

factor Rf
⌦ and average strong phase di↵erence �

f
⌦ introduced in [7], or in terms of the

c⌦ and s⌦ parameters introduced in [8]:

Zf
⌦ = R

f
⌦e

�i�f⌦ = c⌦ + i s⌦. (2.4)

Equation 2.4 implies a normalisation of c⌦ and s⌦ that di↵ers from that in the original

paper [8], but corresponds to the one used in most subsequent publications [10, 11, 16–

18].
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RK3pi is the coherence factor introduced 
by Atwood & Soni,  PRD68 (2003) 
033003 
Also interesting in relation to charm 
mixing, see  
• Bondar, Poluektov, Vorobiev: PRD 

82 (2010) 034033,  
• Malde & Wilkinson PLB701 (2011) 

353-356,  
• Malde, Thomas & Wilkinson PRD91 

(2015) no.9, 094032,  
• Harnew & JR: JHEP 1503 (2015) 

169, PLB 728 (2014) 296 
• LHCb: PRL116 (2016) no.24, 

241801 
• Evans et al: PLB 757 (2016) 520 
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Figure 3: Scans of ��2 for the fit to the updated CLEO-c observables in the (left)

(RK3⇡, �K3⇡
D ) and (right) (RK⇡⇡0 , �K⇡⇡0

D ) parameter space, showing the ��2 = 1, 4 and 9
intervals.

Table 8: Results from the ‘unconstrained’ time-dependent D0
! K�⇡+⇡+⇡� analysis of

LHCb [12].

Parameter Result

r
K3⇡
D (5.67± 0.12)⇥ 10�2

a (0.3± 1.8)⇥ 10�3

b (4.8± 1.8)⇥ 10�5

the CLEO-c observables, therefore motivating a combined fit of both sets of
measurements.

4. Combined fit

The fit described in Sect. 2.3 is repeated with the LHCb D
0
D̄

0-mixing
results (reported in Table 8) included as additional input measurements.
The best fit values for the hadronic parameters, and the associated corre-
lations, are presented in Tables 9 and 10, respectively. The reduced �

2 of
the fit is 33.5/36. Figure 5 shows the three possible sets of two-dimensional
scans in the D ! K

�
⇡
+
⇡
+
⇡
� hadronic-parameter space; also shown is a

scan of (RK⇡⇡0 , �
K⇡⇡0

D ). The inclusion of the LHCb observables improves the
precision of the D ! K

�
⇡
+
⇡
+
⇡
� coherence factor, but lowers the central

15

CLEO-c input theory: Atwood, Soni: Phys.Rev. D68 (2003) 033003

Δχ2=1,4,9

CLEO-c data: Phys.Rev. D80 (2009) 031105, PLB 731 (2014) 197, Phys.Lett. B757 (2016) 520-527
7/4/08 Flavour physics at CLEO-c - Jim Libby 14

• Determinations of RK3ππππ and δδδδD
Κ3πΚ3πΚ3πΚ3π can be are made from analysis of 

double-tagged D0D0 at CLEO-c.

• The coherent production of this state causes the double-tagged rates 
of Kπππ vs. X to be altered in the following ways:

(RK3π π π π )
2

RK3π π π π cos(δδδδ K3ππππ)

RK3π π π π cos(δδδδ Kππππ – δ δ δ δ Κ3πΚ3πΚ3πΚ3π)

Double Tag Rate Sensitive To

• We perform selections of these double-tags

• In addition, it is also necessary to perform selections of the opposite 
sign K± modes to determine normalisation factors

Measuring RΚ3π at CLEO-c

http://arxiv.org/abs/hep-ph/0304085
http://inspirehep.net/record/816470?ln=en
http://inspirehep.net/record/1276508?ln=en
http://inspirehep.net/record/1423295?ln=en
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single effective strong phase δD. 
 
 
 
 
 
 
 

Coherence Factor Analysis of
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CLEO-c input theory: Atwood, Soni: Phys.Rev. D68 (2003) 033003

(K+π–π0)DK–

TABLE V: Results of the mixing-constained and unconstrained fits to the observables. Values

of external constraints are listed. The uncertainties are those arising from the statistical and
systematic uncertainties on the observables.

Parameter Mixing constrained Mixing unconstrained External input

RKππ0 0.84 ± 0.07 0.78+0.11
−0.25 –

δKππ0

D (◦) 227+14
−17 239+32

−28 –

RK3π 0.33+0.26
−0.23 0.36+0.24

−0.30 –
δK3π
D (◦) 114+26

−23 118+62
−53 –

x (%) 0.96 ± 0.25 −0.8+2.9
−2.5 1.00 ± 0.25

y (%) 0.81 ± 0.16 0.7+2.4
−2.7 0.76 ± 0.18

δKπ
D −151.5+9.6

−9.5 −130+38
−28 −157.5+10.4

−11.0

B(D0 → K−π+) (%) 3.89 ± 0.05 3.89 ± 0.05 3.89 ± 0.05
B(D0 → K+π−) (10−4) 1.47 ± 0.07 1.47 ± 0.07 1.47 ± 0.07
B(D0 → K−π+π0) (%) 13.8 ± 0.5 13.8 ± 0.5 13.9 ± 0.5

B(D0 → K+π−π0) (10−4) 3.05 ± 0.17 3.05 ± 0.17 3.05 ± 0.17
B(D0 → K−π+π+π−) (%) 7.96 ± 0.19 8.03 ± 0.19 8.10 ± 0.20

B(D0 → K+π−π−π+) (10−4) 2.65 ± 0.19 2.63 ± 0.19 2.62 ± 0.20

FIG. 2: The 1σ, 2σ and 3σ allowed regions of (a) (RKππ0, δKππ0

D ) and (b) (RK3π, δK3π
D ) parameter

space.

rameters from the data; this procedure is referred to as the mixing-unconstrained fit. The
∆F

CP observables are dependent on the value of δKπ
D and its uncertainty from the normal-

isation method that used the measured values of S(CP |K−π+). Therefore, initially the
value and uncertainties of ∆F

CP are recalculated assuming cos δKπ
D = 0 ± 1 and the mixing-

unconstrained fit is performed. The resulting value of δKπ
D is used to recalculate ∆F

CP and the
mixing-unconstrained fit is repeated. This procedure is iterated until the parameter values
returned by the fit no longer changed within the quoted precision. The results of the final
iteration are shown in Tab. V. The best-fit values of x, y, and δKπ

D are: x = (−0.8+2.9
−2.5)%,
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Δχ2=1,4,9

CLEO-c data: Phys.Rev. D80 (2009) 031105, PLB 731 (2014) 197, Phys.Lett. B757 (2016) 520-527
7/4/08 Flavour physics at CLEO-c - Jim Libby 14

• Determinations of RK3ππππ and δδδδD
Κ3πΚ3πΚ3πΚ3π can be are made from analysis of 

double-tagged D0D0 at CLEO-c.

• The coherent production of this state causes the double-tagged rates 
of Kπππ vs. X to be altered in the following ways:

(RK3π π π π )
2

RK3π π π π cos(δδδδ K3ππππ)

RK3π π π π cos(δδδδ Kππππ – δ δ δ δ Κ3πΚ3πΚ3πΚ3π)

Double Tag Rate Sensitive To

• We perform selections of these double-tags

• In addition, it is also necessary to perform selections of the opposite 
sign K± modes to determine normalisation factors

Measuring RΚ3π at CLEO-c

http://arxiv.org/abs/hep-ph/0304085
http://inspirehep.net/record/816470?ln=en
http://inspirehep.net/record/1276508?ln=en
http://inspirehep.net/record/1423295?ln=en
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Dº Mixing as input to γ from B±→DK±
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This process is sensitive to the same D-D 
interference effects that pollute this 
measurement.

PLB728 (2014) 296-302

JHEP 1503 (2015) 169

Can use charm mixing to constrain charm amplitude 
parameters in γ measurements - see previous talk.

http://inspirehep.net/record/1252078?ln=en
http://inspirehep.net/record/1335411?ln=en
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Charm mixing in D→Kπππ

15

11M RS events 43k WS events

�(D0 ! K�⇡+⇡�⇡+)

�(D0 ! K+⇡�⇡+⇡�)
(t)

LHCb

First >5σ observation of charm mixing in a single channel other than D→Kπ

PRL 116 (2016) no.24, 241801

K–π+π–π+ K+π-π+π-

http://inspirehep.net/record/1423070?ln=en


Jonas Rademacker (University of Bristol)                          Quantum correlated measurements at CLEO                  BESIII-LHCb Workshop, IHEP, Jan 2018

Charm mixing in D→Kπππ

15

11M RS events 43k WS events

�(D0 ! K�⇡+⇡�⇡+)

�(D0 ! K+⇡�⇡+⇡�)
(t)

LHCb

First >5σ observation of charm mixing in a single channel other than D→Kπ

PRL 116 (2016) no.24, 241801

K–π+π–π+ K+π-π+π-

http://inspirehep.net/record/1423070?ln=en


Jonas Rademacker (University of Bristol)                          Quantum correlated measurements at CLEO                  BESIII-LHCb Workshop, IHEP, Jan 2018

Charm input to γ from CLEO-c and LHCb mixing 
measurements

CLEO-c input theory: Atwood, Soni: Phys.Rev. D68 (2003) 033003
CLEO-c input: Phys.Rev.D80:031105,2009, update 
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from D-D 
superpositions 

at CLEO-c
Input from charm mixing 

(LHCb)
Combination:CLEO-c 

and mixing.

Phys.Lett. B728 (2014) 296-302

Use interference effects in charm as input to γ

–

Phys.Lett. B757 (2016) 520-527

mixing/gamma theory: JHEP 1503 (2015) 169

PRL 116 (2016) no.24, 241801Phys.Lett. B757 (2016) 520-527
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Figure 3: Scans of ��2 for the fit to the updated CLEO-c observables in the (left)

(RK3⇡, �K3⇡
D ) and (right) (RK⇡⇡0 , �K⇡⇡0

D ) parameter space, showing the ��2 = 1, 4 and 9
intervals.

Table 8: Results from the ‘unconstrained’ time-dependent D0
! K�⇡+⇡+⇡� analysis of

LHCb [12].

Parameter Result

r
K3⇡
D (5.67± 0.12)⇥ 10�2

a (0.3± 1.8)⇥ 10�3

b (4.8± 1.8)⇥ 10�5

the CLEO-c observables, therefore motivating a combined fit of both sets of
measurements.

4. Combined fit

The fit described in Sect. 2.3 is repeated with the LHCb D
0
D̄

0-mixing
results (reported in Table 8) included as additional input measurements.
The best fit values for the hadronic parameters, and the associated corre-
lations, are presented in Tables 9 and 10, respectively. The reduced �

2 of
the fit is 33.5/36. Figure 5 shows the three possible sets of two-dimensional
scans in the D ! K

�
⇡
+
⇡
+
⇡
� hadronic-parameter space; also shown is a

scan of (RK⇡⇡0 , �
K⇡⇡0

D ). The inclusion of the LHCb observables improves the
precision of the D ! K

�
⇡
+
⇡
+
⇡
� coherence factor, but lowers the central

15

πK3R
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 (d
eg

.)
D

π
K

3
δ

0

50

100

150

200

250

300

350  = 12χΔ

 = 42χΔ

 = 92χΔ

Figure 4: Scan of ��2 in (RK3⇡, �K3⇡
D ) parameter space corresponding to the results of

the time-dependent D0
! K�⇡+⇡+⇡� analysis of LHCb.

value with respect to that returned by the CLEO-c fit. In this region the
1� bound on �K3⇡

D is weaker, although the results for this parameter become
significantly more Gaussian in behaviour. The reduction in the uncertainty
on r

K3⇡
D is largely driven by the correlation with the mixing parameters x

and y, which are constrained through external measurements in the fit. As
expected there are only minor changes in the D ! K

�
⇡
+
⇡
0 results compared

to those obtained from the fit to the CLEO-c observables alone.

5. Conclusions

A re-analysis of the CLEO-c  (3770) data set has yielded an updated
set of observables sensitive to the hadronic parameters of the decay D !

K
�
⇡
+
⇡
+
⇡
�, some of which are significantly di↵erent to those reported pre-

viously [4, 5]. These observables have been input to a combined fit, together
with measurements from a recent LHCb D

0
D̄

0 mixing analysis [12]. Results
are obtained for RK3⇡ and r

K3⇡
D that are significantly more precise than those

derived from the CLEO-c observables alone. New values and constraints are
also determined for the hadronic parameters of the decay D ! K

�
⇡
+
⇡
0.

These results will be valuable for improving sensitivity to the unitarity tri-

16

πK3R
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 (d
eg

.)
D

π
K

3
δ

0

50

100

150

200

250

300

350

πK3R
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

D
π

K
3

r

0.05
0.051
0.052
0.053
0.054
0.055
0.056
0.057
0.058
0.059
0.06

0ππKR
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 (d
eg

.)
D

0
π
π

K δ

0

50

100

150

200

250

300

350

σ1 

σ2 

σ3 

Best fit

 (deg.)D
πK3δ

0 50 100 150 200 250 300 350

D
π

K
3

r

0.05
0.051
0.052
0.053
0.054
0.055
0.056
0.057
0.058
0.059
0.06

Figure 5: Scans of ��2 for the combined fit to the updated CLEO-c and LHCb ob-
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D ), (RK3⇡, rK3⇡
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D , rK3⇡
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(RK⇡⇡0 , �K⇡⇡0

D ) parameter space.
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Input from the charm threshold for Dº→KSKπ

• Similar input as for 
KSππ, KSKK, different 
nomenclature:  
 

• Typically measured in 
one single bin across 
Dalitz space, but 
analyses with several 
bins (where statistics 
allow) could increase 
sensitivity.
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TABLE IV. Background–subtracted signal yields for the CP tags with a K0
L and the K0

Lππ tag over all Dalitz plot bins. The
uncertainties include the statistical uncertainties of the signal region and subtracted background estimates.

K0
Lπ

0 K0
Lω K0

Lη(γγ) K0
Lη

′ K0
Lπ

0π0 K0
Lππ

Yield 22.0±5.8 2.9±2.7 −0.1±1.8 0.3±1.0 2.8±2.0 150.9±14.2

FIG. 4. Dalitz plot distributions for (a)[(c)] D0 → K0
SK

−π+ and (b)[(d)]D0 → K0
SK

+π− for flavor–tagged CLEO III [CLEO-c]
data.

where FD and FR are orbital angular momentum barrier
penetration factors, 1/(m2

R−m2
AB−imRΓAB) is the line–

shape of the resonance (in this example Breit–Wigner;
other choices are possible), and ΩJ is the spin factor for
a resonance of spin J . The running width, ΓAB is given
by

ΓAB = Γr

(
pAB

pr

)2J+1 ( mR

mAB

)
F 2
R, (6)

where Γr is the natural width, pAB is the momentum
of one of the daughters in the AB rest frame, and pr is
the momentum of one of the daughters in the resonance
rest frame. The spin factors are calculated as described
in [17], and are
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Dalitz plot shows CF decay 
for illustration. Sensitivity to 

mixing comes from the 
DCS decay, and CLEO-c’s 

sensitivity to RD, δD from 
well-defined superpositions 
of Dº and Dºbar accessible 

at the charm threshold

CLEO-c Phys.Rev. D85 092016 (2012) 
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TABLE XXII. Efficiency–corrected yields in the restricted region for double tags with no K0
L in final state.

Tag KK ππ K0
Sπ

0π0 K0
Sπ

0 K0
Sω K0

Sη(γγ) K0
Sη(πππ

0) K0
Sη

′ Kπ SS
S(K0

SKπ|G) 6.0±14.2 2.0±11.1 43.7±37.8 233.1±57.9 199.9±68.7 47.8±28.2 10.1±18.1 83.0±87.5 288.9±48.7

TABLE XXIII. Efficiency–corrected signal yields in the re-
stricted region for the CP tags with a K0

L.

Tag K0
Lπ

0 K0
Lω K0

Lη K0
Lπ

0π0

S(K0
SKπ|G) 116.2±37.1 25.9±38.9 −4.7±8.5 186.4±194.0

candidate events may migrate across the defined bound-
ary in the Dalitz plot. To account for this migration
simulated signal data samples are generated using the
resonant models determined in the amplitude analysis.
For the CP tags and the K0

S,Lπ
+π− tags the quantum

correlation between the tag and signal side is emulated.
Candidate events can migrate into the restricted region,
or they can migrate out. There is no systematic uncer-
tainty if the migration in both directions is equal, but
the presence of the resonance means that a larger frac-
tion of events will migrate out of the restricted region
than migrate in. The net migration factor is determined
from the simulated data. It is different for different types
of tags due to the quantum correlations which alter the
distribution of the K0

SKπ decay on the Dalitz plot. The
net migration factor is treated in the same way as a sys-
tematic uncertainty on the efficiency in the analysis. The
net migration factor, that is the net loss of events inside
the region, varies between tag categories and is of order
1% of the yield within the region.

Tables XXVI–XXIX give the results for the observable
κ and its uncertainties for theK∗(892)± bin. The average
values are κ+ = 0.44 ± 0.30 and κ− = 3.18 ± 1.08 with a
χ2/dof of 6.5/10. The uncertainties due to non–uniform
efficiency are 0.002 and 0.001 for p and q, respectively.
They are reduced in comparison to the full Dalitz plot
measurement as the efficiency is more uniform over the
restricted region.

The fitted values of p and q are p = 0.902± 0.086 and
q = −0.269± 0.314, with χ2/dof given by 45.3/40. This
leads to a measurement ofRK∗K= 0.94±0.12 and δK

∗K
D =

(−16.6 ± 18.4)◦. The regions consistent with one, two,
and three standard deviations from the best–fit point are
shown in Fig. 10. The coherence in the region of the
K∗(892)± is larger than the coherence over the full Dalitz
plot and is consistent with one. The prediction from
the isobar models for the restricted region is 0.93 (0.94)
when favored and suppressed models 1 (2) are used. The
predictions are consistent with the measured value.

K*KR
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FIG. 10. The best–fit point for RK∗K and δK
∗K

D which are
measured over the restricted region, and the regions enclosing
1, 2, and 3 standard deviations from that point.

E. Impact on γ measurements

It is instructive to estimate the impact of the knowl-
edge of the coherence factor and average strong–phase
difference on a measurement of γ performed at LHCb or
a future high luminosity e+e− experiment. Simple sim-
ulated data are generated assuming 15000 B− → D̃K−

events with D̃ decaying to K0
SK

±π∓, and γ = 70◦, δB =

130◦ and rB = 0.1, and r
K0

SKπ
D and RK0

SKπ and δ
K0

SKπ
D

as measured here for the full Dalitz plot. The chosen val-
ues for γ, δB, and rB are consistent with current knowl-
edge [4]. The data samples are fit with only the parame-
ter γ free. The width of the best–fit γ distribution is 10◦.
The restricted region will have approximately 60% of the
statistics of the full Dalitz plot. A similar study in the
restricted region assuming 9000 events and the values of
rK

∗K
D and RK∗K and δK

∗K
D as measured in the restricted

region has a best–fit γ distribution of 5◦. The better
sensitivity, despite the smaller sample, is due to a com-
bination of increased coherence, a lower value of rK∗K

D

in comparison to r
K0

SKπ
D , and a different value of the av-

erage strong–phase difference. The uncertainties on the
coherence factor and average strong–phase difference are
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mined using the measured value of BK0
SKπ in [26]1 and

the following relation between BK0
SKπ and the D mixing

parameters [2]:

BK0
SKπ =

(r
K0

SKπ
D )2 + (yp− xq)r

K0
SKπ

D

1 + (yp+ xq)r
K0

SKπ
D

, (28)

where the quadratic and higher order terms in y and x
are negligible.
The χ2 is minimized to determine the best–fit values

of p and q. The normalization factors HS and HL of
Eqs. (25) and (26) are also free parameters in the fit. The
best–fit values are p = 0.701 ± 0.078 and q = 0.001 ±
0.192. The χ2/dof of the fit is 47.0/41. The performance
of the fit is tested using simple simulation. The simple
simulation generates observable values based on input

values of RK0
SKπ and δ

K0
SKπ

D , where the observable value
for each tag is smeared by the experimentally observed
uncertainties. The studies using the simple simulation
confirm that the use of tag yields that are consistent with
zero do not cause bias and that tags with low yields do
add sensitivity to the overall measurement.
The efficiencies are determined from Monte Carlo

where the decay products are generated uniformly over
phase space. However the efficiency is not uniform over
the Dalitz plot, and furthermore as the distribution of
events over the Dalitz plot is different depending on the
tag due to quantum correlations a further systematic un-
certainty must be considered. This uncertainty is deter-
mined by using the isobar models described in Sec. III.
The shifts in the values of p and q are computed using
Eq. (3) and inserting either a flat efficiency or the CLEO-
c efficiency model for a variety of isobar models including
the reported ones. The largest shifts observed between
the flat and CLEO-c efficiency model are 0.016 for p and
0.002 for q which are small in comparison to the mea-
sured uncertainty. Hence these shifts are assigned as the
systematic uncertainty from non–uniform efficiency.
As p is positive and RK0

SKπ is defined to be between

zero and one, the solution for δ
K0

SKπ
D lies in the range

from −90◦ to 90◦. This leads to RK0
SKπ = 0.70 ± 0.08

and δ
K0

SKπ
D = (0.1±15.7)◦. Figure 9 shows regions of

(RK0
SKπ, δ

K0
SKπ

D ) parameter space from the fit consis-
tent with one, two, and three standard deviations from
the best–fit point. The likelihood is computed as L =
e−(χ2−χ2

min)/2 at a point in parameter space; the fit is re-
peated at each point with the values of p and q fixed. The
isobar models also give predictions of the coherence fac-
tor via Eq. (3). The isobar models predict a coherence
factor of 0.72 (0.79) when the central values of favored

1 The originally reported results in v2 of this preprint used the
branching fractions measured within. On correction of equations
(25), (26), (28) in 2016 the more precise value measured by the
LHCb collaboration above is used.

and suppressed models 1 (2) are used. The predictions
are consistent with the measured value.
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FIG. 9. The best–fit point for RK0
S
Kπ and δ

K0
SKπ

D measured
over the whole Dalitz plot, and the regions enclosing 1, 2, and
3 standard deviations from that point.

D. Coherence factor in a restricted region

Around dominant resonances occurring in both Dalitz
plots, the coherence factor is expected to be close to one,
as this situation approximates the two–body decay which
is fully coherent. Higher coherence in principle provides
increased sensitivity to γ. Therefore the analysis is re-
peated using only the data where the invariant mass
of the K0

Sπ combination lies within 100 MeV/c2 of the
K∗(892)± mass. The analysis could, in principle, also
be performed in the region outside this invariant mass
window; however the data are insufficient for this com-
plementary study. The efficiencies for each double tag
are recalculated for the restricted region. The efficiency–
corrected yields for the CP tags and KπSS tag in this
restricted region are given in Tables XXII and XXIII.
The efficiency–corrected yields for K0

S,Lπ
+π− tags are

given in Table XXIV and Table XXV. The expected
yield of the K0

Lη
′ tag is very small and is not used. The

error matrix relating the uncertainties for the κ observ-
ables is given in Appendix B. In the restricted region,
the values of the ν variables are 0.40±0.08, 0.35±0.06
and 0.35±0.05 for νKπ, νKπππ, and νKππ0

, respectively.
The value of BK∗K that is used in the analysis is

the one calculated for the restricted region in [26]. In
the restricted kinematic region case, a further system-
atic uncertainty arises due to detector resolution as the

http://inspirehep.net/record/1094160?ln=en
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Input from the charm threshold for Dº→KSKπ

• Similar input as for 
KSππ, KSKK, different 
nomenclature:  
 

• Typically measured in 
one single bin across 
Dalitz space, but 
analyses with several 
bins (where statistics 
allow) could increase 
sensitivity.
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TABLE IV. Background–subtracted signal yields for the CP tags with a K0
L and the K0

Lππ tag over all Dalitz plot bins. The
uncertainties include the statistical uncertainties of the signal region and subtracted background estimates.

K0
Lπ

0 K0
Lω K0

Lη(γγ) K0
Lη

′ K0
Lπ

0π0 K0
Lππ

Yield 22.0±5.8 2.9±2.7 −0.1±1.8 0.3±1.0 2.8±2.0 150.9±14.2

FIG. 4. Dalitz plot distributions for (a)[(c)] D0 → K0
SK

−π+ and (b)[(d)]D0 → K0
SK

+π− for flavor–tagged CLEO III [CLEO-c]
data.

where FD and FR are orbital angular momentum barrier
penetration factors, 1/(m2

R−m2
AB−imRΓAB) is the line–

shape of the resonance (in this example Breit–Wigner;
other choices are possible), and ΩJ is the spin factor for
a resonance of spin J . The running width, ΓAB is given
by

ΓAB = Γr

(
pAB

pr

)2J+1 ( mR

mAB

)
F 2
R, (6)

where Γr is the natural width, pAB is the momentum
of one of the daughters in the AB rest frame, and pr is
the momentum of one of the daughters in the resonance
rest frame. The spin factors are calculated as described
in [17], and are
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shape of the resonance (in this example Breit–Wigner;
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a resonance of spin J . The running width, ΓAB is given
by
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(
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where Γr is the natural width, pAB is the momentum
of one of the daughters in the AB rest frame, and pr is
the momentum of one of the daughters in the resonance
rest frame. The spin factors are calculated as described
in [17], and are

Dalitz plot shows CF decay 
for illustration. Sensitivity to 

mixing comes from the 
DCS decay, and CLEO-c’s 

sensitivity to RD, δD from 
well-defined superpositions 
of Dº and Dºbar accessible 

at the charm threshold

CLEO-c Phys.Rev. D85 092016 (2012) 
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TABLE XXII. Efficiency–corrected yields in the restricted region for double tags with no K0
L in final state.

Tag KK ππ K0
Sπ

0π0 K0
Sπ

0 K0
Sω K0

Sη(γγ) K0
Sη(πππ

0) K0
Sη

′ Kπ SS
S(K0

SKπ|G) 6.0±14.2 2.0±11.1 43.7±37.8 233.1±57.9 199.9±68.7 47.8±28.2 10.1±18.1 83.0±87.5 288.9±48.7

TABLE XXIII. Efficiency–corrected signal yields in the re-
stricted region for the CP tags with a K0

L.

Tag K0
Lπ

0 K0
Lω K0

Lη K0
Lπ

0π0

S(K0
SKπ|G) 116.2±37.1 25.9±38.9 −4.7±8.5 186.4±194.0

candidate events may migrate across the defined bound-
ary in the Dalitz plot. To account for this migration
simulated signal data samples are generated using the
resonant models determined in the amplitude analysis.
For the CP tags and the K0

S,Lπ
+π− tags the quantum

correlation between the tag and signal side is emulated.
Candidate events can migrate into the restricted region,
or they can migrate out. There is no systematic uncer-
tainty if the migration in both directions is equal, but
the presence of the resonance means that a larger frac-
tion of events will migrate out of the restricted region
than migrate in. The net migration factor is determined
from the simulated data. It is different for different types
of tags due to the quantum correlations which alter the
distribution of the K0

SKπ decay on the Dalitz plot. The
net migration factor is treated in the same way as a sys-
tematic uncertainty on the efficiency in the analysis. The
net migration factor, that is the net loss of events inside
the region, varies between tag categories and is of order
1% of the yield within the region.

Tables XXVI–XXIX give the results for the observable
κ and its uncertainties for theK∗(892)± bin. The average
values are κ+ = 0.44 ± 0.30 and κ− = 3.18 ± 1.08 with a
χ2/dof of 6.5/10. The uncertainties due to non–uniform
efficiency are 0.002 and 0.001 for p and q, respectively.
They are reduced in comparison to the full Dalitz plot
measurement as the efficiency is more uniform over the
restricted region.

The fitted values of p and q are p = 0.902± 0.086 and
q = −0.269± 0.314, with χ2/dof given by 45.3/40. This
leads to a measurement ofRK∗K= 0.94±0.12 and δK

∗K
D =

(−16.6 ± 18.4)◦. The regions consistent with one, two,
and three standard deviations from the best–fit point are
shown in Fig. 10. The coherence in the region of the
K∗(892)± is larger than the coherence over the full Dalitz
plot and is consistent with one. The prediction from
the isobar models for the restricted region is 0.93 (0.94)
when favored and suppressed models 1 (2) are used. The
predictions are consistent with the measured value.
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FIG. 10. The best–fit point for RK∗K and δK
∗K

D which are
measured over the restricted region, and the regions enclosing
1, 2, and 3 standard deviations from that point.

E. Impact on γ measurements

It is instructive to estimate the impact of the knowl-
edge of the coherence factor and average strong–phase
difference on a measurement of γ performed at LHCb or
a future high luminosity e+e− experiment. Simple sim-
ulated data are generated assuming 15000 B− → D̃K−

events with D̃ decaying to K0
SK

±π∓, and γ = 70◦, δB =

130◦ and rB = 0.1, and r
K0

SKπ
D and RK0

SKπ and δ
K0

SKπ
D

as measured here for the full Dalitz plot. The chosen val-
ues for γ, δB, and rB are consistent with current knowl-
edge [4]. The data samples are fit with only the parame-
ter γ free. The width of the best–fit γ distribution is 10◦.
The restricted region will have approximately 60% of the
statistics of the full Dalitz plot. A similar study in the
restricted region assuming 9000 events and the values of
rK

∗K
D and RK∗K and δK

∗K
D as measured in the restricted

region has a best–fit γ distribution of 5◦. The better
sensitivity, despite the smaller sample, is due to a com-
bination of increased coherence, a lower value of rK∗K

D

in comparison to r
K0

SKπ
D , and a different value of the av-

erage strong–phase difference. The uncertainties on the
coherence factor and average strong–phase difference are
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mined using the measured value of BK0
SKπ in [26]1 and

the following relation between BK0
SKπ and the D mixing

parameters [2]:

BK0
SKπ =

(r
K0

SKπ
D )2 + (yp− xq)r

K0
SKπ

D

1 + (yp+ xq)r
K0

SKπ
D

, (28)

where the quadratic and higher order terms in y and x
are negligible.
The χ2 is minimized to determine the best–fit values

of p and q. The normalization factors HS and HL of
Eqs. (25) and (26) are also free parameters in the fit. The
best–fit values are p = 0.701 ± 0.078 and q = 0.001 ±
0.192. The χ2/dof of the fit is 47.0/41. The performance
of the fit is tested using simple simulation. The simple
simulation generates observable values based on input

values of RK0
SKπ and δ

K0
SKπ

D , where the observable value
for each tag is smeared by the experimentally observed
uncertainties. The studies using the simple simulation
confirm that the use of tag yields that are consistent with
zero do not cause bias and that tags with low yields do
add sensitivity to the overall measurement.
The efficiencies are determined from Monte Carlo

where the decay products are generated uniformly over
phase space. However the efficiency is not uniform over
the Dalitz plot, and furthermore as the distribution of
events over the Dalitz plot is different depending on the
tag due to quantum correlations a further systematic un-
certainty must be considered. This uncertainty is deter-
mined by using the isobar models described in Sec. III.
The shifts in the values of p and q are computed using
Eq. (3) and inserting either a flat efficiency or the CLEO-
c efficiency model for a variety of isobar models including
the reported ones. The largest shifts observed between
the flat and CLEO-c efficiency model are 0.016 for p and
0.002 for q which are small in comparison to the mea-
sured uncertainty. Hence these shifts are assigned as the
systematic uncertainty from non–uniform efficiency.
As p is positive and RK0

SKπ is defined to be between

zero and one, the solution for δ
K0

SKπ
D lies in the range

from −90◦ to 90◦. This leads to RK0
SKπ = 0.70 ± 0.08

and δ
K0

SKπ
D = (0.1±15.7)◦. Figure 9 shows regions of

(RK0
SKπ, δ

K0
SKπ

D ) parameter space from the fit consis-
tent with one, two, and three standard deviations from
the best–fit point. The likelihood is computed as L =
e−(χ2−χ2

min)/2 at a point in parameter space; the fit is re-
peated at each point with the values of p and q fixed. The
isobar models also give predictions of the coherence fac-
tor via Eq. (3). The isobar models predict a coherence
factor of 0.72 (0.79) when the central values of favored

1 The originally reported results in v2 of this preprint used the
branching fractions measured within. On correction of equations
(25), (26), (28) in 2016 the more precise value measured by the
LHCb collaboration above is used.

and suppressed models 1 (2) are used. The predictions
are consistent with the measured value.
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FIG. 9. The best–fit point for RK0
S
Kπ and δ

K0
SKπ

D measured
over the whole Dalitz plot, and the regions enclosing 1, 2, and
3 standard deviations from that point.

D. Coherence factor in a restricted region

Around dominant resonances occurring in both Dalitz
plots, the coherence factor is expected to be close to one,
as this situation approximates the two–body decay which
is fully coherent. Higher coherence in principle provides
increased sensitivity to γ. Therefore the analysis is re-
peated using only the data where the invariant mass
of the K0

Sπ combination lies within 100 MeV/c2 of the
K∗(892)± mass. The analysis could, in principle, also
be performed in the region outside this invariant mass
window; however the data are insufficient for this com-
plementary study. The efficiencies for each double tag
are recalculated for the restricted region. The efficiency–
corrected yields for the CP tags and KπSS tag in this
restricted region are given in Tables XXII and XXIII.
The efficiency–corrected yields for K0

S,Lπ
+π− tags are

given in Table XXIV and Table XXV. The expected
yield of the K0

Lη
′ tag is very small and is not used. The

error matrix relating the uncertainties for the κ observ-
ables is given in Appendix B. In the restricted region,
the values of the ν variables are 0.40±0.08, 0.35±0.06
and 0.35±0.05 for νKπ, νKπππ, and νKππ0

, respectively.
The value of BK∗K that is used in the analysis is

the one calculated for the restricted region in [26]. In
the restricted kinematic region case, a further system-
atic uncertainty arises due to detector resolution as the
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TABLE XXII. Efficiency–corrected yields in the restricted region for double tags with no K0
L in final state.

Tag KK ππ K0
Sπ

0π0 K0
Sπ

0 K0
Sω K0

Sη(γγ) K0
Sη(πππ

0) K0
Sη

′ Kπ SS
S(K0

SKπ|G) 6.0±14.2 2.0±11.1 43.7±37.8 233.1±57.9 199.9±68.7 47.8±28.2 10.1±18.1 83.0±87.5 288.9±48.7

TABLE XXIII. Efficiency–corrected signal yields in the re-
stricted region for the CP tags with a K0

L.

Tag K0
Lπ

0 K0
Lω K0

Lη K0
Lπ

0π0

S(K0
SKπ|G) 116.2±37.1 25.9±38.9 −4.7±8.5 186.4±194.0

candidate events may migrate across the defined bound-
ary in the Dalitz plot. To account for this migration
simulated signal data samples are generated using the
resonant models determined in the amplitude analysis.
For the CP tags and the K0

S,Lπ
+π− tags the quantum

correlation between the tag and signal side is emulated.
Candidate events can migrate into the restricted region,
or they can migrate out. There is no systematic uncer-
tainty if the migration in both directions is equal, but
the presence of the resonance means that a larger frac-
tion of events will migrate out of the restricted region
than migrate in. The net migration factor is determined
from the simulated data. It is different for different types
of tags due to the quantum correlations which alter the
distribution of the K0

SKπ decay on the Dalitz plot. The
net migration factor is treated in the same way as a sys-
tematic uncertainty on the efficiency in the analysis. The
net migration factor, that is the net loss of events inside
the region, varies between tag categories and is of order
1% of the yield within the region.

Tables XXVI–XXIX give the results for the observable
κ and its uncertainties for theK∗(892)± bin. The average
values are κ+ = 0.44 ± 0.30 and κ− = 3.18 ± 1.08 with a
χ2/dof of 6.5/10. The uncertainties due to non–uniform
efficiency are 0.002 and 0.001 for p and q, respectively.
They are reduced in comparison to the full Dalitz plot
measurement as the efficiency is more uniform over the
restricted region.

The fitted values of p and q are p = 0.902± 0.086 and
q = −0.269± 0.314, with χ2/dof given by 45.3/40. This
leads to a measurement ofRK∗K= 0.94±0.12 and δK

∗K
D =

(−16.6 ± 18.4)◦. The regions consistent with one, two,
and three standard deviations from the best–fit point are
shown in Fig. 10. The coherence in the region of the
K∗(892)± is larger than the coherence over the full Dalitz
plot and is consistent with one. The prediction from
the isobar models for the restricted region is 0.93 (0.94)
when favored and suppressed models 1 (2) are used. The
predictions are consistent with the measured value.
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FIG. 10. The best–fit point for RK∗K and δK
∗K

D which are
measured over the restricted region, and the regions enclosing
1, 2, and 3 standard deviations from that point.

E. Impact on γ measurements

It is instructive to estimate the impact of the knowl-
edge of the coherence factor and average strong–phase
difference on a measurement of γ performed at LHCb or
a future high luminosity e+e− experiment. Simple sim-
ulated data are generated assuming 15000 B− → D̃K−

events with D̃ decaying to K0
SK

±π∓, and γ = 70◦, δB =

130◦ and rB = 0.1, and r
K0

SKπ
D and RK0

SKπ and δ
K0

SKπ
D

as measured here for the full Dalitz plot. The chosen val-
ues for γ, δB, and rB are consistent with current knowl-
edge [4]. The data samples are fit with only the parame-
ter γ free. The width of the best–fit γ distribution is 10◦.
The restricted region will have approximately 60% of the
statistics of the full Dalitz plot. A similar study in the
restricted region assuming 9000 events and the values of
rK

∗K
D and RK∗K and δK

∗K
D as measured in the restricted

region has a best–fit γ distribution of 5◦. The better
sensitivity, despite the smaller sample, is due to a com-
bination of increased coherence, a lower value of rK∗K

D

in comparison to r
K0

SKπ
D , and a different value of the av-

erage strong–phase difference. The uncertainties on the
coherence factor and average strong–phase difference are

http://inspirehep.net/record/1094160?ln=en
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Winning by binning
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Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).

http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
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Model independent, binned γ fit

• Binned decay rate: 
 
 
 

• Binning such that such that ci = c-i, si = -s-i


• Note:  

• Distribution sensitive to ci, si, rB, δ and γ.


• ci, si, measured at charm threshold.
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Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).

    known from flavour-
specifc D decays
Ti

�
�
B± ⇥ D(Ks⇤

+⇤�)K±⇥
i
=

Ti + r2
BT�i + 2rB

⇤
TiT�i {ci cos (⇥ ± �) + si sin (⇥ ± �)}

(weighted) average of cos(δD) and sin(δD) over bin i, where δD = phase difference between D→Ksππ 
and Dbar→Ksππ

F+ =
1

2

⇣
1 + 2c1

p
T1T�1

⌘

Re�i�D = ci + isi
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Optimal binning

[1] Bondar, Poluektov hep-ph/0703267v1 (2007)
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• Sensitivity proportional to ~


• Best γ sensitivity if phase difference δD is 
as constant as possible over each bin[1].


• Plot shows CLEO-c’s 8 bins, uniform in 
δD, (based on BaBar isobar model*).


• Choice of model will not bias result, but 
a bad model would reduce the statistical 
precision.
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CP-even KLππ ≈ CP-odd KSππ

• Charm threshold’s clean environment 
allows the reconstruction of KL from 
kinematic constraints.


• More than doubles statistics.


• There is price to pay: A O(tan2θC) 
model-dependent correction. Carefully 
evaluated (small) systematic 
uncertainty.

21

)4/c2(GeV2
missingM

0.1 0.2 0.3 0.4 0.5

)
4

/c
2

E
v
e
n
ts
/(
0
.0
0
5
G
e
V

0

100

200

300

400

500

600

700

 tag+! 
-

K

)4/c2(GeV2
missingM

0.1 0.2 0.3 0.4 0.5

)
4

/c
2

E
v
e
n
ts
/(
0
.0
0
5
G
e
V

0

200

400

600

800

1000

 tag0! +! 
-

K

)4/c2(GeV2
missingM

0.1 0.2 0.3 0.4 0.5

)
4

/c
2

E
v
e
n
ts
/(
0
.0
0
5
G
e
V

0

100

200

300

400

500

600

700

800

900

1000

 tag-
! +! +! 

-
K

CLEO-c preliminary, 
 818/pb

arXiv:0903.1681v1 [hep-ex]

�A
�
D0 ⇥ K0

L�
+��

⇥
= A

�
D0 ⇥ K0

S�
+��

⇥
�
⇤

2A
�
D0 ⇥ K0

flavour�
+��

⇥

DCSCF+DCS

Overlaying Data 
(black) and MC 

(red) for missing M2 
in KL reconstruction 
in KLπ+π– vs K–π+π0 



Jonas Rademacker (University of Bristol)                          Quantum correlated measurements at CLEO                  BESIII-LHCb Workshop, IHEP, Jan 2018

Table of tags

22
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and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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(S/B between 10 and 100, depending on tag mode).
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
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–––

KSππ vs KS,Lππ also sensitive to si.
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+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
K0

S⇡
+⇡� because in this measurement the principal statistical limitation is the number of

K0
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+⇡� vs. K0
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0
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Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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+
h
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K0

S⇡
+⇡� because in this measurement the principal statistical limitation is the number of

K0
S⇡
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Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two
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(S/B between 10 and 100, depending on tag mode).
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Ingredients of combined fit
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KSππ ci, si at CLEO-c

[1] Bondar, Poluektov hep-ph/0703267v1 (2007)

bi
n 
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m

be
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m2(KSπ+)/GeV2

*model = BaBar PRL 95 (2005) 121802

Binning at based on BaBar model*
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m
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G
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Phys.Rev. D82 (2010) 112006

ci
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http://inspirehep.net/record/873121/
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KSKK ci, si at CLEO-c

[1] Bondar, Poluektov hep-ph/0703267v1 (2007)

bi
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Phys.Rev. D82 (2010) 112006FIG. 13: Measured values of ci and si for D0
! K

0
SK

+
K

� data divided into (a) N = 2, (b) N = 3,
and (c) N = 4 equal ��D bins. The expected values calculated from the BABAR 2010 model are
indicated by the stars. The circle indicates the boundary of the physical region c

2
i + s

2
i = 1.

41

s i
ci

FIG. 2: Equal ��D division of the D
0
! K

0
SK

+
K

� Dalitz plot into (a) N = 2, (b) N = 3, and
(c) N = 4 bins.

form of a lookup table of the amplitude and strong-phase di↵erence, �D, in a fine grid of
0.0054 GeV2/c4 ⇥ 0.0054 GeV2/c4 sub-bins of the Dalitz plot variables m2

± [24]. The m2
±

resolution, estimated from simulation, is of the same order as the sub-bin dimensions; the
resolution is 0.006 GeV2/c4 (0.015 GeV2/c4) for D0

! K0
S⇡

+⇡� (D0
! K0

L⇡
+⇡�). (The

lookup table for D0
! K0

SK
+K� has a grid of 0.0018 GeV2/c4 ⇥ 0.0018 GeV2/c4 sub-bins.

The resolution is 0.005 GeV2/c4 (0.010 GeV2/c4) for D0
! K0

SK
+K� (D0

! K0
LK

+K�).)
Since performing the analysis of the CLEO-c data using the bin choices described here,

which are based on the BABAR 2008 model, a new BABAR measurement [14] has been
published which presents an updated version of the D0

! K0
S⇡

+⇡� decay model that we
term the BABAR 2010 model. This model is derived from a larger data sample that has

9

http://inspirehep.net/record/873121/
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Table 2: Yields and statistical uncertainties in the signal region from the invariant mass fit, scaled
from the full fit mass range, for candidates passing the B± ! D(K0

SK+K�)h± selection. Values
are shown separately for candidates formed using long and downstream K0

S decays. The signal
region is between 5247 MeV/c2 and 5317 MeV/c2 and the full fit range is between 5080 MeV/c2

and 5800 MeV/c2.

Fit component B±
! DK± selection B±

! D⇡± selection
Long Downstream Long Downstream

B±
! DK± 101± 4 223± 7 4.5± 1.9 10.1± 2.9

B±
! D⇡± 13± 3 24± 5 1501± 38 3338± 57

Combinatorial 13± 3 30± 5 36± 5 78± 7
Partially reconstructed 4.6± 0.7 8.6± 1.2 0.60± 0.02 2.0± 0.1
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Figure 4: Dalitz plots of B± ! DK± candidates in the signal region for D ! K0
S⇡+⇡� decays

for (left) B+ (right) B� decays. Both long and downstream K0
S candidates are included.
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CLEO-c binned si, ci used for:

• γ with B±→(KSππ)DK (also: 
B±→(KSKK)DK)


• Charm mixing (x, y) in Dº→KSππ


• sin(2β) in Bº→D(*)º(πº, η, η’, ω), 
D→KSππ

26

B+ B–

CLEO-c input:: Phys. Rev. D 82 112006. 
Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003). 
Optimal binning: Bondar, Poluektov hep-ph/0703267v1 (2007) 
BELLE’s first model-independent γ measurement: PRD 85 (2012) 112014

LHCb: JHEP 10 (2014) 097

BELLE: arXiv:1106.4046 (2011)
LHCb: Phys. Lett. B718 (2012) 43

LHCb: JHEP 1604 (2016) 033
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Model-independent mixing with Dº→KSππ

• First model-independent 3-
body mixing, uses CLEO input


• 1/fb (only a fraction of Run 1)


• So far, only mixing, no CPV 
 
 
 

• Looking forward to analysis 
with much more data (and 
perhaps BESIII input)

28
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210LHCb

LHCb: JHEP 1604 (2016) 033

x=(−0.86±0.53±0.17)×10−2 
y=(+0.03±0.46±0.13)×10−2

(compatible with, but less precise than BaBar, 
BELLE model-dependent analyses)

x=(−0.86±0.53±0.17)×10−2 


y=(+0.03±0.46±0.13)×10−2

BELLE: PRD94 (2016) no.5, 052004

http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
http://www.inspirehep.net/search?p=j+PR,D85,112014
http://inspirehep.net/record/1310654?ln=en
http://arxiv.org/abs/1106.4046
https://inspirehep.net/record/1188164?ln=en
https://inspirehep.net/record/1396327?ln=en
http://inspirehep.net/record/1513297?ln=en
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γ with 4-body decays

• All charged final states good for 
LHCb


• Simulation studies indicate 4-body 
amplitude analyses could add 
significantly to γ sensitivity at 
LHCb. So far they enter only 
phase-space integrated.


• Tricky… “Dalitz Plot” becomes 5-
dimensional, phase space not flat, 
spin factors more complicated, 
good models even further away…
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Winning by binning in 2 dimensions…

28
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Winning by binning in 5 dimensions…

29

Fig. 2. The full binning schemes used in this paper are provided in both ASCII and

Root format as supplementary material.
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Figure 2. Two-dimensional slices of the D ! 4⇡± phase space showing the equal ��4⇡p
binning with N = 5. The colour denotes the absolute value of the bin number, and the cross

hatching denotes a negative bin number.

4.3 Model predictions of the hadronic parameters

Using the integral expressions in Eqs. 2.2 - 2.4 it is possible to calculate the hadronic

parameters for a given amplitude model and binning scheme. This is done using the

baseline and alternative amplitude models given in Ref. [25]. Since the baseline-model

is used to determine the D ! 4⇡± binning schemes, using the hadronic parameters

predicted with this model could result in a bias. Therefore, the arithmetic-mean of the

hadronic parameters from all alternative models is used as the model prediction, and

the covariance of the results is used to determine a model-uncertainty. To determine

the statistical and systematic uncertainties, the hadronic parameters are calculated

many times using the baseline model, each time varying the model parameters within

their statistical and systematic uncertainties. The covariance of the results is used

to determine a combined statistical and systematic uncertainty, which is added to the

model-uncertainty in quadrature to obtain the total uncertainty. The model predictions

for the equal / variable ��
4⇡
p binning are shown in Fig. 3.

4.4 Alternate binning

One drawback of the ��
4⇡
p binning schemes is that the variation of r4⇡p across each

bin is not considered, leading to K
f
i ⇠ K̄

f
i , as seen in Fig. 3. This means that the

interference term in the B
�! DK

� decay rate, given in Eq. 2.13, is relatively small

in all phase space bins. Ideally, one would choose to have r
4⇡
p ⌧ 1 in half of the phase

space bins, enhancing the interference in these regions (and therefore the sensitivity to

– 10 –

Binning based on phase difference between Dº 
and Dº amplitudes going to same point in phase 

space, like optimised binning for KS,L ππ. 
This approach requires a model. 

Examples of 2-D slices through 5-D phase space  
based on D→ππππ amplitude model in JHEP 1705 (2017) 143.

“The full binning schemes used in this paper are provided in both ASCII and Root format as supplementary material.”

JHEP 1801 (2018) 144 

–
KS,L ππ binning

Communicating the binning “cleanly” (not via model) is key to its practical usability

http://inspirehep.net/record/1519168?ln=en
http://inspirehep.net/record/1622744?ln=en
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Winning by binning in 5 dimensions…
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Figure 10. Invariant mass distributions for (a) ⇡+⇡�⇡0, (b) K0
S⇡

� (c) ⇡+⇡0 and (d) K0
S⇡

0

of D ! K0
S⇡

+⇡�⇡0 decays tagged by K±e⌥⌫. Candidates from the pervious bins are removed
sequentially in the order given in table 6: (a) no events removed, (b),(c) events in bin 1 and (d)
events in bins 1 to 5 removed. The vertical dotted lines indicate the selected mass windows for the
!, K⇤ and ⇢ resonances, respectively.

is chosen for one CP tag, K+K�, and all the other normalizations for events not involving
K0

L modes are defined as S(tag)
S(K+K�)hCP in the fit, where S represents the single-tagged yield.

The nature of the symmetry within the bins leads to certain constraints that can be
imposed in the fit. Bins 1, 6 and 9 are CP self-conjugate, which implies si = 0. The bins 2
and 3, 4 and 5, and 7 and 8 are each CP -conjugate pairs, which imposes relations between
their si values. We have:

s1 = 0, s6 = 0, s9 = 0; (5.1)

s2
p
K2K̄2 + s3

p
K3K̄3 = 0, (5.2)

s4
p
K4K̄4 + s5

p
K5K̄5 = 0, (5.3)

s7
p
K7K̄7 + s8

p
K8K̄8 = 0. (5.4)

– 14 –
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Dº→KSπ-π+πº ci, si  
No amplitude model ⇒ binning around resonances:

http://inspirehep.net/record/1632935?ln=en
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Results for 4-body ci, si.
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Figure 8. Each figure shows the hadronic parameters c4⇡i and s4⇡i measured using one of

the 4⇡± binning schemes discussed in Sec. 4 where N = 5. The grey shaded ellipses give

the model predictions and uncertainties discussed in Sec. 4. The black (blue) ellipses show

the measured values and statistical (statistical + systematic) uncertainties. In all cases the

ellipse contains the 39.3% confidence region, defined by the logLmax � logL = 1
2 contour,

where logLmax is the maximum value of logL.
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Bin ci si

1 �1.11± 0.09+0.02
�0.01 0.00

2 �0.30± 0.05± 0.01 �0.03± 0.09+0.01
�0.02

3 �0.41± 0.07+0.02
�0.01 0.04± 0.12+0.01 ⇤

�0.02

4 �0.79± 0.09± 0.05 �0.44± 0.18± 0.06

5 �0.62± 0.12+0.03
�0.02 0.42± 0.20± 0.06 ⇤

6 �0.19± 0.11± 0.02 0.00
7 �0.82± 0.11± 0.03 �0.11± 0.19+0.04

�0.03

8 �0.63± 0.18± 0.03 0.23± 0.41+0.04 ⇤
�0.03

9 �0.69± 0.15+0.15
�0.12 0.00

Table 9. Final results for ci and si values. The uncertainties are statistical and systematic,
respectively. The si results marked by * in bins 3, 5 and 8 are derived from those in other bins,
according to the constraints of eqs. (5.2)-(5.4).
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Figure 11. ci and si values in each bin. The black and red error bars represent statistical and
systematic uncertainties, respectively.

anticipated from studying B± ! D(K0
S⇡

+⇡�)K± [30] decays.

7 Conclusions

Improving the knowledge of the CKM angle � is an important goal in flavour physics. This
can be achieved by harnessing new D decay modes for the measurements of CP asymmetries
in B± ! DK±. We present the first measurement of the CP -even fraction F+ for the
decay D ! K0

S⇡
+⇡�⇡0 which gives F+ = 0.238 ± 0.012 ± 0.012. The F+ measurement

can be used in a quasi-GLW analysis in which there is no binning of the D ! KS⇡+⇡�⇡0

phase space, although this does not provide single-mode sensitivity to �. In addition, the
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Binned B±→DK±, D→K3π. JHEP 1503 (2015) 169

Projected precision on γ from B±→DK±, D→K3π for LHCb run II 
statistics, different charm input scenarios, model-informed binning.

32

Uses “made-up” amplitude model for feasibility study. Not necessary anymore: LHCb arXiv:1712.09320 (2018) provides 
amplitude model needed for optimal binning.
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Table 2. Uncertainties on key parameters, obtained based on the default amplitude model

in di↵erent configurations, averaged over 50 simulated experiments. All results are for the

binned approach applied to B⌥ ! DK⌥ and, where used, charm mixing data. The first

column refers to the scenarios defined in Tab. 1. The second column defines whether charm

mixing input was used (Y), or not (N). The third column describes additional input from

the charm threshold. “CLEO global” refers to the phase-space integrated input from [14].

“BES III global” is the same, but uses the uncertainties predicted in [14] for a data sample

3.5 times as large as that collected by CLEO-c. “CLEO binned” and “BES III binned”

extrapolate to a potential binned analysis of the charm threshold data described in Sec. 4.6.3.
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Figure 3: Scans of ��2 for the fit to the updated CLEO-c observables in the (left)

(RK3⇡, �K3⇡
D ) and (right) (RK⇡⇡0 , �K⇡⇡0

D ) parameter space, showing the ��2 = 1, 4 and 9
intervals.

Table 8: Results from the ‘unconstrained’ time-dependent D0
! K�⇡+⇡+⇡� analysis of

LHCb [12].

Parameter Result

r
K3⇡
D (5.67± 0.12)⇥ 10�2

a (0.3± 1.8)⇥ 10�3

b (4.8± 1.8)⇥ 10�5

the CLEO-c observables, therefore motivating a combined fit of both sets of
measurements.

4. Combined fit

The fit described in Sect. 2.3 is repeated with the LHCb D
0
D̄

0-mixing
results (reported in Table 8) included as additional input measurements.
The best fit values for the hadronic parameters, and the associated corre-
lations, are presented in Tables 9 and 10, respectively. The reduced �

2 of
the fit is 33.5/36. Figure 5 shows the three possible sets of two-dimensional
scans in the D ! K

�
⇡
+
⇡
+
⇡
� hadronic-parameter space; also shown is a

scan of (RK⇡⇡0 , �
K⇡⇡0

D ). The inclusion of the LHCb observables improves the
precision of the D ! K

�
⇡
+
⇡
+
⇡
� coherence factor, but lowers the central
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Conclusion

• Many ways to exploit quantum correlations - many 
only realised recently


• “Classic” ci si with KSππ, 2-3 × stats with KLππ 
 Do the same with KS,LKK


• Many new measurements (latest results from 2018)

• 4-body modes KKππ, ππππ, Kπππ 

(binned ci + i si = Ri e–iδi and phase-space 
integrated)


• F+ in ππππ, πππº, KKπº

• Combination with mixing.


• Complexities include communicating results, 
conventions, binning schemes etc between 
different groups (… although we might not need 
bins).

33
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the end
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CP-even KLππ ≈ CP-odd KSππ

• Using KLππ significantly enhances statistics.

• However, need a correction O(tan2θC). Model dependence 
enters as an uncertainty on something that is in itself a 
small-ish correction.

• Notation: ci, si from KSππ. ci’, si’ from KLππ.  

∆ci≡ci–ci’, ∆si≡si–si’
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unfortunately only “≈”, not quite “=”
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CP-even KLππ ≈ CP-odd KSππ

36

• ∆ci from 0.1 – 0.4,   
σsys(∆ci) from 0.06 – 0.19 

• |∆si|from 0.02 – 0.13, 
σsys(∆si) from 0.07 to 0.14

• Plot compares estimated 
∆ci with separate 
measurements in CP-
tagged KSππ, and KLππ 
events.
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Ingredients of combined fit
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The Result

• Results of combined fit in terms of ci, si  
in KSππ and ci’, si’ in KLππ.

• Each series of results (black/red) 
contains full information from both 
KSππ and KLππ data, related by ∆ci, 
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• Fit errors (include 
σstatistical ⊕ errors on 
∆ci, ∆si constraints):                 
ci: 0.04-0.11            
ci’: 0.04-0.14            
si: 0.15-0.23             
si’: 0.16-0.23 

• Systematic errors:  
ci: 0.02-0.06            
ci’: 0.02-0.07             
si: 0.04-0.10             
si’: 0.06-0.10

CLEO-c preliminary, 818/pb CLEO-c preliminary, 818/pb

bin number bin number

〈
co

s(
Δ
δ)
〉

〈
sin

(Δ
δ)
〉

KLππ: ci’
KSππ: ci

KLππ: si’
KSππ: si
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CLEO-c results 

39

• 818/fb at CLEO-c

• 20k Dº→KS,Lπ+π– 
flavour tagged events

• 1.6 k CP-tagged 
Dº→KS,Lπ+π– events  
(for ci extraction)

• 1.7k KL,Sππ vs KSππ    
(for ci and si extraction)

• S/B between 10 and 100, 
depending on tag mode. Phys.Rev. D82 (2010) 112006

ci
s i

http://inspirehep.net/record/873121/
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Table of yields

40

TABLE II: Single-tag (ST) and D
0
! K

0
S,Lh

+
h
� double-tag (DT) yields. The single tag yields

and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.

Mode ST yield DT yields
K
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�
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�
⇡
+
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K
�
⇡
+
⇡
+
⇡
� 220831± 541 2240 4100 248 287

K
�
e
+
⌫ 1191 100

CP -even tags
K

+
K

� 13349± 128 124 357 12 32
⇡
+
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� 6177± 114 61 184 4 13

K
0
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0
⇡
0 6838± 134 56 7 14

K
0
L⇡

0 237 17
K
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L⌘(��) 4

K
0
L⌘(⇡

+
⇡
�
⇡
0) 1

K
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K
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0 1

CP -odd tags
K
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K
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�
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0) 2 1
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0
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0
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0 3 4
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0 5

K
0
S⇡

+
⇡
� 473 1201 56 126

K
0
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+
⇡
� 140

K
0
SK

+
K

� 4 9

to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
K0

S⇡
+⇡� because in this measurement the principal statistical limitation is the number of

K0
S⇡

+⇡� vs. K0
L,S⇡

+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0

L⇡
0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘

q
E2

cm/(4c
4)� p2

D/c
2,

where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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+⇡� because in this measurement the principal statistical limitation is the number of
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+⇡� vs. K0
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0
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0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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2,

where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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S⇡
+⇡� because in this measurement the principal statistical limitation is the number of
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S⇡

+⇡� vs. K0
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
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Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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+⇡� because in this measurement the principal statistical limitation is the number of
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0
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0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of

16

TABLE II: Single-tag (ST) and D
0
! K

0
S,Lh

+
h
� double-tag (DT) yields. The single tag yields

and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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S⇡
+⇡� because in this measurement the principal statistical limitation is the number of

K0
S⇡

+⇡� vs. K0
L,S⇡

+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0
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0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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2,

where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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+⇡� because in this measurement the principal statistical limitation is the number of
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0
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0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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2,

where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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+⇡� because in this measurement the principal statistical limitation is the number of
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0
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Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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S⇡
+⇡� because in this measurement the principal statistical limitation is the number of
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0
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Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
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+⇡� because in this measurement the principal statistical limitation is the number of
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+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0
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Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘
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where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of
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to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
K0

S⇡
+⇡� because in this measurement the principal statistical limitation is the number of

K0
S⇡

+⇡� vs. K0
L,S⇡

+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0

L⇡
0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘

q
E2

cm/(4c
4)� p2

D/c
2,

where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of

16

crucial for sensitivity to si

yields in KSππ vs KSππ bins i,j

FIG. 1: Equal ��D binning of the D0
!K

0
S⇡

+
⇡
� Dalitz plot with N = 8 based on the model from

Ref. [12]. The color scale represents the absolute value of the bin number, |i|.

M±
i , in a CP -tagged K0

Sh
+h� Dalitz plot, and the number of events, Ki, in a flavor-tagged

K0
Sh

+h� Dalitz plot.
Important additional information can be gained through analysis of D0

!K0
Sh

+h� vs.

D
0
!K0

Sh
+h� data. The amplitude for  (3770) decaying to a double K0

Sh
+h� final state

is as follows:

f(m2
+,m

2
�,m

02
+,m

02
�) =

fD(m2
+,m

2
�)fD(m

02
�,m

02
+)� fD(m02

+,m
02
�)fD(m

2
�,m

2
+)

p
2

. (9)

The primed and unprimed Dalitz-plot coordinates correspond to the Dalitz-plot variables of
the two fD0

!K0
Sh

+h� decays. Defining Mij as the event rate in the ith bin of the first and
the jth bin of the second fD !K0

Sh
+h� Dalitz plots, respectively, we have:

Mij = hcorr(KiK�j +K�iKj � 2
q
KiK�jK�iKj(cicj + sisj)). (10)

Here, hcorr = NDD/2S
2
f = NDD/8B

2
f , where NDD is the number of DD pairs, and as before

Sf is the number of flavor-tagged signal decays. Thus analysis of both D0
!K0

Sh
+h� vs.

6
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Dº Mixing as input to γ from B±→DK±
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This process is sensitive to the same D-D 
interference effects that pollute this 
measurement.

PLB728 (2014) 296-302
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Can use charm mixing to constrain charm amplitude 
parameters in γ measurements - see previous talk.
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Winning with binning & threshold + mixing 
combination, B±→DK±, D→K3π.
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Figure 10. The p-value (see eq. (4.3)) versus γ, x+, and x− for different charm inputs for
estimated LHCb run II statistics. The arrow indicates the input value with which the experiment
was simulated. The numbers inside the scans represent the best fit value ±1σ, as described in
the text.

However, using both charm input from mixing and from threshold data transforms this

into a precision measurement of γ. While precise predictions are impossible until we have

a better understanding of the D0 → K+π−π+π− amplitude structure, the above results

suggests that, with the approach proposed here applied to LHCb run 1 data, this channel

can reach a similar precision as the combined analysis of B∓ → DK∓ with D → KSπ+π−

and D → KSK+K− on LHCb run 1 data [39], currently the most precise individual mea-

surement of γ in tree-level decays. Conversely, the inclusion of information from charm

mixing leads to a vastly improved precision compared to that achievable based on charm

– 18 –

Projected precision on γ from B±→DK±, D→K3π for LHCb run II 
statistics, different charm input scenarios, model-informed binning.

44

Uses “made-up” amplitude model for feasibility study. Not necessary anymore: LHCb arXiv:
1712.09320 (2018) provides amplitude model needed for optimal binning.
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Figure 10. The p-value (see eq. (4.3)) versus γ, x+, and x− for different charm inputs for
estimated LHCb run II statistics. The arrow indicates the input value with which the experiment
was simulated. The numbers inside the scans represent the best fit value ±1σ, as described in
the text.

However, using both charm input from mixing and from threshold data transforms this

into a precision measurement of γ. While precise predictions are impossible until we have

a better understanding of the D0 → K+π−π+π− amplitude structure, the above results

suggests that, with the approach proposed here applied to LHCb run 1 data, this channel

can reach a similar precision as the combined analysis of B∓ → DK∓ with D → KSπ+π−

and D → KSK+K− on LHCb run 1 data [39], currently the most precise individual mea-

surement of γ in tree-level decays. Conversely, the inclusion of information from charm

mixing leads to a vastly improved precision compared to that achievable based on charm
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Figure 10. The p-value (see eq. (4.3)) versus γ, x+, and x− for different charm inputs for
estimated LHCb run II statistics. The arrow indicates the input value with which the experiment
was simulated. The numbers inside the scans represent the best fit value ±1σ, as described in
the text.

However, using both charm input from mixing and from threshold data transforms this

into a precision measurement of γ. While precise predictions are impossible until we have

a better understanding of the D0 → K+π−π+π− amplitude structure, the above results

suggests that, with the approach proposed here applied to LHCb run 1 data, this channel

can reach a similar precision as the combined analysis of B∓ → DK∓ with D → KSπ+π−

and D → KSK+K− on LHCb run 1 data [39], currently the most precise individual mea-

surement of γ in tree-level decays. Conversely, the inclusion of information from charm

mixing leads to a vastly improved precision compared to that achievable based on charm
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Projected precision on γ from B±→DK±, D→K3π for LHCb run II 
statistics, different charm input scenarios, model-informed binning.
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Uses “made-up” amplitude model for feasibility study. Not necessary anymore: LHCb arXiv:
1712.09320 (2018) provides amplitude model needed for optimal binning.
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Figure 10. The p-value (see eq. (4.3)) versus γ, x+, and x− for different charm inputs for
estimated LHCb run II statistics. The arrow indicates the input value with which the experiment
was simulated. The numbers inside the scans represent the best fit value ±1σ, as described in
the text.
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a better understanding of the D0 → K+π−π+π− amplitude structure, the above results

suggests that, with the approach proposed here applied to LHCb run 1 data, this channel

can reach a similar precision as the combined analysis of B∓ → DK∓ with D → KSπ+π−
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Figure 10. The p-value (see eq. (4.3)) versus γ, x+, and x− for different charm inputs for
estimated LHCb run II statistics. The arrow indicates the input value with which the experiment
was simulated. The numbers inside the scans represent the best fit value ±1σ, as described in
the text.

However, using both charm input from mixing and from threshold data transforms this

into a precision measurement of γ. While precise predictions are impossible until we have

a better understanding of the D0 → K+π−π+π− amplitude structure, the above results

suggests that, with the approach proposed here applied to LHCb run 1 data, this channel

can reach a similar precision as the combined analysis of B∓ → DK∓ with D → KSπ+π−
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Figure 10. The p-value (see eq. (4.3)) versus γ, x+, and x− for different charm inputs for
estimated LHCb run II statistics. The arrow indicates the input value with which the experiment
was simulated. The numbers inside the scans represent the best fit value ±1σ, as described in
the text.
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a better understanding of the D0 → K+π−π+π− amplitude structure, the above results

suggests that, with the approach proposed here applied to LHCb run 1 data, this channel

can reach a similar precision as the combined analysis of B∓ → DK∓ with D → KSπ+π−

and D → KSK+K− on LHCb run 1 data [39], currently the most precise individual mea-

surement of γ in tree-level decays. Conversely, the inclusion of information from charm

mixing leads to a vastly improved precision compared to that achievable based on charm
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• This set of variables also has nice transformation properties 

under C and P

p = (m0
12,m

0
34, cos ✓12, cos ✓34,�)

CP : p = (m0
12,m

0
34,� cos ✓12,� cos ✓34,��)

P : p = (m0
12,m

0
34,+cos ✓12,+cos ✓34,��)

C : p = (m0
12,m

0
34,� cos ✓12,� cos ✓34,+�)

• This means the binning only has to be defined in ɸ > 0 then 
can be reflected to get the remaining bins

49



Jonas Rademacker (University of Bristol)                          Quantum correlated measurements at CLEO                  BESIII-LHCb Workshop, IHEP, Jan 2018

Exploiting the full 5-D phase space of 4-body D 
decays.

• Our studies indicate that 4-
body have excellent 
sensitivity to γ.


• Challenging:  
2-dimensional Dalitz plot → 
5-dimensional phase space


• Next slides: a few first steps
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J. Rademacker and G. Wilkinson 
Phys. Lett. B 647 (2007) 400-405

Atwood, Dunietz and Soni (ADS), 
Phys.Rev.Lett. 78 (1997) 3257-3260 

Atwood, Soni: Phys.Rev. D68 (2003) 033003
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−

−Kπ(K +
D

+K π )−
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D

DK

rB ei(⇥��)

(ππππ)D
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Phys. Lett. B 647 (2007) 400-405  
Phys. Rev. D 80, 031105 (2009)  
arXiv:1201.5716 [hep-ex] (submitted to PRD)

http://arxiv.org/abs/hep-ph/0611272
http://arxiv.org/abs/hep-ph/9612433
http://arxiv.org/abs/hep-ph/0304085
http://arxiv.org/abs/hep-ph/0611272
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The parameters of the Charm System

• D mesons oscillate: Dº→Dº→…


• D mass eigenstates:  D1,2=p|D〉±q|D〉


•                     ~mixing frequency


•                     ~lifetime difference


• CP-violation if |p/q|≠1 or CPV phase 
φ≠0
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Winning by binning…
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Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003).

https://inspirehep.net/record/1310654?ln=en
http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
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Dº→π+π-π+π-  Model

53

Table 6.1: Real and imaginary part of the complex amplitude coe�cients and fractional contribution of each component of the

LASSO model. For the fit coe�cients, the first quoted uncertainty is statistical, while the second arises from systematic sources. The

third uncertainty in the fit fraction arises from the alternative models considered.

Decay channel <(ai) =(ai) Fi (%)

D0 ! ⇡� ⇥
a1(1260)+ ! ⇡+ ⇢(770)0

⇤
100.00 (fixed) 0.00 (fixed) 38.1± 2.3± 3.2± 1.7

D0 ! ⇡�
[a1(1260)+ ! ⇡+ �] 56.46± 13.85± 14.49 167.87± 14.51± 19.38 10.2± 1.4± 2.1± 2.5

D0 ! ⇡+ a1(1260)� 0.218± 0.028± 0.036 0.180± 0.024± 0.017 -

D0 ! ⇡+
⇥
a1(1260)� ! ⇡� ⇢(770)0

⇤
- - 3.1± 0.6± 0.5± 0.9

D0 ! ⇡+
[a1(1260)� ! ⇡� �] - - 0.8± 0.2± 0.1± 0.4

D0 ! ⇡�
[⇡(1300)+ ! ⇡+ �] �15.11± 3.08± 9.44 19.80± 3.54± 5.90 6.8± 0.9± 1.5± 3.1

D0 ! ⇡+
[⇡(1300)� ! ⇡� �] �6.48± 2.39± 6.08 15.19± 2.62± 7.52 3.0± 0.6± 2.0± 2.0

D0 ! ⇡� ⇥
a1(1640)+[D] ! ⇡+ ⇢(770)0

⇤
�125.40± 20.59± 28.50 �10.89± 15.07± 13.75 4.2± 0.6± 0.9± 1.8

D0 ! ⇡�
[a1(1640)+ ! ⇡+ �] 77.57± 21.59± 31.24 �94.98± 21.12± 34.54 2.4± 0.7± 1.1± 1.3

D0 ! ⇡�
[⇡2(1670)

+ ! ⇡+ f2(1270)] �49.93± 42.23± 77.44 348.39± 40.95± 42.87 2.7± 0.6± 0.7± 0.9
D0 ! ⇡�

[⇡2(1670)
+ ! ⇡+ �] �51.35± 22.21± 15.18 �209.98± 22.21± 41.58 3.5± 0.6± 0.8± 0.9

D0 ! � f0(1370) 27.71± 6.81± 19.04 71.93± 6.41± 17.44 21.2± 1.8± 4.2± 5.2
D0 ! � ⇢(770)0 41.99± 4.19± 4.42 �25.42± 3.62± 6.53 6.6± 1.0± 1.2± 3.0
D0

[S] ! ⇢(770)0 ⇢(770)0 2.37± 1.24± 2.00 8.89± 1.35± 1.83 2.4± 0.7± 1.1± 1.0
D0

[P ] ! ⇢(770)0 ⇢(770)0 �2.51± 1.33± 1.46 �20.80± 1.48± 3.67 7.0± 0.5± 1.6± 0.3
D0

[D] ! ⇢(770)0 ⇢(770)0 �33.99± 3.34± 5.11 �7.64± 2.62± 4.77 8.2± 1.0± 1.7± 3.5
D0 ! f2(1270) f2(1270) �34.47± 21.71± 22.46 �172.87± 21.71± 27.01 2.1± 0.5± 0.3± 2.3
Sum 122.0± 4.0± 6.4± 7.6

25
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First model-independent γ measurement (BELLE 2011)
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11

TABLE IV. Numbers of events in Dalitz plot bins for the
B±

→ DK±, D → K0
Sπ

+π− sample with the optimal
binning. Results of the independent 4D fits with variables
(Mbc,∆E, cos θthr,F) fit to data.

Bin i N−

i
N+

i

-8 49.8± 8.2 37.8± 7.5

-7 42.2± 8.6 24.9± 7.2

-6 0.0± 1.9 3.4± 2.9

-5 9.6± 4.5 23.6± 6.2

-4 32.9± 7.5 42.1± 8.3

-3 3.5± 2.8 0.7± 2.5

-2 11.3± 4.1 0.0± 1.3

-1 16.6± 5.4 7.7± 4.4

1 37.6± 8.0 65.1± 9.9

2 68.6± 9.6 75.5± 9.8

3 83.4± 10.1 82.4± 10.2

4 49.3± 9.1 86.5± 11.4

5 34.0± 7.3 38.3± 7.6

6 34.8± 6.8 41.9± 7.5

7 70.8± 10.6 46.4± 9.0

8 9.4± 4.3 14.2± 5.1

Total 574.9 ± 29.9 601.6 ± 30.8
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FIG. 7. Results of the fit of B±
→ DK± control sample.

(a) Numbers of events in bins of D → K0
Sπ

+π− Dalitz plot:
from B−

→ DK− (red), B+
→ DK+ (blue) and flavor sam-

ple (histogram). (b) Difference of the number of events from
B+

→ DK+ and B−
→ DK− decays. (c) Difference of the

number of events from B−
→ DK− and flavor sample (nor-

malized to the total number of B−
→ DK− decays): data

(points with the error bars), and as a result of the (x, y) fit
(horizontal bars). (d) Same for B+

→ DK+ data.
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FIG. 8. One-, two-, and three standard deviations levels for
x, y fit of B±

→ DK± mode.

relations obtained from the combined fit are as follows:

x− = −0.0045± 0.0087± 0.0050± 0.0026,

y− = −0.0231± 0.0107± 0.0050± 0.0065,

corr(x−, y−) = −0.189,

x+ = −0.0172± 0.0089± 0.0060± 0.0026,

y+ = +0.0129± 0.0103± 0.0060± 0.0065,

corr(x+, y+) = −0.205
(14)

for B± → Dπ± control sample and

x− = +0.095± 0.045± 0.014± 0.017,

y− = +0.137+0.053
−0.057 ± 0.019± 0.029,

corr(x−, y−) = −0.315,

x+ = −0.110± 0.043± 0.014± 0.016,

y+ = −0.050+0.052
−0.055 ± 0.011± 0.021,

corr(x+, y+) = +0.059

(15)

for B± → DK± sample. Here the first error is statisti-
cal, the second error is the systematic uncertainty, and
the third error is the uncertainty due to the errors of
ci, si terms. The measured values of (x±, y±) with their
likelihood contours are shown in Fig. 8.

IX. SYSTEMATIC ERRORS

Systematic errors in the x, y fit are obtained for the
default procedure of the combined fit with the optimal
binning. The systematic errors are summarized in Ta-
ble V.
The uncertainty of the signal shape used in the fit in-

cludes the following sources:

13

TABLE V. Systematic errors of x, y measurement for B±
→ Dπ± and B±

→ DK± samples in units of 10−3.

B±
→ Dπ± B±

→ DK±

Source of uncertainty ∆x− ∆y− ∆x+ ∆y+ ∆x− ∆y− ∆x+ ∆y+

Signal shape 0.9 1.9 1.1 5.0 7.3 7.4 7.3 5.1

u, d, s, c continuum background 0.9 1.4 0.8 1.3 6.7 5.6 6.6 3.2

BB background 3.3 1.6 4.5 1.1 7.8 12.2 7.2 6.1

B±
→ Dπ± background − − − − 1.2 4.2 1.9 1.9

Dalitz plot efficiency 3.0 1.9 3.2 1.6 4.8 2.0 5.6 2.1

Cross-feed between bins 0.4 3.0 0.7 0.9 0.4 9.0 0.6 3.0

Flavor-tagged statistics 1.7 2.0 1.6 2.0 1.5 2.7 1.7 1.9

Fit bias 0.4 0.5 0.4 0.5 3.2 5.8 3.2 5.8

ci, si precision 2.6 6.5 2.6 6.5 10.1 22.5 7.2 17.4

Total without ci,si precision 5.0 5.0 6.0 6.0 14.0 19.4 14.0 11.3

Total 5.6 8.2 6.5 8.8 17.3 29.7 15.7 20.7
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FIG. 9. Two-dimensional projections of confidence region
onto (φ3, δB) and (φ3, rB) planes (one-, two-, and three stan-
dard deviations).

The difference with the previous Belle analyses is that
the probability density p(z|µ) is a multivariate Gaussian
PDF with the errors and correlations between x± and y±
taken from the data fit result. In the previous analyses,
this PDF was taken from MC pseudo-experiments.

As a result of this procedure, we obtain the confidence
levels (CL) for the set of physical parameters φ3, rB, δB.
The confidence levels for one and two standard deviations
are taken at 20% and 74% (the case of three-dimensional
Gaussian distribution). The projections of the 3D sur-
faces bounding one and two standard deviations volumes
onto φ3 variable, and (φ3, rB) and (φ3, δB) planes are
shown in Fig. 9.

Systematic errors in µ are obtained by varying the mea-
sured parameters z within their systematic errors (Gaus-
sian distribution is taken) and calculating the RMS of
µbest(z). In this calculation we assume that the system-
atic errors are uncorrelated. In the case of ci, si system-
atics, we test that assumption: when the fluctuation in ci
and si is generated, we perform the fits to both B+ and
B− data with the same fluctuated ci, si. We observe no

significant correlation between resulting x− and x+ (y−
and y+).
The final results are:

φ3 = (77.3+15.1
−14.9 ± 4.2± 4.3)◦

rB = 0.145± 0.030± 0.011± 0.011

δB = (129.9± 15.0± 3.9± 4.7)◦,

(18)

where the first error is statistical, the second is systematic
error without ci, si uncertainty, and the third error is due
to ci, si uncertainty.
We do not calculate the statistical significance of CP

violation as it is done in the previous analyses by tak-
ing the CL for φ3 = 0: this number is purely based on
the behavior of the tails of p(z|µ) distribution far from
the central value, and Gaussian assumption can lead to
overestimation of CP violation significance. As a prelim-
inary number we use the estimate of probability of the
fluctuation in the difference of number of events in bins
for B+ and B− data: the probability of such fluctuation
in the case of CP conservation is p = 0.42%.

XI. CONCLUSION

We report the results of a measurement of the unitarity
triangle angle φ3 using a model-independent Dalitz plot
analysis of D → K0

Sπ
+π− decay in the process B± →

DK±. The measurement was performed with a full data
sample of 711 fb−1 (772 × 106 BB pairs) collected by
the Belle detector at Υ(4S). The model independence
is reached by binning the Dalitz plot of D → K0

Sπ
+π−

decay and using the strong phase coefficients for bins
measured by CLEO experiment [12]. We obtain the value
φ3 = (77.3+15.1

−14.9±4.2±4.3)◦; of the two possible solutions
we choose the one with 0 < φ3 < 180◦. We also obtain
the value of the amplitude ratio rB = 0.145 ± 0.030 ±
0.011± 0.011. These results are preliminary.
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�3: Dalitz analysis of D decay from B± ⇤ DK±

[A. Giri, Yu. Grossman, A. So�er, J. Zupan, PRD 68, 054018 (2003)]

[A. Bondar, Belle Dalitz analysis meeting, 24-26 Sep. 2002]

Use B± ⇤ DK± modes with 3-body decay D ⇤ K 0
S�+��.

Dalitz plot density: d⇥±(m2
+,m2

�) ⇥ |M±|2dm2
+dm2

�

|M±(m2
+,m2

�)|2 = |fD(m2
+,m2

�) + re i�B±i⇥3fD(m2
�,m2

+)|2

=

�������
+ re i�B±i⇥3

�������

2

D0 ⇤ K 0
S�+�� amplitude fD is extracted from continuum (D⇥± ⇤ D�±),

parametrized as a set of two-body amplitudes.

Only |fD |2 is observable ⌅ Model dependence as a result .

Latest Belle result: ⇤3 = [78+11
�12 ± 4(syst) ± 9(model)]⌅ (605 fb�1)

rB = 0.16 ± 0.04 ± 0.01(syst)+0.05
�0.01(model)

Model error would dominate precise measurements at Super B factories.
Anton Poluektov Recent EW results from Belle Moriond EW, 16 March 2011 11/20

Flavour-tagged 
D→KSππ Dalitz 

plot

where the last uncertainty on γ of 4.3º the 
former model uncertainty of 8.9º

�3: Binned Dalitz plot analysis

Solution: use binned Dalitz plot and deal with numbers of events in bins.
[A. Giri, Yu. Grossman, A. So⇥er, J. Zupan, PRD 68, 054018 (2003)]

[A. Bondar, A. P. EPJ C 47, 347 (2006); EPJ C 55, 51 (2008)]

M±
i = h{Ki +r2

BK�i +2
�

KiK�i (x±ci +y±si )}

x± = rB cos(�B ± ⇤3) y± = rB sin(�B ± ⇤3)

M±
i : numbers of events in D ⇥ K 0

S⇥+⇥� bins from B± ⇥ DK±

Ki : numbers of events in bins of flavor D0 ⇥ K 0
S⇥+⇥� from D⇥ ⇥ D⇥.

ci , si contain information about strong phase di⇥erence between symmetric
Dalitz plot points (m2

K0
S�+ ,m2

K0
S��

) and (m2
K0

S��
,m2

K0
S�+):

ci = ⇧cos ��D⌃, si = ⇧sin��D⌃

Anton Poluektov Recent EW results from Belle Moriond EW, 16 March 2011 12/20

BELLE: arXiv:1106.4046. See also Anton Poluektov’s talk at Moriond EW 2011 (from which I lifted several of the plots shown here): 
http://belle.kek.jp/belle/talks/moriondEW11/poluektov.pdf 
CLEO-c input:Phys.Rev.D82:112006,2010.

γ

http://arxiv.org/abs/1106.4046
http://belle.kek.jp/belle/talks/moriondEW11/poluektov.pdf
http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=arXiv:1010.2817
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Charm mixing in D→Kπππ

55

11M RS events 43k WS events

�(D0 ! K�⇡+⇡�⇡+)

�(D0 ! K+⇡�⇡+⇡�)
(t)

LHCb

First >5σ observation of charm mixing in a single channel other than D→Kπ

PRL 116 (2016) no.24, 241801

K–π+π–π+ K+π-π+π-

http://inspirehep.net/record/1423070?ln=en
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Measurement of phases at CLEO-c

[1] Bondar, Poluektov hep-ph/0703267v1 (2007)

bi
n 

nu
m

be
r

m2(KSπ+)/GeV2

*model = BaBar PRL 95 (2005) 121802

Binning at based on BaBar model*

56

m
2 (K

Sπ
– )/

G
eV

2

Used by BELLE & LHCb 
for model-independent 

measurements of γ. 

Looking forward to update 
by BESIII with much 

larger dataset. 
CLEO-c input:: Phys. Rev. D 82 112006 
Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 
054018 (2003). 
Optimal binning: Bondar, Poluektov hep-ph/0703267v1 (2007) 
BELLE’s first model-independent γ measurement: PRD 85 (2012) 112014 
LHCb’s latest model-independent γ measurement: JHEP 1410 (2014) 097

http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=hep-ph/0303187
http://www.inspirehep.net/search?p=j+PR,D85,112014
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Multi-Generational Flavour Physics

57

CLEO-c

LHCb

Edward V. Brewer (1883 – 1971)

http://americangallery.wordpress.com/2009/06/08/edward-v-brewer-1883-1971/
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Multi-Generational Flavour Physics

57

CLEO-c

LHCb

Regrettably, CLEO recently deceased - but her data live on.

Edward V. Brewer (1883 – 1971)

http://americangallery.wordpress.com/2009/06/08/edward-v-brewer-1883-1971/
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Table 2: Yields and statistical uncertainties in the signal region from the invariant mass fit, scaled
from the full fit mass range, for candidates passing the B± ! D(K0

SK+K�)h± selection. Values
are shown separately for candidates formed using long and downstream K0

S decays. The signal
region is between 5247 MeV/c2 and 5317 MeV/c2 and the full fit range is between 5080 MeV/c2

and 5800 MeV/c2.

Fit component B±
! DK± selection B±

! D⇡± selection
Long Downstream Long Downstream

B±
! DK± 101± 4 223± 7 4.5± 1.9 10.1± 2.9

B±
! D⇡± 13± 3 24± 5 1501± 38 3338± 57

Combinatorial 13± 3 30± 5 36± 5 78± 7
Partially reconstructed 4.6± 0.7 8.6± 1.2 0.60± 0.02 2.0± 0.1

]4c/2 [GeV2
+m

1 2 3

]4 c/2
 [G

eV
2 −

m

1

2

3 LHCb preliminary

]4c/2 [GeV2
−m

1 2 3

]4 c/2
 [G

eV
2 +

m

1

2

3 LHCb preliminary

Figure 4: Dalitz plots of B± ! DK± candidates in the signal region for D ! K0
S⇡+⇡� decays

for (left) B+ (right) B� decays. Both long and downstream K0
S candidates are included.

for the determination of the flavour of the D0 meson from the charge of the bachelor muon297

and pion. This particular decay chain involving a flavour tagged D decay is chosen due to298

low background level and low mistag probability. The selection requirements are chosen to299

minimise changes to the e�ciency profile with respect to the selected B ! Dh data. They300

are identical to the requirements listed in Sect. 4 where possible and the requirements on301

variables used to train the BDT follow those described in Ref. [39].302

Candidate B0
! D⇤±µ⌥⌫µ events are selected using information from the muon303

detector systems. These events are first required to pass the hardware trigger, which304

selects muons with a transverse momentum pT > 1.48 GeV/c. Approximately 95% of the305

final B0
! D⇤±µ⌥⌫µ sample is collected with this algorithm, and the remainder pass a306

hardware trigger which selects D0 candidates that leave a high transverse energy deposit307

in the hadronic calorimeter. In the subsequent software trigger, at least one of the final308
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The B0 decay chain is refitted to determine the distribution of candidates across the318
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S mass is constrained321

is performed to improve the D0 and D⇤ mass resolutions for use in the invariant mass fit322

used to determine signal yields.323

Additional requirements are included to remove D ! ⇡+⇡�⇡+⇡� decays and charmless324

B decays, as are PID criteria on the kaons in D ! K0
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+K�. The requirements are the325

same as those applied to the B ! Dh sample described in Sect. 4. The following mass326

windows are applied. The K0
S candidate mass is required to be within 20 MeV/c2 of the327
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refit containing the D and K0
S mass constraints, is required to be less than 5000 MeV/c2.329
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m(D⇤)�m(D0) are fit simultaneously to determine the signal yields. This two-dimensional331

parameterisation allows the yield of selected candidates to be measured in three categories:332

true D⇤ candidates (‘signal’), candidates containing a true D0 but wrong slow pion (‘WSP’)333
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Model-independent γ from  
B±→(KSππ)DK, B±→(KSKK)DK

• Binned, model-independent 
analysis using CLEO-c input.


• Plots show LHCb data - the 
colours represent the bins, 
shaped to optimise sensitivity.


• Result of combined analysis  
(3fb–1, 2011+2012, KSππ & 
KSKK):

58

B+ B–

CLEO-c input:: Phys. Rev. D 82 112006. 
Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003). 
Optimal binning: Bondar, Poluektov hep-ph/0703267v1 (2007) 
BELLE’s first model-independent γ measurement: PRD 85 (2012) 112014

B+
B–

Phys. Rev. D 82 112006.

LHCb 2011 Result: Phys. Lett. B718 (2012) 43
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Figure 13: Two-dimensional projections of confidence regions onto the (�, rB) and (�, �B) planes
showing the one (solid) and two (dashed) and three (dotted) standard deviations with all
uncertainties included. The points mark the central values.

The solution for the physics parameters has a two-fold ambiguity: (�, �B) ! (� +613

180�, �B + 180�). Choosing the solution that satisfies 0 < � < 180� yields rB = 0.080+0.019
�0.021,614

� = (62+15
�14)

� and �B = (134+14
�15)

�. The values for � and rB are consistent with the world615

average of results from previous experiments [40]. The significant increase in precision616

compared to the measurement in Ref. [4] is due to a combination of increased signal yield,617

lower systematic uncertainties and a higher central value for rB.618

10 Conclusions619

Approximately 2580 B±
! DK± decay candidates, with the D meson decaying either620

to K0
S⇡

+⇡� or K0
SK

+K�, are selected from a sample corresponding to 3.0 fb�1 of data621

collected by LHCb in 2011 and 2012. These samples are analysed to determine the622

CP -violating parameters x± ⌘ rB cos(�B ± �) and y± ⌘ rB sin(�B ± �), where rB is the623

ratio of the absolute values of the B+
! D0K� and B+

! D
0
K� amplitudes, �B is the624

strong-phase di↵erence between them, and � is the angle of the unitarity triangle. The625

analysis is performed in bins of the D decay Dalitz plot and existing measurements of the626

CLEO-c experiment are used to provide input on the D decay strong-phase parameters627

(ci, si) [17]. Such an approach allows the analysis to be free from any model-dependent628

assumptions on the strong-phase variation across the Dalitz plot. The following results629
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Table 2: Yields and statistical uncertainties in the signal region from the invariant mass fit, scaled
from the full fit mass range, for candidates passing the B± ! D(K0

SK+K�)h± selection. Values
are shown separately for candidates formed using long and downstream K0

S decays. The signal
region is between 5247 MeV/c2 and 5317 MeV/c2 and the full fit range is between 5080 MeV/c2

and 5800 MeV/c2.

Fit component B±
! DK± selection B±

! D⇡± selection
Long Downstream Long Downstream

B±
! DK± 101± 4 223± 7 4.5± 1.9 10.1± 2.9

B±
! D⇡± 13± 3 24± 5 1501± 38 3338± 57

Combinatorial 13± 3 30± 5 36± 5 78± 7
Partially reconstructed 4.6± 0.7 8.6± 1.2 0.60± 0.02 2.0± 0.1
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S⇡+⇡� decays

for (left) B+ (right) B� decays. Both long and downstream K0
S candidates are included.
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and pion. This particular decay chain involving a flavour tagged D decay is chosen due to298

low background level and low mistag probability. The selection requirements are chosen to299

minimise changes to the e�ciency profile with respect to the selected B ! Dh data. They300

are identical to the requirements listed in Sect. 4 where possible and the requirements on301

variables used to train the BDT follow those described in Ref. [39].302

Candidate B0
! D⇤±µ⌥⌫µ events are selected using information from the muon303

detector systems. These events are first required to pass the hardware trigger, which304

selects muons with a transverse momentum pT > 1.48 GeV/c. Approximately 95% of the305

final B0
! D⇤±µ⌥⌫µ sample is collected with this algorithm, and the remainder pass a306

hardware trigger which selects D0 candidates that leave a high transverse energy deposit307

in the hadronic calorimeter. In the subsequent software trigger, at least one of the final308
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state particles is required to have both pT > 0.8 GeV/c and impact parameter greater than309

100 µm with respect to all of the PVs in the event. Finally, the tracks of two or more of310

the final state particles are required to form a vertex that is significantly displaced from311

the PVs.312

In order to reduce combinatorial background, all decay product tracks are required to313

be inconsistent with originating from the PV, and the momentum vectors of the K0
S , D0

314

and B0 are required to be in the same direction as the vector between the PV and their315

decay vertices. The B0 candidate vertex is required to be well separated from the PV in316

order to discriminate between B decays and prompt charm decays.317

The B0 decay chain is refitted to determine the distribution of candidates across the318

Dalitz plot. Unlike the refit performed for B ! Dh candidates, the fit only constrains the319

D and K0
S candidates to their known masses as the B0 candidate is not fully reconstructed320

in the semileptonic decay mode. An additional fit in which only the K0
S mass is constrained321

is performed to improve the D0 and D⇤ mass resolutions for use in the invariant mass fit322

used to determine signal yields.323

Additional requirements are included to remove D ! ⇡+⇡�⇡+⇡� decays and charmless324

B decays, as are PID criteria on the kaons in D ! K0
SK

+K�. The requirements are the325

same as those applied to the B ! Dh sample described in Sect. 4. The following mass326

windows are applied. The K0
S candidate mass is required to be within 20 MeV/c2 of the327

known value [19], and the invariant mass sum of the D⇤ and muon, determined using the328

refit containing the D and K0
S mass constraints, is required to be less than 5000 MeV/c2.329

The candidate D0 invariant mass, m(D0), and the invariant mass di↵erence �m ⌘330

m(D⇤)�m(D0) are fit simultaneously to determine the signal yields. This two-dimensional331

parameterisation allows the yield of selected candidates to be measured in three categories:332

true D⇤ candidates (‘signal’), candidates containing a true D0 but wrong slow pion (‘WSP’)333
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m(D⇤)�m(D0) are fit simultaneously to determine the signal yields. This two-dimensional331
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true D⇤ candidates (‘signal’), candidates containing a true D0 but wrong slow pion (‘WSP’)333
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previously been pursued by LHCb [2] using a data sample corresponding to an integrated
luminosity of 1.0 fb�1 at a centre-of-mass energy of 7 TeV collected in 2011. The current
analysis largely follows the same procedure as that of the 2011 study, but benefits from
improvements in the selection strategy.

The LHCb detector [3] is a single-arm forward spectrometer covering the
pseudorapidity range 2 < ⌘ < 5, designed for the study of particles containing b or c
quarks. The detector includes a high precision tracking system consisting of a silicon-strip
vertex detector (VELO) surrounding the pp interaction region, a large-area silicon-strip
detector located upstream of a dipole magnet with a bending power of about 4 Tm, and
three stations of silicon-strip detectors and straw drift tubes placed downstream. The com-
bined tracking system has momentum resolution �p/p that varies from 0.4% at 5 GeV/c
to 0.6% at 100 GeV/c, and impact parameter (IP) resolution of 20 µm for tracks with high
transverse momentum. The IP of a track is defined as the distance of closest approach of
that track to a primary vertex (PV) that has been produced in a proton-proton interaction.
Charged hadrons are identified using two ring-imaging Cherenkov (RICH) detectors [4].
Photon, electron and hadron candidates are identified by a calorimeter system consist-
ing of scintillating-pad and preshower detectors, an electromagnetic calorimeter and a
hadronic calorimeter. Muons are identified by a system composed of alternating layers of
iron and multiwire proportional chambers.

The trigger [5] consists of a hardware stage, based on information from the calorimeter
and muon systems, followed by a software stage which applies a full event reconstruction.
In the analysis presented in this note several systematic uncertainties are evaluated using
Monte Carlo simulated data in which heavy flavour decays have been generated, propa-
gated through the detector, and processed with the LHCb reconstruction software.
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Figure 13: Two-dimensional projections of confidence regions onto the (�, rB) and (�, �B) planes
showing the one (solid) and two (dashed) and three (dotted) standard deviations with all
uncertainties included. The points mark the central values.

The solution for the physics parameters has a two-fold ambiguity: (�, �B) ! (� +613

180�, �B + 180�). Choosing the solution that satisfies 0 < � < 180� yields rB = 0.080+0.019
�0.021,614

� = (62+15
�14)

� and �B = (134+14
�15)

�. The values for � and rB are consistent with the world615

average of results from previous experiments [40]. The significant increase in precision616

compared to the measurement in Ref. [4] is due to a combination of increased signal yield,617

lower systematic uncertainties and a higher central value for rB.618

10 Conclusions619

Approximately 2580 B±
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+⇡� or K0
SK

+K�, are selected from a sample corresponding to 3.0 fb�1 of data621

collected by LHCb in 2011 and 2012. These samples are analysed to determine the622

CP -violating parameters x± ⌘ rB cos(�B ± �) and y± ⌘ rB sin(�B ± �), where rB is the623

ratio of the absolute values of the B+
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K� amplitudes, �B is the624

strong-phase di↵erence between them, and � is the angle of the unitarity triangle. The625

analysis is performed in bins of the D decay Dalitz plot and existing measurements of the626

CLEO-c experiment are used to provide input on the D decay strong-phase parameters627

(ci, si) [17]. Such an approach allows the analysis to be free from any model-dependent628

assumptions on the strong-phase variation across the Dalitz plot. The following results629
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decays. The channel D → K +K −π0 is a similar, but less abundant, 
self-conjugate mode that has also attracted interest [20,21]. This 
Letter presents the first analysis of these decays using quantum-
correlated D D̄ decays, and measurements of their CP content, mak-
ing use of the CLEO-c ψ(3770) data set. These measurements allow 
the inclusive decays to be included in future B∓→ D K ∓ analyses 
in a straightforward and model-independent manner, thus allow-
ing for an improved determination of the angle γ . Throughout the 
effects of CP violation in charm mesons are neglected, which is a 
good assumption given theoretical expectations and current exper-
imental limits [6,22].

The remainder of the Letter is structured as follows. Section 2
describes how quantum-correlated D decays are used to determine 
the CP content. In addition, predictions for the CP content of the 
state from existing amplitude models are presented. The data set 
and event selection are described in Section 3. The results and the 
determination of the systematic uncertainties are presented in Sec-
tion 4. In Section 5 the implications for the measurement of the 
unitarity triangle angle γ are discussed. Section 6 gives the con-
clusions.

2. Measuring the CP content

Consider a ψ(3770) → D D̄ analysis in which the signal de-
cay mode is D → h+h−π0. Let M+ designate the number of 
“double-tagged” candidates, after background subtraction, where 
one D meson is reconstructed in the signal mode of interest, and 
the other is reconstructed in a CP-odd eigenstate. The quantum-
numbers of the ψ(3770) resonance then require that the signal 
mode is in a CP-even state, hence the + superscript. The observ-
able M− is defined in an analogous manner. Let S+ (S−) designate 
the number of “single-tagged” CP-odd (CP-even) candidates in the 
data sample, where a D meson is reconstructed decaying to a CP
eigenstate, with no requirement on the final state of the other D
meson in the event. The small effects of D0 D̄0 mixing are elimi-
nated from the measurement by correcting the measured single-
tagged yields S±

meas such that S± = S±
meas/(1 −η± yD), where η±

is the CP eigenvalue of the mode, and yD ∼10−2 is one of the 
well-known D0 D̄0 mixing parameters [23]. For a time-integrated 
measurement at the ψ(3770) there are no effects on the double-
tagged yields at leading order in the mixing parameters.

On the assumption that for double-tagged candidates the re-
construction efficiencies of each D meson are independent, then 
the quantity N+ ≡M+/S+ has no dependence on the branching 
fractions or reconstruction efficiencies of the CP-eigenstate modes, 
and can be directly compared with the analogous quantity N− to 
gain insight into the CP content of the signal mode. The CP fraction 
is defined

F+ ≡ N+

N+ + N− (1)

and is 1 (0) for a signal mode that is fully CP-even (CP-odd). The 
notation F+(π+π−π0) and F+(K +K −π0) is used in the discus-
sion when it is necessary to distinguish between the two final 
states.

It is also instructive to interpret the observable F+ making use 
of the formalism developed in Ref. [8] for binned analyses of self-
conjugate three-body final states. Consider the situation where the 
D0 → h+h−π0 Dalitz plot is divided into two bins by the line 
m2(h+π0) = m2(h−π0). The bin for which m2(h+π0) > m2(h−π0)
is labelled −1 and the opposite bin is labelled +1. The CP-tagged 
populations of these bins, N±

i , normalised by the corresponding 
single CP-tag yields, is given by

N±
1 = hD

(
K1 ± 2c1

√
K1 K−1 + K−1

)
,

N±
−1 = hD

(
K−1 ± 2c−1

√
K−1 K1 + K1

)
. (2)

Here hD is a normalisation factor independent of bin number and 
CP tag. The parameter Ki is the flavour-tagged fraction, being the 
proportion of decays to fall in bin i in the case that the mother 
particle is known to be a D0 meson, for example through tagging 
the other D meson in the event with a semileptonic decay. The 
parameter ci is the cosine of the strong-phase difference between 
D0 and D̄0 decays averaged in bin i and weighted by the absolute 
decay rate (a precise definition may be found in Ref. [8]). By mak-
ing use of the relations N± = ∑

i N±
i , 

∑
i Ki = 1 and c1 = c−1 it 

follows that

F+ = 1
2
(1 + 2c1

√
K1 K−1 ). (3)

Therefore the inclusive decay tends to a pure CP eigenstate in the 
limit that the flavour-tagged Dalitz plot is symmetric, with K1 =
K−1 = 1/2, and c1 is −1 or 1.

Amplitude models of D0 → π+π−π0 and D0 → K +K −π0

are available from studies of flavour-tagged D0 decays performed 
by the BaBar Collaboration [18,21]. These models, together with 
Eq. (3), can be used to calculate predictions for the CP content for 
each decay. Values of F+(π+π−π0) = 0.92 and F+(K +K −π0) =
0.64 are obtained.2 The amplitude models are fitted to time-
integrated data and include the effects of D0 D̄0 mixing. The bi-
ases in the predicted values of F+ arising from mixing effects are 
< 0.01. Other possible biases, associated with the uncertainties in 
the fitted model components, are expected to be larger, but have 
not been evaluated.

The CP content of the state D → h+h−π0 also has conse-
quences for the number of self tags Mself , which are events con-
taining two D → π+π−π0 or two D → K +K −π0 candidates. Us-
ing the formalism of Ref. [8] for self-tagged events, and once more 
considering a Dalitz plot divided into two, the number of self-tag 
candidates in bins i and j is given by

Mself
i j = 0.5R

(
Ki K−j + K−i K j

−2
√

Ki K−j K−i K j(cic j + si s j)
)
. (4)

Here R = ND D̄(B Rh+h−π0)2ϵ , where ND D̄ is the number of D D̄
pairs in the sample, B Rh+h−π0 is the branching fraction of D0 →
h+h−π0 and ϵ is the detection efficiency. The parameter si is the 
sine of the strong-phase difference between D0 and D̄0 decays 
averaged in bin i and weighted by the absolute decay rate. Em-
ploying the same relations as previously, together with s1 = −s−1
and Mself = ∑

i, j Mself
i j , it follows that

Mself = R
(
1 −4c2

1 K1 K−1
)

= 4R F+(1 −F+), (5)

where Eq. (3) has been used to express Mself in terms of F+ . Hence 
the number of self tags vanishes in the case that the signal mode 
is a CP eigenstate.

3. Data set and event selection

The data set analysed consists of e+e− collisions produced by 
the Cornell Electron Storage Ring (CESR) at 

√
s = 3.77 GeV and 

collected with the CLEO-c detector. The integrated luminosity of 
the data set is 818 pb−1. The CLEO-c detector is described in de-
tail elsewhere [24]. Simulated Monte Carlo (MC) samples of signal 

2 The value of x0 = 0.850 reported in Ref. [18] corresponds to a value of F+ that 
is very close to the model-derived result given in this Letter.

reconstructed Dº D0→π–π+π0 mass for events tagged as…
4 M. Nayak et al. / Physics Letters B 740 (2015) 1–7

Fig. 1. Mbc distributions for D → π+π−π0 candidates tagged by CP-even (a) and CP-odd (b) eigenstates; corresponding plots for D → K + K −π0 for CP-even (c) and 
CP-odd (d). Tags involving a K 0

L are not included. The vertical dotted lines indicate the applied signal window.

Fig. 2. M2
miss distributions for D → π+π−π0 (a) and D → K + K −π0 candidates tagged by CP eigenstates that contain a K 0

L . The shaded histogram indicates the peaking 
background. The vertical dotted lines indicate the applied signal window.

of the signal. This shape of the distribution varies depending on 
whether there are no electromagnetic neutral final-state particles 
present (K +K − and π+π−), whether the neutrals are relatively 
hard (K 0

S π0(γ γ ) and K 0
S η(γ γ )) or soft (all other modes). Uncer-

tainties are assigned of 2.0%, 2.5% and 5.0%, respectively. These 
assignments also adequately cover those uncertainties related to 
the assumption of the double-tag efficiency factorising into the 
product of the two single-tag efficiencies. S±

meas is corrected for 
the effects of D0 D̄0 mixing using yD = 0.62 ± 0.08 [23].

Tags involving a K 0
L require special treatment as it is not pos-

sible to measure a single-tag yield for these modes. The expected 

value for the tag K 0
L π0 without mixing effects, S−(K 0

L π0), is given 
by 2ND D̄ϵK 0

L π0Bh+h−π0 . Here ϵK 0
L π0 is an effective single tag effi-

ciency, taken to be equal to the ratio of the double-tagged effi-
ciency to the single-tagged signal efficiency, as determined from 
simulation and Bh+h−π0 is the D → h+h−π0 branching fraction 
[6]. The number of D D̄ pairs in the sample, ND D̄ , can be measured 
from the double-tagged yield of decays into Cabibbo-favoured fi-
nal states. It is found that S−(K 0

L π0) = 24 433 ± 3934, where the 
assigned error reflects the uncertainties in the input factors and as-
sumptions of this calculation. A similar procedure for K 0

L ω yields 
S−(K 0

L ω) = 8923 ± 4015.

CP-even

Phys.Lett. B740 (2015) 1-7
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decays. The channel D → K +K −π0 is a similar, but less abundant, 
self-conjugate mode that has also attracted interest [20,21]. This 
Letter presents the first analysis of these decays using quantum-
correlated D D̄ decays, and measurements of their CP content, mak-
ing use of the CLEO-c ψ(3770) data set. These measurements allow 
the inclusive decays to be included in future B∓→ D K ∓ analyses 
in a straightforward and model-independent manner, thus allow-
ing for an improved determination of the angle γ . Throughout the 
effects of CP violation in charm mesons are neglected, which is a 
good assumption given theoretical expectations and current exper-
imental limits [6,22].

The remainder of the Letter is structured as follows. Section 2
describes how quantum-correlated D decays are used to determine 
the CP content. In addition, predictions for the CP content of the 
state from existing amplitude models are presented. The data set 
and event selection are described in Section 3. The results and the 
determination of the systematic uncertainties are presented in Sec-
tion 4. In Section 5 the implications for the measurement of the 
unitarity triangle angle γ are discussed. Section 6 gives the con-
clusions.

2. Measuring the CP content

Consider a ψ(3770) → D D̄ analysis in which the signal de-
cay mode is D → h+h−π0. Let M+ designate the number of 
“double-tagged” candidates, after background subtraction, where 
one D meson is reconstructed in the signal mode of interest, and 
the other is reconstructed in a CP-odd eigenstate. The quantum-
numbers of the ψ(3770) resonance then require that the signal 
mode is in a CP-even state, hence the + superscript. The observ-
able M− is defined in an analogous manner. Let S+ (S−) designate 
the number of “single-tagged” CP-odd (CP-even) candidates in the 
data sample, where a D meson is reconstructed decaying to a CP
eigenstate, with no requirement on the final state of the other D
meson in the event. The small effects of D0 D̄0 mixing are elimi-
nated from the measurement by correcting the measured single-
tagged yields S±

meas such that S± = S±
meas/(1 −η± yD), where η±

is the CP eigenvalue of the mode, and yD ∼10−2 is one of the 
well-known D0 D̄0 mixing parameters [23]. For a time-integrated 
measurement at the ψ(3770) there are no effects on the double-
tagged yields at leading order in the mixing parameters.

On the assumption that for double-tagged candidates the re-
construction efficiencies of each D meson are independent, then 
the quantity N+ ≡M+/S+ has no dependence on the branching 
fractions or reconstruction efficiencies of the CP-eigenstate modes, 
and can be directly compared with the analogous quantity N− to 
gain insight into the CP content of the signal mode. The CP fraction 
is defined

F+ ≡ N+

N+ + N− (1)

and is 1 (0) for a signal mode that is fully CP-even (CP-odd). The 
notation F+(π+π−π0) and F+(K +K −π0) is used in the discus-
sion when it is necessary to distinguish between the two final 
states.

It is also instructive to interpret the observable F+ making use 
of the formalism developed in Ref. [8] for binned analyses of self-
conjugate three-body final states. Consider the situation where the 
D0 → h+h−π0 Dalitz plot is divided into two bins by the line 
m2(h+π0) = m2(h−π0). The bin for which m2(h+π0) > m2(h−π0)
is labelled −1 and the opposite bin is labelled +1. The CP-tagged 
populations of these bins, N±

i , normalised by the corresponding 
single CP-tag yields, is given by

N±
1 = hD

(
K1 ± 2c1

√
K1 K−1 + K−1

)
,

N±
−1 = hD

(
K−1 ± 2c−1

√
K−1 K1 + K1

)
. (2)

Here hD is a normalisation factor independent of bin number and 
CP tag. The parameter Ki is the flavour-tagged fraction, being the 
proportion of decays to fall in bin i in the case that the mother 
particle is known to be a D0 meson, for example through tagging 
the other D meson in the event with a semileptonic decay. The 
parameter ci is the cosine of the strong-phase difference between 
D0 and D̄0 decays averaged in bin i and weighted by the absolute 
decay rate (a precise definition may be found in Ref. [8]). By mak-
ing use of the relations N± = ∑

i N±
i , 

∑
i Ki = 1 and c1 = c−1 it 

follows that

F+ = 1
2
(1 + 2c1

√
K1 K−1 ). (3)

Therefore the inclusive decay tends to a pure CP eigenstate in the 
limit that the flavour-tagged Dalitz plot is symmetric, with K1 =
K−1 = 1/2, and c1 is −1 or 1.

Amplitude models of D0 → π+π−π0 and D0 → K +K −π0

are available from studies of flavour-tagged D0 decays performed 
by the BaBar Collaboration [18,21]. These models, together with 
Eq. (3), can be used to calculate predictions for the CP content for 
each decay. Values of F+(π+π−π0) = 0.92 and F+(K +K −π0) =
0.64 are obtained.2 The amplitude models are fitted to time-
integrated data and include the effects of D0 D̄0 mixing. The bi-
ases in the predicted values of F+ arising from mixing effects are 
< 0.01. Other possible biases, associated with the uncertainties in 
the fitted model components, are expected to be larger, but have 
not been evaluated.

The CP content of the state D → h+h−π0 also has conse-
quences for the number of self tags Mself , which are events con-
taining two D → π+π−π0 or two D → K +K −π0 candidates. Us-
ing the formalism of Ref. [8] for self-tagged events, and once more 
considering a Dalitz plot divided into two, the number of self-tag 
candidates in bins i and j is given by

Mself
i j = 0.5R

(
Ki K−j + K−i K j

−2
√

Ki K−j K−i K j(cic j + si s j)
)
. (4)

Here R = ND D̄(B Rh+h−π0)2ϵ , where ND D̄ is the number of D D̄
pairs in the sample, B Rh+h−π0 is the branching fraction of D0 →
h+h−π0 and ϵ is the detection efficiency. The parameter si is the 
sine of the strong-phase difference between D0 and D̄0 decays 
averaged in bin i and weighted by the absolute decay rate. Em-
ploying the same relations as previously, together with s1 = −s−1
and Mself = ∑

i, j Mself
i j , it follows that

Mself = R
(
1 −4c2

1 K1 K−1
)

= 4R F+(1 −F+), (5)

where Eq. (3) has been used to express Mself in terms of F+ . Hence 
the number of self tags vanishes in the case that the signal mode 
is a CP eigenstate.

3. Data set and event selection

The data set analysed consists of e+e− collisions produced by 
the Cornell Electron Storage Ring (CESR) at 

√
s = 3.77 GeV and 

collected with the CLEO-c detector. The integrated luminosity of 
the data set is 818 pb−1. The CLEO-c detector is described in de-
tail elsewhere [24]. Simulated Monte Carlo (MC) samples of signal 

2 The value of x0 = 0.850 reported in Ref. [18] corresponds to a value of F+ that 
is very close to the model-derived result given in this Letter.
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Fig. 1. Mbc distributions for D → π+π−π0 candidates tagged by CP-even (a) and CP-odd (b) eigenstates; corresponding plots for D → K + K −π0 for CP-even (c) and 
CP-odd (d). Tags involving a K 0

L are not included. The vertical dotted lines indicate the applied signal window.

Fig. 2. M2
miss distributions for D → π+π−π0 (a) and D → K + K −π0 candidates tagged by CP eigenstates that contain a K 0

L . The shaded histogram indicates the peaking 
background. The vertical dotted lines indicate the applied signal window.

of the signal. This shape of the distribution varies depending on 
whether there are no electromagnetic neutral final-state particles 
present (K +K − and π+π−), whether the neutrals are relatively 
hard (K 0

S π0(γ γ ) and K 0
S η(γ γ )) or soft (all other modes). Uncer-

tainties are assigned of 2.0%, 2.5% and 5.0%, respectively. These 
assignments also adequately cover those uncertainties related to 
the assumption of the double-tag efficiency factorising into the 
product of the two single-tag efficiencies. S±

meas is corrected for 
the effects of D0 D̄0 mixing using yD = 0.62 ± 0.08 [23].

Tags involving a K 0
L require special treatment as it is not pos-

sible to measure a single-tag yield for these modes. The expected 

value for the tag K 0
L π0 without mixing effects, S−(K 0

L π0), is given 
by 2ND D̄ϵK 0

L π0Bh+h−π0 . Here ϵK 0
L π0 is an effective single tag effi-

ciency, taken to be equal to the ratio of the double-tagged effi-
ciency to the single-tagged signal efficiency, as determined from 
simulation and Bh+h−π0 is the D → h+h−π0 branching fraction 
[6]. The number of D D̄ pairs in the sample, ND D̄ , can be measured 
from the double-tagged yield of decays into Cabibbo-favoured fi-
nal states. It is found that S−(K 0

L π0) = 24 433 ± 3934, where the 
assigned error reflects the uncertainties in the input factors and as-
sumptions of this calculation. A similar procedure for K 0

L ω yields 
S−(K 0

L ω) = 8923 ± 4015.

CP-odd4 M. Nayak et al. / Physics Letters B 740 (2015) 1–7

Fig. 1. Mbc distributions for D → π+π−π0 candidates tagged by CP-even (a) and CP-odd (b) eigenstates; corresponding plots for D → K + K −π0 for CP-even (c) and 
CP-odd (d). Tags involving a K 0

L are not included. The vertical dotted lines indicate the applied signal window.

Fig. 2. M2
miss distributions for D → π+π−π0 (a) and D → K + K −π0 candidates tagged by CP eigenstates that contain a K 0

L . The shaded histogram indicates the peaking 
background. The vertical dotted lines indicate the applied signal window.

of the signal. This shape of the distribution varies depending on 
whether there are no electromagnetic neutral final-state particles 
present (K +K − and π+π−), whether the neutrals are relatively 
hard (K 0

S π0(γ γ ) and K 0
S η(γ γ )) or soft (all other modes). Uncer-

tainties are assigned of 2.0%, 2.5% and 5.0%, respectively. These 
assignments also adequately cover those uncertainties related to 
the assumption of the double-tag efficiency factorising into the 
product of the two single-tag efficiencies. S±

meas is corrected for 
the effects of D0 D̄0 mixing using yD = 0.62 ± 0.08 [23].

Tags involving a K 0
L require special treatment as it is not pos-

sible to measure a single-tag yield for these modes. The expected 

value for the tag K 0
L π0 without mixing effects, S−(K 0

L π0), is given 
by 2ND D̄ϵK 0

L π0Bh+h−π0 . Here ϵK 0
L π0 is an effective single tag effi-

ciency, taken to be equal to the ratio of the double-tagged effi-
ciency to the single-tagged signal efficiency, as determined from 
simulation and Bh+h−π0 is the D → h+h−π0 branching fraction 
[6]. The number of D D̄ pairs in the sample, ND D̄ , can be measured 
from the double-tagged yield of decays into Cabibbo-favoured fi-
nal states. It is found that S−(K 0

L π0) = 24 433 ± 3934, where the 
assigned error reflects the uncertainties in the input factors and as-
sumptions of this calculation. A similar procedure for K 0

L ω yields 
S−(K 0

L ω) = 8923 ± 4015.
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Fig. 4. D → π+π−π0 results for N+ (a) and N− (b). D → K + K −π0 results for N+ (c) and N− (d). In each plot the vertical (yellow in the web version) band indicates the 
value obtained from the combination of all tags.

A F+ are found to have the following dependence on the underlying 
physics parameters:

R F+ = 1 + r2
B + (2F+ −1) · 2rB cos δB cosγ , (9)

A F+ = (2F+ −1) · 2rB sin δB sinγ /R F+ , (10)

which reduces to the equivalent expressions for RCP± and ACP±
in the case F+ is 1 or 0. Therefore inclusive final states such as 
h+h−π0 may be cleanly interpreted in terms of γ and the other 
parameters of interest, provided that F+ is known. At leading order 
the only difference that the CP asymmetry A F+ has with respect 
to the pure CP-eigenstate case is a dilution factor of (2F+ −1), 
which is 0.936 ± 0.036 for D → π+π−π0 and 0.462 ± 0.124 for 
D → K +K −π0. The measurement of F+ presented here assumes 
a uniform acceptance across the Dalitz plot; any non-uniformity is 
considered as a potential source of systematic uncertainty. There-
fore, any non-uniformity of the acceptance over the Dalitz plot for 
an experiment determining R F+ and A F+ must be corrected for, if 
necessary, and a suitable systematic uncertainty assigned.

6. Conclusion

Data corresponding to an integrated luminosity of 818 pb−1

collected by the CLEO-c experiment in e+e− collisions at the 
ψ(3770) resonance have been analysed for the decays D →
π+π−π0 and D → K +K −π0. Measurements of F+ , the frac-
tional CP-even content of each decay have been performed. Values 
of F+(π+π−π0) = 0.968 ± 0.017 ± 0.006 and F+(K +K −π0) =

0.731 ± 0.058 ± 0.021 are obtained, where the first uncertainty 
is statistical, and the second is systematic. It has been demon-
strated that such self-conjugate inclusive channels can be cleanly 
included in measurements of the unitarity-triangle angle γ , us-
ing B∓→ D K ∓ decays. The high value of F+ obtained for D →
π+π−π0 makes this channel, in particular, a valuable addition to 
the suite of D-decay modes used in the measurement of γ at LHCb 
and Belle-II. Furthermore, given the large branching fraction, the 
D → π+π−π0 state can provide an additional source of CP-even 
tags for quantum-correlated measurements at the ψ(3770). The 
sample of D → π+π−π0 tags would be approximately twice as 
large as the D → h+h− sample. However, the formalism needs 
to be adjusted to incorporate F+ to account for the small CP-odd 
component in the final state. Improved precision on the F+ param-
eters can be obtained using the larger ψ(3770) data set available 
at BESIII, and similar measurements can also be performed for 
other self-conjugate final states.
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decays. The channel D → K +K −π0 is a similar, but less abundant, 
self-conjugate mode that has also attracted interest [20,21]. This 
Letter presents the first analysis of these decays using quantum-
correlated D D̄ decays, and measurements of their CP content, mak-
ing use of the CLEO-c ψ(3770) data set. These measurements allow 
the inclusive decays to be included in future B∓→ D K ∓ analyses 
in a straightforward and model-independent manner, thus allow-
ing for an improved determination of the angle γ . Throughout the 
effects of CP violation in charm mesons are neglected, which is a 
good assumption given theoretical expectations and current exper-
imental limits [6,22].

The remainder of the Letter is structured as follows. Section 2
describes how quantum-correlated D decays are used to determine 
the CP content. In addition, predictions for the CP content of the 
state from existing amplitude models are presented. The data set 
and event selection are described in Section 3. The results and the 
determination of the systematic uncertainties are presented in Sec-
tion 4. In Section 5 the implications for the measurement of the 
unitarity triangle angle γ are discussed. Section 6 gives the con-
clusions.

2. Measuring the CP content

Consider a ψ(3770) → D D̄ analysis in which the signal de-
cay mode is D → h+h−π0. Let M+ designate the number of 
“double-tagged” candidates, after background subtraction, where 
one D meson is reconstructed in the signal mode of interest, and 
the other is reconstructed in a CP-odd eigenstate. The quantum-
numbers of the ψ(3770) resonance then require that the signal 
mode is in a CP-even state, hence the + superscript. The observ-
able M− is defined in an analogous manner. Let S+ (S−) designate 
the number of “single-tagged” CP-odd (CP-even) candidates in the 
data sample, where a D meson is reconstructed decaying to a CP
eigenstate, with no requirement on the final state of the other D
meson in the event. The small effects of D0 D̄0 mixing are elimi-
nated from the measurement by correcting the measured single-
tagged yields S±

meas such that S± = S±
meas/(1 −η± yD), where η±

is the CP eigenvalue of the mode, and yD ∼10−2 is one of the 
well-known D0 D̄0 mixing parameters [23]. For a time-integrated 
measurement at the ψ(3770) there are no effects on the double-
tagged yields at leading order in the mixing parameters.

On the assumption that for double-tagged candidates the re-
construction efficiencies of each D meson are independent, then 
the quantity N+ ≡M+/S+ has no dependence on the branching 
fractions or reconstruction efficiencies of the CP-eigenstate modes, 
and can be directly compared with the analogous quantity N− to 
gain insight into the CP content of the signal mode. The CP fraction 
is defined

F+ ≡ N+

N+ + N− (1)

and is 1 (0) for a signal mode that is fully CP-even (CP-odd). The 
notation F+(π+π−π0) and F+(K +K −π0) is used in the discus-
sion when it is necessary to distinguish between the two final 
states.

It is also instructive to interpret the observable F+ making use 
of the formalism developed in Ref. [8] for binned analyses of self-
conjugate three-body final states. Consider the situation where the 
D0 → h+h−π0 Dalitz plot is divided into two bins by the line 
m2(h+π0) = m2(h−π0). The bin for which m2(h+π0) > m2(h−π0)
is labelled −1 and the opposite bin is labelled +1. The CP-tagged 
populations of these bins, N±

i , normalised by the corresponding 
single CP-tag yields, is given by

N±
1 = hD

(
K1 ± 2c1

√
K1 K−1 + K−1

)
,

N±
−1 = hD

(
K−1 ± 2c−1

√
K−1 K1 + K1

)
. (2)

Here hD is a normalisation factor independent of bin number and 
CP tag. The parameter Ki is the flavour-tagged fraction, being the 
proportion of decays to fall in bin i in the case that the mother 
particle is known to be a D0 meson, for example through tagging 
the other D meson in the event with a semileptonic decay. The 
parameter ci is the cosine of the strong-phase difference between 
D0 and D̄0 decays averaged in bin i and weighted by the absolute 
decay rate (a precise definition may be found in Ref. [8]). By mak-
ing use of the relations N± = ∑

i N±
i , 

∑
i Ki = 1 and c1 = c−1 it 

follows that

F+ = 1
2
(1 + 2c1

√
K1 K−1 ). (3)

Therefore the inclusive decay tends to a pure CP eigenstate in the 
limit that the flavour-tagged Dalitz plot is symmetric, with K1 =
K−1 = 1/2, and c1 is −1 or 1.

Amplitude models of D0 → π+π−π0 and D0 → K +K −π0

are available from studies of flavour-tagged D0 decays performed 
by the BaBar Collaboration [18,21]. These models, together with 
Eq. (3), can be used to calculate predictions for the CP content for 
each decay. Values of F+(π+π−π0) = 0.92 and F+(K +K −π0) =
0.64 are obtained.2 The amplitude models are fitted to time-
integrated data and include the effects of D0 D̄0 mixing. The bi-
ases in the predicted values of F+ arising from mixing effects are 
< 0.01. Other possible biases, associated with the uncertainties in 
the fitted model components, are expected to be larger, but have 
not been evaluated.

The CP content of the state D → h+h−π0 also has conse-
quences for the number of self tags Mself , which are events con-
taining two D → π+π−π0 or two D → K +K −π0 candidates. Us-
ing the formalism of Ref. [8] for self-tagged events, and once more 
considering a Dalitz plot divided into two, the number of self-tag 
candidates in bins i and j is given by

Mself
i j = 0.5R

(
Ki K−j + K−i K j

−2
√

Ki K−j K−i K j(cic j + si s j)
)
. (4)

Here R = ND D̄(B Rh+h−π0)2ϵ , where ND D̄ is the number of D D̄
pairs in the sample, B Rh+h−π0 is the branching fraction of D0 →
h+h−π0 and ϵ is the detection efficiency. The parameter si is the 
sine of the strong-phase difference between D0 and D̄0 decays 
averaged in bin i and weighted by the absolute decay rate. Em-
ploying the same relations as previously, together with s1 = −s−1
and Mself = ∑

i, j Mself
i j , it follows that

Mself = R
(
1 −4c2

1 K1 K−1
)

= 4R F+(1 −F+), (5)

where Eq. (3) has been used to express Mself in terms of F+ . Hence 
the number of self tags vanishes in the case that the signal mode 
is a CP eigenstate.

3. Data set and event selection

The data set analysed consists of e+e− collisions produced by 
the Cornell Electron Storage Ring (CESR) at 

√
s = 3.77 GeV and 

collected with the CLEO-c detector. The integrated luminosity of 
the data set is 818 pb−1. The CLEO-c detector is described in de-
tail elsewhere [24]. Simulated Monte Carlo (MC) samples of signal 

2 The value of x0 = 0.850 reported in Ref. [18] corresponds to a value of F+ that 
is very close to the model-derived result given in this Letter.
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Fig. 1. Mbc distributions for D → π+π−π0 candidates tagged by CP-even (a) and CP-odd (b) eigenstates; corresponding plots for D → K + K −π0 for CP-even (c) and 
CP-odd (d). Tags involving a K 0

L are not included. The vertical dotted lines indicate the applied signal window.

Fig. 2. M2
miss distributions for D → π+π−π0 (a) and D → K + K −π0 candidates tagged by CP eigenstates that contain a K 0

L . The shaded histogram indicates the peaking 
background. The vertical dotted lines indicate the applied signal window.

of the signal. This shape of the distribution varies depending on 
whether there are no electromagnetic neutral final-state particles 
present (K +K − and π+π−), whether the neutrals are relatively 
hard (K 0

S π0(γ γ ) and K 0
S η(γ γ )) or soft (all other modes). Uncer-

tainties are assigned of 2.0%, 2.5% and 5.0%, respectively. These 
assignments also adequately cover those uncertainties related to 
the assumption of the double-tag efficiency factorising into the 
product of the two single-tag efficiencies. S±

meas is corrected for 
the effects of D0 D̄0 mixing using yD = 0.62 ± 0.08 [23].

Tags involving a K 0
L require special treatment as it is not pos-

sible to measure a single-tag yield for these modes. The expected 

value for the tag K 0
L π0 without mixing effects, S−(K 0

L π0), is given 
by 2ND D̄ϵK 0

L π0Bh+h−π0 . Here ϵK 0
L π0 is an effective single tag effi-

ciency, taken to be equal to the ratio of the double-tagged effi-
ciency to the single-tagged signal efficiency, as determined from 
simulation and Bh+h−π0 is the D → h+h−π0 branching fraction 
[6]. The number of D D̄ pairs in the sample, ND D̄ , can be measured 
from the double-tagged yield of decays into Cabibbo-favoured fi-
nal states. It is found that S−(K 0

L π0) = 24 433 ± 3934, where the 
assigned error reflects the uncertainties in the input factors and as-
sumptions of this calculation. A similar procedure for K 0

L ω yields 
S−(K 0

L ω) = 8923 ± 4015.
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Fig. 1. Mbc distributions for D → π+π−π0 candidates tagged by CP-even (a) and CP-odd (b) eigenstates; corresponding plots for D → K + K −π0 for CP-even (c) and 
CP-odd (d). Tags involving a K 0

L are not included. The vertical dotted lines indicate the applied signal window.

Fig. 2. M2
miss distributions for D → π+π−π0 (a) and D → K + K −π0 candidates tagged by CP eigenstates that contain a K 0

L . The shaded histogram indicates the peaking 
background. The vertical dotted lines indicate the applied signal window.

of the signal. This shape of the distribution varies depending on 
whether there are no electromagnetic neutral final-state particles 
present (K +K − and π+π−), whether the neutrals are relatively 
hard (K 0

S π0(γ γ ) and K 0
S η(γ γ )) or soft (all other modes). Uncer-

tainties are assigned of 2.0%, 2.5% and 5.0%, respectively. These 
assignments also adequately cover those uncertainties related to 
the assumption of the double-tag efficiency factorising into the 
product of the two single-tag efficiencies. S±

meas is corrected for 
the effects of D0 D̄0 mixing using yD = 0.62 ± 0.08 [23].

Tags involving a K 0
L require special treatment as it is not pos-

sible to measure a single-tag yield for these modes. The expected 

value for the tag K 0
L π0 without mixing effects, S−(K 0

L π0), is given 
by 2ND D̄ϵK 0

L π0Bh+h−π0 . Here ϵK 0
L π0 is an effective single tag effi-

ciency, taken to be equal to the ratio of the double-tagged effi-
ciency to the single-tagged signal efficiency, as determined from 
simulation and Bh+h−π0 is the D → h+h−π0 branching fraction 
[6]. The number of D D̄ pairs in the sample, ND D̄ , can be measured 
from the double-tagged yield of decays into Cabibbo-favoured fi-
nal states. It is found that S−(K 0

L π0) = 24 433 ± 3934, where the 
assigned error reflects the uncertainties in the input factors and as-
sumptions of this calculation. A similar procedure for K 0

L ω yields 
S−(K 0

L ω) = 8923 ± 4015.
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Phys.Lett. B740 (2015) 1-7

effectively a CP eigenstate

http://inspirehep.net/record/1322379?ln=en
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4pi model
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Table 6.1: Real and imaginary part of the complex amplitude coe�cients and fit fraction of each component of the D0 !
⇡+⇡�⇡+⇡�

LASSO model. The complex fit parameter listed for D0 ! ⇡+ a1(1260)� describes the relative magnitude and phase of

D0 ! ⇡+ a1(1260)� and D0 ! ⇡� a1(1260)+ as described in Sec. 4. For the fit coe�cients, the first quoted uncertainty is statistical,

while the second arises from systematic sources. The third uncertainty in the fit fraction arises from the alternative models considered.

Decay channel <(ai) =(ai) Fi (%)

D0 ! ⇡� ⇥
a1(1260)+ ! ⇡+ ⇢(770)0

⇤
100.00 (fixed) 0.00 (fixed) 38.1± 2.3± 3.2± 1.7

D0 ! ⇡�
[a1(1260)+ ! ⇡+ �] 56.46± 13.85± 14.49 167.87± 14.51± 19.38 10.2± 1.4± 2.1± 2.5

D0 ! ⇡+ a1(1260)� 0.218± 0.028± 0.036 0.180± 0.024± 0.017 -

D0 ! ⇡+
⇥
a1(1260)� ! ⇡� ⇢(770)0

⇤
- - 3.1± 0.6± 0.5± 0.9

D0 ! ⇡+
[a1(1260)� ! ⇡� �] - - 0.8± 0.2± 0.1± 0.4

D0 ! ⇡�
[⇡(1300)+ ! ⇡+ �] �15.11± 3.08± 9.44 19.80± 3.54± 5.90 6.8± 0.9± 1.5± 3.1

D0 ! ⇡+
[⇡(1300)� ! ⇡� �] �6.48± 2.39± 6.08 15.19± 2.62± 7.52 3.0± 0.6± 2.0± 2.0

D0 ! ⇡� ⇥
a1(1640)+[D] ! ⇡+ ⇢(770)0

⇤
�125.40± 20.59± 28.50 �10.89± 15.07± 13.75 4.2± 0.6± 0.9± 1.8

D0 ! ⇡�
[a1(1640)+ ! ⇡+ �] 77.57± 21.59± 31.24 �94.98± 21.12± 34.54 2.4± 0.7± 1.1± 1.3

D0 ! ⇡�
[⇡2(1670)

+ ! ⇡+ f2(1270)] �49.93± 42.23± 77.44 348.39± 40.95± 42.87 2.7± 0.6± 0.7± 0.9
D0 ! ⇡�

[⇡2(1670)
+ ! ⇡+ �] �51.35± 22.21± 15.18 �209.98± 22.21± 41.58 3.5± 0.6± 0.8± 0.9

D0 ! � f0(1370) 27.71± 6.81± 19.04 71.93± 6.41± 17.44 21.2± 1.8± 4.2± 5.2
D0 ! � ⇢(770)0 41.99± 4.19± 4.42 �25.42± 3.62± 6.53 6.6± 1.0± 1.2± 3.0
D0

[S] ! ⇢(770)0 ⇢(770)0 2.37± 1.24± 2.00 8.89± 1.35± 1.83 2.4± 0.7± 1.1± 1.0
D0

[P ] ! ⇢(770)0 ⇢(770)0 �2.51± 1.33± 1.46 �20.80± 1.48± 3.67 7.0± 0.5± 1.6± 0.3
D0

[D] ! ⇢(770)0 ⇢(770)0 �33.99± 3.34± 5.11 �7.64± 2.62± 4.77 8.2± 1.0± 1.7± 3.5
D0 ! f2(1270) f2(1270) �34.47± 21.71± 22.46 �172.87± 21.71± 27.01 2.1± 0.5± 0.3± 2.3
Sum 122.0± 4.0± 6.4± 7.6
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Table of yields

63

TABLE II: Single-tag (ST) and D
0
! K

0
S,Lh

+
h
� double-tag (DT) yields. The single tag yields

and uncertainties are computed following the method reported in Ref. [7] and are not corrected for
e�ciency. The DT yields are the observed number of events in the signal region prior to background
subtraction and before e�ciency correction.

Mode ST yield DT yields
K

0
S⇡

+
⇡
�

K
0
L⇡

+
⇡
�

K
0
SK

+
K

�
K

0
LK

+
K

�

Flavor tags
K

�
⇡
+ 144563± 403 1444 2857 168 302

K
�
⇡
+
⇡
0 258938± 581 2759 5133 330 585

K
�
⇡
+
⇡
+
⇡
� 220831± 541 2240 4100 248 287

K
�
e
+
⌫ 1191 100

CP -even tags
K

+
K

� 13349± 128 124 357 12 32
⇡
+
⇡
� 6177± 114 61 184 4 13

K
0
S⇡

0
⇡
0 6838± 134 56 7 14

K
0
L⇡

0 237 17
K

0
L⌘(��) 4

K
0
L⌘(⇡

+
⇡
�
⇡
0) 1

K
0
L! 4

K
0
L⌘

0 1

CP -odd tags
K

0
S⇡

0 19753± 153 189 288 18 43
K

0
S⌘(��) 2886± 71 39 43 4 6

K
0
S⌘(⇡

+
⇡
�
⇡
0) 2 1

K
0
S! 8830± 110 83 14 10

K
0
S⌘

0 3 4
K

0
L⇡

0
⇡
0 5

K
0
S⇡

+
⇡
� 473 1201 56 126

K
0
L⇡

+
⇡
� 140

K
0
SK

+
K

� 4 9

to have an invariant mass in the range 950 to 964 MeV/c2. All nominal masses are taken
from Ref. [23].

We consider K0
S,LK

+K� candidates reconstructed against the di↵erent final states listed
in Table II. These are referred to as double-tagged (DT) events. More CP -tag final states are
used in the analysis of K0

S,LK
+K� than the K0

S,L⇡
+⇡� analysis [7] to increase the statistics

available to determine ci for this decay. (These modes are not included in the analysis of
K0

S⇡
+⇡� because in this measurement the principal statistical limitation is the number of

K0
S⇡

+⇡� vs. K0
L,S⇡

+⇡� events used to determine si.) We do not reconstruct final states
containing two missing particles, such as K0

LK
+K� vs. K0

L⇡
0.

Final states that do not contain a K0
L meson or neutrino are fully reconstructed via two

kinematic variables: the beam-constrained candidate mass, mbc ⌘

q
E2

cm/(4c
4)� p2

D/c
2,

where pD is the D candidate momentum, and �E ⌘ ED � Ecm/2, where ED is the sum of

16
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First model-independent γ measurement (BELLE 2011)

64

11

TABLE IV. Numbers of events in Dalitz plot bins for the
B±

→ DK±, D → K0
Sπ

+π− sample with the optimal
binning. Results of the independent 4D fits with variables
(Mbc,∆E, cos θthr,F) fit to data.

Bin i N−

i
N+

i

-8 49.8± 8.2 37.8± 7.5

-7 42.2± 8.6 24.9± 7.2

-6 0.0± 1.9 3.4± 2.9

-5 9.6± 4.5 23.6± 6.2

-4 32.9± 7.5 42.1± 8.3

-3 3.5± 2.8 0.7± 2.5

-2 11.3± 4.1 0.0± 1.3

-1 16.6± 5.4 7.7± 4.4

1 37.6± 8.0 65.1± 9.9

2 68.6± 9.6 75.5± 9.8

3 83.4± 10.1 82.4± 10.2

4 49.3± 9.1 86.5± 11.4

5 34.0± 7.3 38.3± 7.6

6 34.8± 6.8 41.9± 7.5

7 70.8± 10.6 46.4± 9.0

8 9.4± 4.3 14.2± 5.1

Total 574.9 ± 29.9 601.6 ± 30.8
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FIG. 7. Results of the fit of B±
→ DK± control sample.

(a) Numbers of events in bins of D → K0
Sπ

+π− Dalitz plot:
from B−

→ DK− (red), B+
→ DK+ (blue) and flavor sam-

ple (histogram). (b) Difference of the number of events from
B+

→ DK+ and B−
→ DK− decays. (c) Difference of the

number of events from B−
→ DK− and flavor sample (nor-

malized to the total number of B−
→ DK− decays): data

(points with the error bars), and as a result of the (x, y) fit
(horizontal bars). (d) Same for B+

→ DK+ data.

x
-0.3 -0.2 -0.1 0 0.1 0.2 0.3

y

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

+B

−B

3
&

3
&

FIG. 8. One-, two-, and three standard deviations levels for
x, y fit of B±

→ DK± mode.

relations obtained from the combined fit are as follows:

x− = −0.0045± 0.0087± 0.0050± 0.0026,

y− = −0.0231± 0.0107± 0.0050± 0.0065,

corr(x−, y−) = −0.189,

x+ = −0.0172± 0.0089± 0.0060± 0.0026,

y+ = +0.0129± 0.0103± 0.0060± 0.0065,

corr(x+, y+) = −0.205
(14)

for B± → Dπ± control sample and

x− = +0.095± 0.045± 0.014± 0.017,

y− = +0.137+0.053
−0.057 ± 0.019± 0.029,

corr(x−, y−) = −0.315,

x+ = −0.110± 0.043± 0.014± 0.016,

y+ = −0.050+0.052
−0.055 ± 0.011± 0.021,

corr(x+, y+) = +0.059

(15)

for B± → DK± sample. Here the first error is statisti-
cal, the second error is the systematic uncertainty, and
the third error is the uncertainty due to the errors of
ci, si terms. The measured values of (x±, y±) with their
likelihood contours are shown in Fig. 8.

IX. SYSTEMATIC ERRORS

Systematic errors in the x, y fit are obtained for the
default procedure of the combined fit with the optimal
binning. The systematic errors are summarized in Ta-
ble V.
The uncertainty of the signal shape used in the fit in-

cludes the following sources:

13

TABLE V. Systematic errors of x, y measurement for B±
→ Dπ± and B±

→ DK± samples in units of 10−3.

B±
→ Dπ± B±

→ DK±

Source of uncertainty ∆x− ∆y− ∆x+ ∆y+ ∆x− ∆y− ∆x+ ∆y+

Signal shape 0.9 1.9 1.1 5.0 7.3 7.4 7.3 5.1

u, d, s, c continuum background 0.9 1.4 0.8 1.3 6.7 5.6 6.6 3.2

BB background 3.3 1.6 4.5 1.1 7.8 12.2 7.2 6.1

B±
→ Dπ± background − − − − 1.2 4.2 1.9 1.9

Dalitz plot efficiency 3.0 1.9 3.2 1.6 4.8 2.0 5.6 2.1

Cross-feed between bins 0.4 3.0 0.7 0.9 0.4 9.0 0.6 3.0

Flavor-tagged statistics 1.7 2.0 1.6 2.0 1.5 2.7 1.7 1.9

Fit bias 0.4 0.5 0.4 0.5 3.2 5.8 3.2 5.8

ci, si precision 2.6 6.5 2.6 6.5 10.1 22.5 7.2 17.4

Total without ci,si precision 5.0 5.0 6.0 6.0 14.0 19.4 14.0 11.3

Total 5.6 8.2 6.5 8.8 17.3 29.7 15.7 20.7
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FIG. 9. Two-dimensional projections of confidence region
onto (φ3, δB) and (φ3, rB) planes (one-, two-, and three stan-
dard deviations).

The difference with the previous Belle analyses is that
the probability density p(z|µ) is a multivariate Gaussian
PDF with the errors and correlations between x± and y±
taken from the data fit result. In the previous analyses,
this PDF was taken from MC pseudo-experiments.

As a result of this procedure, we obtain the confidence
levels (CL) for the set of physical parameters φ3, rB, δB.
The confidence levels for one and two standard deviations
are taken at 20% and 74% (the case of three-dimensional
Gaussian distribution). The projections of the 3D sur-
faces bounding one and two standard deviations volumes
onto φ3 variable, and (φ3, rB) and (φ3, δB) planes are
shown in Fig. 9.

Systematic errors in µ are obtained by varying the mea-
sured parameters z within their systematic errors (Gaus-
sian distribution is taken) and calculating the RMS of
µbest(z). In this calculation we assume that the system-
atic errors are uncorrelated. In the case of ci, si system-
atics, we test that assumption: when the fluctuation in ci
and si is generated, we perform the fits to both B+ and
B− data with the same fluctuated ci, si. We observe no

significant correlation between resulting x− and x+ (y−
and y+).
The final results are:

φ3 = (77.3+15.1
−14.9 ± 4.2± 4.3)◦

rB = 0.145± 0.030± 0.011± 0.011

δB = (129.9± 15.0± 3.9± 4.7)◦,

(18)

where the first error is statistical, the second is systematic
error without ci, si uncertainty, and the third error is due
to ci, si uncertainty.
We do not calculate the statistical significance of CP

violation as it is done in the previous analyses by tak-
ing the CL for φ3 = 0: this number is purely based on
the behavior of the tails of p(z|µ) distribution far from
the central value, and Gaussian assumption can lead to
overestimation of CP violation significance. As a prelim-
inary number we use the estimate of probability of the
fluctuation in the difference of number of events in bins
for B+ and B− data: the probability of such fluctuation
in the case of CP conservation is p = 0.42%.

XI. CONCLUSION

We report the results of a measurement of the unitarity
triangle angle φ3 using a model-independent Dalitz plot
analysis of D → K0

Sπ
+π− decay in the process B± →

DK±. The measurement was performed with a full data
sample of 711 fb−1 (772 × 106 BB pairs) collected by
the Belle detector at Υ(4S). The model independence
is reached by binning the Dalitz plot of D → K0

Sπ
+π−

decay and using the strong phase coefficients for bins
measured by CLEO experiment [12]. We obtain the value
φ3 = (77.3+15.1

−14.9±4.2±4.3)◦; of the two possible solutions
we choose the one with 0 < φ3 < 180◦. We also obtain
the value of the amplitude ratio rB = 0.145 ± 0.030 ±
0.011± 0.011. These results are preliminary.
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�3: Dalitz analysis of D decay from B± ⇤ DK±

[A. Giri, Yu. Grossman, A. So�er, J. Zupan, PRD 68, 054018 (2003)]

[A. Bondar, Belle Dalitz analysis meeting, 24-26 Sep. 2002]

Use B± ⇤ DK± modes with 3-body decay D ⇤ K 0
S�+��.

Dalitz plot density: d⇥±(m2
+,m2

�) ⇥ |M±|2dm2
+dm2

�

|M±(m2
+,m2

�)|2 = |fD(m2
+,m2

�) + re i�B±i⇥3fD(m2
�,m2

+)|2

=

�������
+ re i�B±i⇥3

�������

2

D0 ⇤ K 0
S�+�� amplitude fD is extracted from continuum (D⇥± ⇤ D�±),

parametrized as a set of two-body amplitudes.

Only |fD |2 is observable ⌅ Model dependence as a result .

Latest Belle result: ⇤3 = [78+11
�12 ± 4(syst) ± 9(model)]⌅ (605 fb�1)

rB = 0.16 ± 0.04 ± 0.01(syst)+0.05
�0.01(model)

Model error would dominate precise measurements at Super B factories.
Anton Poluektov Recent EW results from Belle Moriond EW, 16 March 2011 11/20

Flavour-tagged 
D→KSππ Dalitz 

plot

where the last uncertainty on γ of 4.3º the 
former model uncertainty of 8.9º

�3: Binned Dalitz plot analysis

Solution: use binned Dalitz plot and deal with numbers of events in bins.
[A. Giri, Yu. Grossman, A. So⇥er, J. Zupan, PRD 68, 054018 (2003)]

[A. Bondar, A. P. EPJ C 47, 347 (2006); EPJ C 55, 51 (2008)]

M±
i = h{Ki +r2

BK�i +2
�

KiK�i (x±ci +y±si )}

x± = rB cos(�B ± ⇤3) y± = rB sin(�B ± ⇤3)

M±
i : numbers of events in D ⇥ K 0

S⇥+⇥� bins from B± ⇥ DK±

Ki : numbers of events in bins of flavor D0 ⇥ K 0
S⇥+⇥� from D⇥ ⇥ D⇥.

ci , si contain information about strong phase di⇥erence between symmetric
Dalitz plot points (m2

K0
S�+ ,m2

K0
S��

) and (m2
K0

S��
,m2

K0
S�+):

ci = ⇧cos ��D⌃, si = ⇧sin��D⌃

Anton Poluektov Recent EW results from Belle Moriond EW, 16 March 2011 12/20

BELLE: arXiv:1106.4046. See also Anton Poluektov’s talk at Moriond EW 2011 (from which I lifted several of the plots shown here): 
http://belle.kek.jp/belle/talks/moriondEW11/poluektov.pdf 
CLEO-c input:Phys.Rev.D82:112006,2010.

γ

http://arxiv.org/abs/1106.4046
http://belle.kek.jp/belle/talks/moriondEW11/poluektov.pdf
http://www-spires.dur.ac.uk/spires/find/hep/www?eprint=arXiv:1010.2817
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Table 2: Yields and statistical uncertainties in the signal region from the invariant mass fit, scaled
from the full fit mass range, for candidates passing the B± ! D(K0

SK+K�)h± selection. Values
are shown separately for candidates formed using long and downstream K0

S decays. The signal
region is between 5247 MeV/c2 and 5317 MeV/c2 and the full fit range is between 5080 MeV/c2

and 5800 MeV/c2.

Fit component B±
! DK± selection B±

! D⇡± selection
Long Downstream Long Downstream

B±
! DK± 101± 4 223± 7 4.5± 1.9 10.1± 2.9

B±
! D⇡± 13± 3 24± 5 1501± 38 3338± 57

Combinatorial 13± 3 30± 5 36± 5 78± 7
Partially reconstructed 4.6± 0.7 8.6± 1.2 0.60± 0.02 2.0± 0.1
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Figure 4: Dalitz plots of B± ! DK± candidates in the signal region for D ! K0
S⇡+⇡� decays

for (left) B+ (right) B� decays. Both long and downstream K0
S candidates are included.

for the determination of the flavour of the D0 meson from the charge of the bachelor muon297

and pion. This particular decay chain involving a flavour tagged D decay is chosen due to298

low background level and low mistag probability. The selection requirements are chosen to299

minimise changes to the e�ciency profile with respect to the selected B ! Dh data. They300

are identical to the requirements listed in Sect. 4 where possible and the requirements on301

variables used to train the BDT follow those described in Ref. [39].302

Candidate B0
! D⇤±µ⌥⌫µ events are selected using information from the muon303

detector systems. These events are first required to pass the hardware trigger, which304

selects muons with a transverse momentum pT > 1.48 GeV/c. Approximately 95% of the305

final B0
! D⇤±µ⌥⌫µ sample is collected with this algorithm, and the remainder pass a306

hardware trigger which selects D0 candidates that leave a high transverse energy deposit307

in the hadronic calorimeter. In the subsequent software trigger, at least one of the final308
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state particles is required to have both pT > 0.8 GeV/c and impact parameter greater than309

100 µm with respect to all of the PVs in the event. Finally, the tracks of two or more of310

the final state particles are required to form a vertex that is significantly displaced from311

the PVs.312

In order to reduce combinatorial background, all decay product tracks are required to313

be inconsistent with originating from the PV, and the momentum vectors of the K0
S , D0

314

and B0 are required to be in the same direction as the vector between the PV and their315

decay vertices. The B0 candidate vertex is required to be well separated from the PV in316

order to discriminate between B decays and prompt charm decays.317

The B0 decay chain is refitted to determine the distribution of candidates across the318

Dalitz plot. Unlike the refit performed for B ! Dh candidates, the fit only constrains the319

D and K0
S candidates to their known masses as the B0 candidate is not fully reconstructed320

in the semileptonic decay mode. An additional fit in which only the K0
S mass is constrained321

is performed to improve the D0 and D⇤ mass resolutions for use in the invariant mass fit322

used to determine signal yields.323

Additional requirements are included to remove D ! ⇡+⇡�⇡+⇡� decays and charmless324

B decays, as are PID criteria on the kaons in D ! K0
SK

+K�. The requirements are the325

same as those applied to the B ! Dh sample described in Sect. 4. The following mass326

windows are applied. The K0
S candidate mass is required to be within 20 MeV/c2 of the327

known value [19], and the invariant mass sum of the D⇤ and muon, determined using the328

refit containing the D and K0
S mass constraints, is required to be less than 5000 MeV/c2.329

The candidate D0 invariant mass, m(D0), and the invariant mass di↵erence �m ⌘330

m(D⇤)�m(D0) are fit simultaneously to determine the signal yields. This two-dimensional331

parameterisation allows the yield of selected candidates to be measured in three categories:332

true D⇤ candidates (‘signal’), candidates containing a true D0 but wrong slow pion (‘WSP’)333
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Figure 13: Two-dimensional projections of confidence regions onto the (�, rB) and (�, �B) planes
showing the one (solid) and two (dashed) and three (dotted) standard deviations with all
uncertainties included. The points mark the central values.

The solution for the physics parameters has a two-fold ambiguity: (�, �B) ! (� +613

180�, �B + 180�). Choosing the solution that satisfies 0 < � < 180� yields rB = 0.080+0.019
�0.021,614

� = (62+15
�14)

� and �B = (134+14
�15)

�. The values for � and rB are consistent with the world615

average of results from previous experiments [40]. The significant increase in precision616

compared to the measurement in Ref. [4] is due to a combination of increased signal yield,617

lower systematic uncertainties and a higher central value for rB.618

10 Conclusions619

Approximately 2580 B±
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to K0
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+⇡� or K0
SK

+K�, are selected from a sample corresponding to 3.0 fb�1 of data621

collected by LHCb in 2011 and 2012. These samples are analysed to determine the622
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ratio of the absolute values of the B+
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K� amplitudes, �B is the624

strong-phase di↵erence between them, and � is the angle of the unitarity triangle. The625

analysis is performed in bins of the D decay Dalitz plot and existing measurements of the626

CLEO-c experiment are used to provide input on the D decay strong-phase parameters627

(ci, si) [17]. Such an approach allows the analysis to be free from any model-dependent628

assumptions on the strong-phase variation across the Dalitz plot. The following results629
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Table 2: Yields and statistical uncertainties in the signal region from the invariant mass fit, scaled
from the full fit mass range, for candidates passing the B± ! D(K0

SK+K�)h± selection. Values
are shown separately for candidates formed using long and downstream K0

S decays. The signal
region is between 5247 MeV/c2 and 5317 MeV/c2 and the full fit range is between 5080 MeV/c2

and 5800 MeV/c2.

Fit component B±
! DK± selection B±

! D⇡± selection
Long Downstream Long Downstream

B±
! DK± 101± 4 223± 7 4.5± 1.9 10.1± 2.9

B±
! D⇡± 13± 3 24± 5 1501± 38 3338± 57

Combinatorial 13± 3 30± 5 36± 5 78± 7
Partially reconstructed 4.6± 0.7 8.6± 1.2 0.60± 0.02 2.0± 0.1
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S⇡+⇡� decays

for (left) B+ (right) B� decays. Both long and downstream K0
S candidates are included.

for the determination of the flavour of the D0 meson from the charge of the bachelor muon297

and pion. This particular decay chain involving a flavour tagged D decay is chosen due to298

low background level and low mistag probability. The selection requirements are chosen to299

minimise changes to the e�ciency profile with respect to the selected B ! Dh data. They300

are identical to the requirements listed in Sect. 4 where possible and the requirements on301

variables used to train the BDT follow those described in Ref. [39].302

Candidate B0
! D⇤±µ⌥⌫µ events are selected using information from the muon303

detector systems. These events are first required to pass the hardware trigger, which304

selects muons with a transverse momentum pT > 1.48 GeV/c. Approximately 95% of the305

final B0
! D⇤±µ⌥⌫µ sample is collected with this algorithm, and the remainder pass a306

hardware trigger which selects D0 candidates that leave a high transverse energy deposit307

in the hadronic calorimeter. In the subsequent software trigger, at least one of the final308
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state particles is required to have both pT > 0.8 GeV/c and impact parameter greater than309

100 µm with respect to all of the PVs in the event. Finally, the tracks of two or more of310

the final state particles are required to form a vertex that is significantly displaced from311

the PVs.312

In order to reduce combinatorial background, all decay product tracks are required to313

be inconsistent with originating from the PV, and the momentum vectors of the K0
S , D0

314

and B0 are required to be in the same direction as the vector between the PV and their315

decay vertices. The B0 candidate vertex is required to be well separated from the PV in316

order to discriminate between B decays and prompt charm decays.317

The B0 decay chain is refitted to determine the distribution of candidates across the318

Dalitz plot. Unlike the refit performed for B ! Dh candidates, the fit only constrains the319

D and K0
S candidates to their known masses as the B0 candidate is not fully reconstructed320

in the semileptonic decay mode. An additional fit in which only the K0
S mass is constrained321

is performed to improve the D0 and D⇤ mass resolutions for use in the invariant mass fit322

used to determine signal yields.323

Additional requirements are included to remove D ! ⇡+⇡�⇡+⇡� decays and charmless324

B decays, as are PID criteria on the kaons in D ! K0
SK

+K�. The requirements are the325

same as those applied to the B ! Dh sample described in Sect. 4. The following mass326

windows are applied. The K0
S candidate mass is required to be within 20 MeV/c2 of the327

known value [19], and the invariant mass sum of the D⇤ and muon, determined using the328

refit containing the D and K0
S mass constraints, is required to be less than 5000 MeV/c2.329

The candidate D0 invariant mass, m(D0), and the invariant mass di↵erence �m ⌘330

m(D⇤)�m(D0) are fit simultaneously to determine the signal yields. This two-dimensional331

parameterisation allows the yield of selected candidates to be measured in three categories:332

true D⇤ candidates (‘signal’), candidates containing a true D0 but wrong slow pion (‘WSP’)333
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SK

+K�. The requirements are the325

same as those applied to the B ! Dh sample described in Sect. 4. The following mass326

windows are applied. The K0
S candidate mass is required to be within 20 MeV/c2 of the327

known value [19], and the invariant mass sum of the D⇤ and muon, determined using the328

refit containing the D and K0
S mass constraints, is required to be less than 5000 MeV/c2.329

The candidate D0 invariant mass, m(D0), and the invariant mass di↵erence �m ⌘330

m(D⇤)�m(D0) are fit simultaneously to determine the signal yields. This two-dimensional331

parameterisation allows the yield of selected candidates to be measured in three categories:332

true D⇤ candidates (‘signal’), candidates containing a true D0 but wrong slow pion (‘WSP’)333

12

Model-independent γ from  
B±→(KSππ)DK, B±→(KSKK)DK

• Binned, model-independent 
analysis using CLEO-c input.


• Plots show LHCb data - the 
colours represent the bins, 
shaped to optimise sensitivity.


• Run 1 analysis (3fb–1, KSππ & 
KSKK):

65

B+ B–

CLEO-c input:: Phys. Rev. D 82 112006. 
Model-independent method: Giri, Grossmann, Soffer, Zupan, Phys Rev D 68, 054018 (2003). 
Optimal binning: Bondar, Poluektov hep-ph/0703267v1 (2007) 
BELLE’s first model-independent γ measurement: PRD 85 (2012) 112014

Figure 1: (Left) division of K0
S⇡+⇡� Dalitz plot into eight pairs of bins and (right) division of

K0
SK+K�

Dalitz plot into two pairs of bins. These plots have been produced using bitmaps of

the D decay amplitude that were provided by the BaBar collaboration.

previously been pursued by LHCb [2] using a data sample corresponding to an integrated
luminosity of 1.0 fb�1 at a centre-of-mass energy of 7 TeV collected in 2011. The current
analysis largely follows the same procedure as that of the 2011 study, but benefits from
improvements in the selection strategy.

The LHCb detector [3] is a single-arm forward spectrometer covering the
pseudorapidity range 2 < ⌘ < 5, designed for the study of particles containing b or c
quarks. The detector includes a high precision tracking system consisting of a silicon-strip
vertex detector (VELO) surrounding the pp interaction region, a large-area silicon-strip
detector located upstream of a dipole magnet with a bending power of about 4 Tm, and
three stations of silicon-strip detectors and straw drift tubes placed downstream. The com-
bined tracking system has momentum resolution �p/p that varies from 0.4% at 5 GeV/c
to 0.6% at 100 GeV/c, and impact parameter (IP) resolution of 20 µm for tracks with high
transverse momentum. The IP of a track is defined as the distance of closest approach of
that track to a primary vertex (PV) that has been produced in a proton-proton interaction.
Charged hadrons are identified using two ring-imaging Cherenkov (RICH) detectors [4].
Photon, electron and hadron candidates are identified by a calorimeter system consist-
ing of scintillating-pad and preshower detectors, an electromagnetic calorimeter and a
hadronic calorimeter. Muons are identified by a system composed of alternating layers of
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
Ref. [34].

The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
systematic uncertainty.

Frequentist confidence intervals for the CP-violation
parameters are evaluated using the profile likelihood
method with likelihood ratios [43]

λðξÞ ¼ Lðξ; ˆ̂pÞ
Lðξ̂; p̂Þ
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FIG. 7. Dalitz distributions for D mesons produced in tagged B0 → D̄ð$Þ0h0 decays with wrong-tag probability of less than 23%. The
signal B meson is tagged as (a) B0 and (b) B̄0.

TABLE V. Fit of the CP-violation parameters. Only statistical
uncertainty is shown.
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þπ− decay
Dalitz plot bins. Red lines are the result of the CP-violation fit
performed with the full data sample. The asymmetry for the
B0 → D̄$0h0 candidates is taken with inverted sign.
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FIG. 9. Δt distributions for the B0 → D̄0h0 candidates with
wrong-tag probability of less than 23% in (a) the −3rd D →
K0
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þπ− Dalitz plot bin tagged as B0 and (b) the 7th D →

K0
Sπ

þπ− Dalitz plot bin tagged as B̄0. Continuous blue lines are
the result of the CP-violation fit performed with the full data
sample. Dashed red lines are obtained with φ1 ¼ 68.1°.
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
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The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
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and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
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duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
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(ii) The parameters Ki with the uncertainties shown in
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(iii) The yield of signal events in each Dalitz plot bin for
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
Ref. [34].

The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
systematic uncertainty.

Frequentist confidence intervals for the CP-violation
parameters are evaluated using the profile likelihood
method with likelihood ratios [43]
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FIG. 7. Dalitz distributions for D mesons produced in tagged B0 → D̄ð$Þ0h0 decays with wrong-tag probability of less than 23%. The
signal B meson is tagged as (a) B0 and (b) B̄0.

TABLE V. Fit of the CP-violation parameters. Only statistical
uncertainty is shown.

Signal mode sin 2φ1 cos 2φ1

B0 → D̄0π0 0.61% 0.37 0.88þ0.46
−0.52

B0 → D̄0ω −0.12% 0.58 1.28þ0.62
−0.69

Other modes 0.44% 0.51 0.89þ0.49
−0.55

All modes 0.41% 0.27 0.97% 0.33
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FIG. 9. Δt distributions for the B0 → D̄0h0 candidates with
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CP-asymmetry in green bin

where ξ is sin 2φ1 or cos 2φ1 or φ1, ξ̂ is the optimal value, p̂
represents the optimal values of all other parameters
corresponding to ξ̂, and ˆ̂p represents the optimal values
of all other parameters corresponding to the ξ value.
Negative double logarithms of the likelihood ratios are
shown in Fig. 10.
The dominant uncertainties shown in Table VI could

be reduced in high-statistics measurements at Belle II.
Indeed, the uncertainties associated with the parameters
Ki, the Δt parametrization and the ΔE-Mbc fit are
determined by the size of the data sample. The parameters
Ci and Si can be measured more precisely with a large
data set of coherently produced D0D̄0 pairs collected by
the BES-III experiment.

VIII. CONCLUSIONS

A novel model-independent approach for measuring the
CKM angle φ1 has been developed and applied to the full
data set of the Belle experiment. The following results are
obtained:

sin 2φ1 ¼ 0.43" 0.27ðstatÞ " 0.08ðsystÞ;
cos 2φ1 ¼ 1.06" 0.33ðstatÞþ0.21

−0.15ðsystÞ;
φ1 ¼ 11.7°" 7.8°ðstatÞ " 2.1°ðsystÞ: ð17Þ

The value sin 2φ1 ¼ 0.691" 0.017 measured in b→
cc̄s transitions determines the absolute value of cos 2φ1,
leading to two possible solutions in the 0° ≤ φ1 < 180°
range. Our measurement is inconsistent with the negative
solution, corresponding to the value φ1 ¼ 68.1° at the level
of 5.1 standard deviations, but in agreement with the
positive solution, corresponding to the value φ1 ¼ 21.9°
at 1.3 standard deviations. Thus, this measurement clearly
resolves the ambiguity in φ1 inherent in the measurement of
sin 2φ1 using the b→ cc̄s transition.
This measurement supersedes the previous measurement

of the sin 2φ1 and cos 2φ1 in B0 → D̄ð&Þ0h0 decays at Belle
[8]. Nevertheless, it should be emphasized that a different
analysis technique is used here. Furthermore, experimental
information from Bþ → D̄0πþ decays and from Ref. [20] is
used in this analysis but not in Ref. [8].
The binned Dalitz plot approach could be used for

precise φ1 measurements in B0 → D̄ð&Þ0h0 followed by
D̄0 → K0

Sπ
þπ− decays with the high-statistics data from the

Belle II experiment. The dominant systematic uncertainties
could be reduced with this larger data sample. Also,
abundant coherently produced D0D̄0 pairs collected by
the BES-III experiment can be used to improve our
knowledge of the phase parameters Ci and Si. The number
of Dalitz plot bins can be increased in future measurements
to improve the statistical sensitivity to the CP-violation
parameters.

TABLE VI. The sources and estimates of the systematic
uncertainties for the CP-violation parameters measured in the
B0 → D̄ð&Þ0h0 decays. The uncertainty σnuis due to sources 4–10
is evaluated from the single fit varying all the nuisance parameters
and using the likelihood function Eq. (15). The total systematic
uncertainty σsyst is calculated as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 þ σ22 þ σ23 þ σ2nuis

p
. The

values related to sources 4–10 are shown for illustration.
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(%) δcos 2φ1

(%) δφ1
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1. Dalitz variables resol. 0.3 0.7 0.1
2. Detection efficiency 0.6 0.8 0.2
3. Δt resolution 3.8 6.7 1.2
4. Flavor tagging 0.1 0.1 <0.1
5. ΔmB 0.1 0.1 <0.1
6. τB 0.1 0.1 <0.1
7. Mbc-ΔE fit 3.4 1.9 0.8
8. Bkg. Δt param. 3.6 3.1 0.7
9. Ki 3.2 2.0 0.7
10. Ci and Si 7.6 þ20

−13 1.1
σnuis 7.6 þ20

−13 1.6
Total σsyst 8.5 þ21

−15 2.1
Stat. error for comparison 27 33 7.8
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FIG. 10. Negative double logarithm of profiled likelihood ratio Eq. (16) for (a) sin 2φ1, (b) cos 2φ1 and (c) φ1 obtained with the Minos
algorithm [44]. Black squares mark nσ standard confidence intervals corresponding to statistical uncertainty, while blue circles mark nσ
standard confidence intervals corresponding to the overall uncertainty. Continuous blue and dashed black lines show (a, b) fourth- and
(c) fifth-order polynomial fits.

MEASUREMENT OF THE CKM ANGLE φ1 IN … PHYSICAL REVIEW D 94, 052004 (2016)

052004-13

where ξ is sin 2φ1 or cos 2φ1 or φ1, ξ̂ is the optimal value, p̂
represents the optimal values of all other parameters
corresponding to ξ̂, and ˆ̂p represents the optimal values
of all other parameters corresponding to the ξ value.
Negative double logarithms of the likelihood ratios are
shown in Fig. 10.
The dominant uncertainties shown in Table VI could

be reduced in high-statistics measurements at Belle II.
Indeed, the uncertainties associated with the parameters
Ki, the Δt parametrization and the ΔE-Mbc fit are
determined by the size of the data sample. The parameters
Ci and Si can be measured more precisely with a large
data set of coherently produced D0D̄0 pairs collected by
the BES-III experiment.

VIII. CONCLUSIONS

A novel model-independent approach for measuring the
CKM angle φ1 has been developed and applied to the full
data set of the Belle experiment. The following results are
obtained:

sin 2φ1 ¼ 0.43" 0.27ðstatÞ " 0.08ðsystÞ;
cos 2φ1 ¼ 1.06" 0.33ðstatÞþ0.21

−0.15ðsystÞ;
φ1 ¼ 11.7°" 7.8°ðstatÞ " 2.1°ðsystÞ: ð17Þ

The value sin 2φ1 ¼ 0.691" 0.017 measured in b→
cc̄s transitions determines the absolute value of cos 2φ1,
leading to two possible solutions in the 0° ≤ φ1 < 180°
range. Our measurement is inconsistent with the negative
solution, corresponding to the value φ1 ¼ 68.1° at the level
of 5.1 standard deviations, but in agreement with the
positive solution, corresponding to the value φ1 ¼ 21.9°
at 1.3 standard deviations. Thus, this measurement clearly
resolves the ambiguity in φ1 inherent in the measurement of
sin 2φ1 using the b→ cc̄s transition.
This measurement supersedes the previous measurement

of the sin 2φ1 and cos 2φ1 in B0 → D̄ð&Þ0h0 decays at Belle
[8]. Nevertheless, it should be emphasized that a different
analysis technique is used here. Furthermore, experimental
information from Bþ → D̄0πþ decays and from Ref. [20] is
used in this analysis but not in Ref. [8].
The binned Dalitz plot approach could be used for

precise φ1 measurements in B0 → D̄ð&Þ0h0 followed by
D̄0 → K0

Sπ
þπ− decays with the high-statistics data from the

Belle II experiment. The dominant systematic uncertainties
could be reduced with this larger data sample. Also,
abundant coherently produced D0D̄0 pairs collected by
the BES-III experiment can be used to improve our
knowledge of the phase parameters Ci and Si. The number
of Dalitz plot bins can be increased in future measurements
to improve the statistical sensitivity to the CP-violation
parameters.

TABLE VI. The sources and estimates of the systematic
uncertainties for the CP-violation parameters measured in the
B0 → D̄ð&Þ0h0 decays. The uncertainty σnuis due to sources 4–10
is evaluated from the single fit varying all the nuisance parameters
and using the likelihood function Eq. (15). The total systematic
uncertainty σsyst is calculated as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 þ σ22 þ σ23 þ σ2nuis
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. The

values related to sources 4–10 are shown for illustration.

Source δsin 2φ1
(%) δcos 2φ1
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(deg)

1. Dalitz variables resol. 0.3 0.7 0.1
2. Detection efficiency 0.6 0.8 0.2
3. Δt resolution 3.8 6.7 1.2
4. Flavor tagging 0.1 0.1 <0.1
5. ΔmB 0.1 0.1 <0.1
6. τB 0.1 0.1 <0.1
7. Mbc-ΔE fit 3.4 1.9 0.8
8. Bkg. Δt param. 3.6 3.1 0.7
9. Ki 3.2 2.0 0.7
10. Ci and Si 7.6 þ20
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FIG. 10. Negative double logarithm of profiled likelihood ratio Eq. (16) for (a) sin 2φ1, (b) cos 2φ1 and (c) φ1 obtained with the Minos
algorithm [44]. Black squares mark nσ standard confidence intervals corresponding to statistical uncertainty, while blue circles mark nσ
standard confidence intervals corresponding to the overall uncertainty. Continuous blue and dashed black lines show (a, b) fourth- and
(c) fifth-order polynomial fits.
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
Ref. [34].

The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
systematic uncertainty.

Frequentist confidence intervals for the CP-violation
parameters are evaluated using the profile likelihood
method with likelihood ratios [43]

λðξÞ ¼ Lðξ; ˆ̂pÞ
Lðξ̂; p̂Þ
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FIG. 7. Dalitz distributions for D mesons produced in tagged B0 → D̄ð$Þ0h0 decays with wrong-tag probability of less than 23%. The
signal B meson is tagged as (a) B0 and (b) B̄0.

TABLE V. Fit of the CP-violation parameters. Only statistical
uncertainty is shown.

Signal mode sin 2φ1 cos 2φ1

B0 → D̄0π0 0.61% 0.37 0.88þ0.46
−0.52

B0 → D̄0ω −0.12% 0.58 1.28þ0.62
−0.69

Other modes 0.44% 0.51 0.89þ0.49
−0.55

All modes 0.41% 0.27 0.97% 0.33
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FIG. 8. Raw CP-asymmetry distributions for the B0 → D̄ð$Þ0h0

candidates in the (a) %1st and (b) %5th D → K0
Sπ

þπ− decay
Dalitz plot bins. Red lines are the result of the CP-violation fit
performed with the full data sample. The asymmetry for the
B0 → D̄$0h0 candidates is taken with inverted sign.
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FIG. 9. Δt distributions for the B0 → D̄0h0 candidates with
wrong-tag probability of less than 23% in (a) the −3rd D →
K0

Sπ
þπ− Dalitz plot bin tagged as B0 and (b) the 7th D →

K0
Sπ

þπ− Dalitz plot bin tagged as B̄0. Continuous blue lines are
the result of the CP-violation fit performed with the full data
sample. Dashed red lines are obtained with φ1 ¼ 68.1°.
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
Ref. [34].

The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
systematic uncertainty.

Frequentist confidence intervals for the CP-violation
parameters are evaluated using the profile likelihood
method with likelihood ratios [43]
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FIG. 7. Dalitz distributions for D mesons produced in tagged B0 → D̄ð$Þ0h0 decays with wrong-tag probability of less than 23%. The
signal B meson is tagged as (a) B0 and (b) B̄0.

TABLE V. Fit of the CP-violation parameters. Only statistical
uncertainty is shown.

Signal mode sin 2φ1 cos 2φ1

B0 → D̄0π0 0.61% 0.37 0.88þ0.46
−0.52

B0 → D̄0ω −0.12% 0.58 1.28þ0.62
−0.69

Other modes 0.44% 0.51 0.89þ0.49
−0.55

All modes 0.41% 0.27 0.97% 0.33
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þπ− decay
Dalitz plot bins. Red lines are the result of the CP-violation fit
performed with the full data sample. The asymmetry for the
B0 → D̄$0h0 candidates is taken with inverted sign.
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FIG. 9. Δt distributions for the B0 → D̄0h0 candidates with
wrong-tag probability of less than 23% in (a) the −3rd D →
K0

Sπ
þπ− Dalitz plot bin tagged as B0 and (b) the 7th D →
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þπ− Dalitz plot bin tagged as B̄0. Continuous blue lines are
the result of the CP-violation fit performed with the full data
sample. Dashed red lines are obtained with φ1 ¼ 68.1°.
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
Ref. [34].

The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
systematic uncertainty.

Frequentist confidence intervals for the CP-violation
parameters are evaluated using the profile likelihood
method with likelihood ratios [43]
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FIG. 7. Dalitz distributions for D mesons produced in tagged B0 → D̄ð$Þ0h0 decays with wrong-tag probability of less than 23%. The
signal B meson is tagged as (a) B0 and (b) B̄0.

TABLE V. Fit of the CP-violation parameters. Only statistical
uncertainty is shown.

Signal mode sin 2φ1 cos 2φ1

B0 → D̄0π0 0.61% 0.37 0.88þ0.46
−0.52

B0 → D̄0ω −0.12% 0.58 1.28þ0.62
−0.69

Other modes 0.44% 0.51 0.89þ0.49
−0.55

All modes 0.41% 0.27 0.97% 0.33
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Sπ

þπ− decay
Dalitz plot bins. Red lines are the result of the CP-violation fit
performed with the full data sample. The asymmetry for the
B0 → D̄$0h0 candidates is taken with inverted sign.
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FIG. 9. Δt distributions for the B0 → D̄0h0 candidates with
wrong-tag probability of less than 23% in (a) the −3rd D →
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Sπ
þπ− Dalitz plot bin tagged as B0 and (b) the 7th D →
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þπ− Dalitz plot bin tagged as B̄0. Continuous blue lines are
the result of the CP-violation fit performed with the full data
sample. Dashed red lines are obtained with φ1 ¼ 68.1°.
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where L is defined in Eq. (12), pj and p0
j are the current

and central values of the jth nuisance parameter, respec-
tively, K is the inverse covariance matrix for the nuisance
parameters, and the sum is evaluated over all nuisance
parameters. The following nuisance parameters are intro-
duced to evaluate the systematic uncertainty:

(i) The parameters Ci and Si that give the dominant
contribution (with the covariance matrix taken from
the supplementary materials for Ref. [20]).

(ii) The parameters Ki with the uncertainties shown in
Table III.

(iii) The yield of signal events in each Dalitz plot bin for
each signal mode, with the value and uncertainty
obtained from the ΔE-Mbc fit.

(iv) The background Δt PDF parameters, with the values
and uncertainties obtained from the fit of the Δt
distribution in the ΔE-Mbc sideband.

(v) The parameters τB and ΔmB with values and
uncertainties taken from Ref. [42].

(iv) The average bias in the wrong-tag probability, with
the uncertainty obtained using the results from
Ref. [34].

The flavor-tagging procedure and the uncertainties in the
ΔmB and τB values give negligible contributions to the
systematic uncertainty.

Frequentist confidence intervals for the CP-violation
parameters are evaluated using the profile likelihood
method with likelihood ratios [43]

λðξÞ ¼ Lðξ; ˆ̂pÞ
Lðξ̂; p̂Þ

; ð16Þ

)4/c2) (GeV+π
S

0(K2m

)4
/c2

) 
(G

eV
- π

S0
(K2

m
0.5

1

1.5

2

2.5

3

(a)

)4/c2) (GeV+π
S

0(K2m
0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3

)4
/c2

) 
(G

eV
- π

S0
(K2

m

0.5

1

1.5

2

2.5

3

(b)

FIG. 7. Dalitz distributions for D mesons produced in tagged B0 → D̄ð$Þ0h0 decays with wrong-tag probability of less than 23%. The
signal B meson is tagged as (a) B0 and (b) B̄0.

TABLE V. Fit of the CP-violation parameters. Only statistical
uncertainty is shown.

Signal mode sin 2φ1 cos 2φ1

B0 → D̄0π0 0.61% 0.37 0.88þ0.46
−0.52

B0 → D̄0ω −0.12% 0.58 1.28þ0.62
−0.69

Other modes 0.44% 0.51 0.89þ0.49
−0.55

All modes 0.41% 0.27 0.97% 0.33
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FIG. 8. Raw CP-asymmetry distributions for the B0 → D̄ð$Þ0h0

candidates in the (a) %1st and (b) %5th D → K0
Sπ

þπ− decay
Dalitz plot bins. Red lines are the result of the CP-violation fit
performed with the full data sample. The asymmetry for the
B0 → D̄$0h0 candidates is taken with inverted sign.
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FIG. 9. Δt distributions for the B0 → D̄0h0 candidates with
wrong-tag probability of less than 23% in (a) the −3rd D →
K0

Sπ
þπ− Dalitz plot bin tagged as B0 and (b) the 7th D →

K0
Sπ

þπ− Dalitz plot bin tagged as B̄0. Continuous blue lines are
the result of the CP-violation fit performed with the full data
sample. Dashed red lines are obtained with φ1 ¼ 68.1°.
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CP-asymmetry in green bin

where ξ is sin 2φ1 or cos 2φ1 or φ1, ξ̂ is the optimal value, p̂
represents the optimal values of all other parameters
corresponding to ξ̂, and ˆ̂p represents the optimal values
of all other parameters corresponding to the ξ value.
Negative double logarithms of the likelihood ratios are
shown in Fig. 10.
The dominant uncertainties shown in Table VI could

be reduced in high-statistics measurements at Belle II.
Indeed, the uncertainties associated with the parameters
Ki, the Δt parametrization and the ΔE-Mbc fit are
determined by the size of the data sample. The parameters
Ci and Si can be measured more precisely with a large
data set of coherently produced D0D̄0 pairs collected by
the BES-III experiment.

VIII. CONCLUSIONS

A novel model-independent approach for measuring the
CKM angle φ1 has been developed and applied to the full
data set of the Belle experiment. The following results are
obtained:

sin 2φ1 ¼ 0.43" 0.27ðstatÞ " 0.08ðsystÞ;
cos 2φ1 ¼ 1.06" 0.33ðstatÞþ0.21

−0.15ðsystÞ;
φ1 ¼ 11.7°" 7.8°ðstatÞ " 2.1°ðsystÞ: ð17Þ

The value sin 2φ1 ¼ 0.691" 0.017 measured in b→
cc̄s transitions determines the absolute value of cos 2φ1,
leading to two possible solutions in the 0° ≤ φ1 < 180°
range. Our measurement is inconsistent with the negative
solution, corresponding to the value φ1 ¼ 68.1° at the level
of 5.1 standard deviations, but in agreement with the
positive solution, corresponding to the value φ1 ¼ 21.9°
at 1.3 standard deviations. Thus, this measurement clearly
resolves the ambiguity in φ1 inherent in the measurement of
sin 2φ1 using the b→ cc̄s transition.
This measurement supersedes the previous measurement

of the sin 2φ1 and cos 2φ1 in B0 → D̄ð&Þ0h0 decays at Belle
[8]. Nevertheless, it should be emphasized that a different
analysis technique is used here. Furthermore, experimental
information from Bþ → D̄0πþ decays and from Ref. [20] is
used in this analysis but not in Ref. [8].
The binned Dalitz plot approach could be used for

precise φ1 measurements in B0 → D̄ð&Þ0h0 followed by
D̄0 → K0

Sπ
þπ− decays with the high-statistics data from the

Belle II experiment. The dominant systematic uncertainties
could be reduced with this larger data sample. Also,
abundant coherently produced D0D̄0 pairs collected by
the BES-III experiment can be used to improve our
knowledge of the phase parameters Ci and Si. The number
of Dalitz plot bins can be increased in future measurements
to improve the statistical sensitivity to the CP-violation
parameters.

TABLE VI. The sources and estimates of the systematic
uncertainties for the CP-violation parameters measured in the
B0 → D̄ð&Þ0h0 decays. The uncertainty σnuis due to sources 4–10
is evaluated from the single fit varying all the nuisance parameters
and using the likelihood function Eq. (15). The total systematic
uncertainty σsyst is calculated as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 þ σ22 þ σ23 þ σ2nuis

p
. The

values related to sources 4–10 are shown for illustration.

Source δsin 2φ1
(%) δcos 2φ1

(%) δφ1
(deg)

1. Dalitz variables resol. 0.3 0.7 0.1
2. Detection efficiency 0.6 0.8 0.2
3. Δt resolution 3.8 6.7 1.2
4. Flavor tagging 0.1 0.1 <0.1
5. ΔmB 0.1 0.1 <0.1
6. τB 0.1 0.1 <0.1
7. Mbc-ΔE fit 3.4 1.9 0.8
8. Bkg. Δt param. 3.6 3.1 0.7
9. Ki 3.2 2.0 0.7
10. Ci and Si 7.6 þ20

−13 1.1
σnuis 7.6 þ20

−13 1.6
Total σsyst 8.5 þ21

−15 2.1
Stat. error for comparison 27 33 7.8
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FIG. 10. Negative double logarithm of profiled likelihood ratio Eq. (16) for (a) sin 2φ1, (b) cos 2φ1 and (c) φ1 obtained with the Minos
algorithm [44]. Black squares mark nσ standard confidence intervals corresponding to statistical uncertainty, while blue circles mark nσ
standard confidence intervals corresponding to the overall uncertainty. Continuous blue and dashed black lines show (a, b) fourth- and
(c) fifth-order polynomial fits.
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where ξ is sin 2φ1 or cos 2φ1 or φ1, ξ̂ is the optimal value, p̂
represents the optimal values of all other parameters
corresponding to ξ̂, and ˆ̂p represents the optimal values
of all other parameters corresponding to the ξ value.
Negative double logarithms of the likelihood ratios are
shown in Fig. 10.
The dominant uncertainties shown in Table VI could

be reduced in high-statistics measurements at Belle II.
Indeed, the uncertainties associated with the parameters
Ki, the Δt parametrization and the ΔE-Mbc fit are
determined by the size of the data sample. The parameters
Ci and Si can be measured more precisely with a large
data set of coherently produced D0D̄0 pairs collected by
the BES-III experiment.

VIII. CONCLUSIONS

A novel model-independent approach for measuring the
CKM angle φ1 has been developed and applied to the full
data set of the Belle experiment. The following results are
obtained:

sin 2φ1 ¼ 0.43" 0.27ðstatÞ " 0.08ðsystÞ;
cos 2φ1 ¼ 1.06" 0.33ðstatÞþ0.21

−0.15ðsystÞ;
φ1 ¼ 11.7°" 7.8°ðstatÞ " 2.1°ðsystÞ: ð17Þ

The value sin 2φ1 ¼ 0.691" 0.017 measured in b→
cc̄s transitions determines the absolute value of cos 2φ1,
leading to two possible solutions in the 0° ≤ φ1 < 180°
range. Our measurement is inconsistent with the negative
solution, corresponding to the value φ1 ¼ 68.1° at the level
of 5.1 standard deviations, but in agreement with the
positive solution, corresponding to the value φ1 ¼ 21.9°
at 1.3 standard deviations. Thus, this measurement clearly
resolves the ambiguity in φ1 inherent in the measurement of
sin 2φ1 using the b→ cc̄s transition.
This measurement supersedes the previous measurement

of the sin 2φ1 and cos 2φ1 in B0 → D̄ð&Þ0h0 decays at Belle
[8]. Nevertheless, it should be emphasized that a different
analysis technique is used here. Furthermore, experimental
information from Bþ → D̄0πþ decays and from Ref. [20] is
used in this analysis but not in Ref. [8].
The binned Dalitz plot approach could be used for

precise φ1 measurements in B0 → D̄ð&Þ0h0 followed by
D̄0 → K0

Sπ
þπ− decays with the high-statistics data from the

Belle II experiment. The dominant systematic uncertainties
could be reduced with this larger data sample. Also,
abundant coherently produced D0D̄0 pairs collected by
the BES-III experiment can be used to improve our
knowledge of the phase parameters Ci and Si. The number
of Dalitz plot bins can be increased in future measurements
to improve the statistical sensitivity to the CP-violation
parameters.

TABLE VI. The sources and estimates of the systematic
uncertainties for the CP-violation parameters measured in the
B0 → D̄ð&Þ0h0 decays. The uncertainty σnuis due to sources 4–10
is evaluated from the single fit varying all the nuisance parameters
and using the likelihood function Eq. (15). The total systematic
uncertainty σsyst is calculated as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ21 þ σ22 þ σ23 þ σ2nuis

p
. The

values related to sources 4–10 are shown for illustration.

Source δsin 2φ1
(%) δcos 2φ1

(%) δφ1
(deg)

1. Dalitz variables resol. 0.3 0.7 0.1
2. Detection efficiency 0.6 0.8 0.2
3. Δt resolution 3.8 6.7 1.2
4. Flavor tagging 0.1 0.1 <0.1
5. ΔmB 0.1 0.1 <0.1
6. τB 0.1 0.1 <0.1
7. Mbc-ΔE fit 3.4 1.9 0.8
8. Bkg. Δt param. 3.6 3.1 0.7
9. Ki 3.2 2.0 0.7
10. Ci and Si 7.6 þ20
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FIG. 10. Negative double logarithm of profiled likelihood ratio Eq. (16) for (a) sin 2φ1, (b) cos 2φ1 and (c) φ1 obtained with the Minos
algorithm [44]. Black squares mark nσ standard confidence intervals corresponding to statistical uncertainty, while blue circles mark nσ
standard confidence intervals corresponding to the overall uncertainty. Continuous blue and dashed black lines show (a, b) fourth- and
(c) fifth-order polynomial fits.
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Previously (less data, model-dependent): BELLE PRL 97 (2006) 081801

uncertainty due to (mainly stat) uncertainty in CLEO-c input:  
0.03 (sin), +0.21–0.14 (cos) 

Result @ BELLE

BaBar: PRL 99 (2007) 231802
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• Treat K3π like two-body decay with 
single effective strong phase δD. 
 
 
 
 
 
 
 
Coherence factor R < 1; 
larger R gives higher sensitivity to γ 


• Conceptually the same as F+ and ci, si 
(shown later), related through

Coherence Factor Analysis of
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RK3pi is the coherence factor introduced by Atwood & Soni,  
PRD68 (2003) 033003 
Also interesting in relation to charm mixing, see  
• Bondar, Poluektov, Vorobiev: PRD 82 (2010) 034033,  
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• Malde, Thomas & Wilkinson PRD91 (2015) no.9, 094032,  
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http://inspirehep.net/record/616688?ln=en
http://inspirehep.net/record/851950?ln=en
http://inspirehep.net/record/896222?ln=en
http://inspirehep.net/record/1345029?ln=en
http://inspirehep.net/record/1335411?ln=en
http://inspirehep.net/record/1252078?ln=en
http://Phys.%20Rev.%20Lett.%20116%20(2016)%20no.24,%20241801
https://inspirehep.net/record/1423295?ln=en

