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Introduction

STRONG INTERACTION: QCD

LQCD = − 1
4 Fi

µνFiµν + ψ̄(iD/− m)ψ

Nonperturbative phenomena:

Hadron spectroscopy
Dynamical chiral symmetry
breaking
Confinement

Nonperturbative methods:

Lattice QCD
Light-front dynamics
Dyson-Schwinger equa-
tions(DSEs)
· · ·
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Introduction

APPLICATIONS OF DSES

DSEs: rainbow-ladder approximation
DSEs: beyond rainbow approximation
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Introduction

APPLICATIONS OF DSES

Symmetry-preserving truncations
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The Symmetry-Preserving Truncation Scheme

THE GENERATING FUNCTIONAL

QCD generating functional:

Z[J, I, Ī, I] =

∫
DψDψ̄DAµ exp i

∫
d4x{L(ψ, ψ̄,Aµ) + ψ̄Jψ + Iµi Ai

µ + Īψ + ψ̄I}

=

∫
DψDψ̄ exp

{
i
∫

d4x{ψ̄(i∂/+ J)ψ + Īψ + ψ̄I}
}

×
∫
DAµ∆F(Aµ) exp

{
i
∫

d4x
[
LG(A)−

1
2ξ

[Fi(Aµ)]2 + I′µi Ai
µ

]}
,

Integrating out gluon fields formally

∫
DAµ∆F(Aµ) exp

{
i
∫

d4x
[
LG(A)−

1
2ξ

[Fi(Aµ)]2 + I′µi Ai
µ

]}
= exp i

∞∑
n=2

∫
d4x1 · · · d4xn

in

n!
Gi1···in
µ1···µn (x1, · · · , xn)I′µ1

i1
(x1) · · · I′µn

in
(xn),

Fierz reordering→ Factor out Nc
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The Symmetry-Preserving Truncation Scheme

THE GENERATING FUNCTIONAL

Introducing auxiliary fields:
∫
DΦ δ

(
NcΦ

(aη)(bζ)(x, x′)− ψ̄aη
α (x)ψbζ

α (x′)
)
.

δ

(
NcΦ(x, x′)− ψ̄(x)ψ(x′)

)
∼
∫
DΠei

∫
d4xd4x′Π(x,x′)·

(
NcΦ(x,x′)−ψ̄(x)ψ(x′)

)
.

Integrating out quark fields:

Z[J, Ī, I]
large Nc limit

========= const× exp i
{
− iNcTr ln[i∂/+ J −Πc]− Ī[i∂/+ J −Πc]

−1I

+

∫
d4xd4x′NcΦ

σρ
c (x, x′)Πσρc (x, x′) + Nc

∞∑
n=2

∫
d4x1 · · · d4xnd4x′1 · · · d

4x′n
(−i)n(Ncg2)n−1

n!

×Ḡσ1···σn
ρ1···ρn (x1, x′1, · · · , xn, x′n)Φ

σ1ρ1
c (x1, x′1) · · ·Φσnρn

c (xn, x′n)

}
,

where Φc(Πc) ≡
∫
DΦDΠΦ(Π)eiS∫
DΦDΠeiS
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The Symmetry-Preserving Truncation Scheme

BENEFITS OF THIS FORM

Explicit expression of interaction kernel

Allows truncations at generating functional level
→ symmetry-preserving guaranteed

� Stationary equations:

−iδ ln Z[J, I, Ī, I]
δΠσρ

c (x, y)
= 0

−iδ ln Z[J, I, Ī, I]
δΦσρ

c (x, y)
= 0

⇒
Φσρc (x, y) = −i[i∂/−M −Πc]

−1,ρ,σ(y, x),

Πσρc (x, y) = −
∞∑

n=2

∫
d4x2 · · · d4xnd4x′2 · · · d

4x′n
(−i)n(Ncg2)n−1

(n− 1)!
Ḡσσ2···σn
ρρ2···ρn (x, y, x2, x′2, · · · , xn, x′n)

×Φ
σ2ρ2
c (x2, x′2) · · ·Φσnρn

c (xn, x′n).
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The Symmetry-Preserving Truncation Scheme

THE GAP EQUATION

Figure 1: The DSE for the quark propagator.

In momentum space:

S(p, µ)−1 = Z2(µ,Λ)
(
i/p + mb(Λ)

)
+ Z1F(µ,Λ)CF

∫ Λ d4q
(2π)4

×g2(µ)γµS(q, µ)Gµν(p− q, µ)Γν(p, q, µ)

The rainbow approximation (RA)⇔ Keeping only gluon propagator

Γν(p, q, µ)→ γν
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The Symmetry-Preserving Truncation Scheme

THE BETHE-SALPETER EQUATION

The Bethe-Salpeter equation:

χρσP,s = −i[i∂/−M −Πc]
−1,ρ,σ′

Kσ
′ρ′

σ2ρ2
[i∂/−M −Πc]

−1,ρ′,σχ
ρ2σ2
P,s

The BS kernel Kσ′ρ′
σ2ρ2 is defined as

Kσ
′ρ′

σ2ρ2
≡ −

∞∑
n=2

(−i)n(Ncg2)n−1

(n− 2)!
Ḡ
σ′σ2σ

′
3···σ

′
n

ρ′ρ2ρ
′
3···ρ

′
n

Φ
σ′

3ρ
′
3

c · · ·Φσ
′
nρ

′
n

c =
δΠσ

′ρ′
c

δΦ
σ2ρ2
c
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The Symmetry-Preserving Truncation Scheme

DIAGRAMMATIC EXPRESSIONS

-1
=

-1
+ + +

Figure 2: The gap equation up to the NNL-order truncation.

= + + +

+ +

Figure 3: The meson BS kernel up to the NNL-order truncation.
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The Symmetry-Preserving Truncation Scheme

OUTLINE

Introduction

The Symmetry-Preserving Truncation Scheme

The Gap Equation Beyond the Rainbow Approximation
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The Gap Equation Beyond the Rainbow Approximation

THE GAP EQUATION AT NL ORDER

TRUNCATION

Study the impacts of going beyond the RA on the quark propagator
and DCSB.

Quantitative studies → construct a model interaction respecting
the UV behavior of QCD.

Vertex to one loop level⇔ keeping three gluon Green’s function

= +

p
k

q

p− k k − q

q − p
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The Gap Equation Beyond the Rainbow Approximation

INTERACTION MODEL

At large space-like momentum, at leading log order

Gtr
µν(q) ∼

(
δµν −

qµqν
q2

)
1
q2

[
1
2

ln(q2)

]−dG

dG = (39− 9ξ − 4Nf )/[2(33− 2Nf )]

Inspired by the MT model, which is extensively used in the rain-
bow approximation studies, we take

Gµν(k2) =

(
δµν −

kµkν
k2

)
D(k2)

k2

g2(µ)
D(k2)

k2
=

4π2Dk2

ω6
e−k2/ω2

+
4π2γm ln(µ2/Λ2

QCD)dG−1F(k2)(
1
2 ln
{

e2 − 1 + (1 + k2

Λ2
QCD

)2
})dG

F(k2) = {1− exp(−k2/(4m2
t ))}/k2

dG = 1⇒ the MT model
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The Gap Equation Beyond the Rainbow Approximation

RENORMALIZATION

UV divergences indeed appear in our model

With definitions

Γν(p, q) = Z1Fγν + Λν(p, q)

Z1F = 1 + C1F

We found

Λν(p, q) = f1(p, q)γν +Λ̃ν(p, q)
↑ ↑

Divergent term Convergent terms
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The Gap Equation Beyond the Rainbow Approximation

OVERLAPPING DIVERGENCE

Overlapping term

S(p)−1 = Z2
(
i/p + mb

)
+ CF

∫
d4q

(2π)4
g2γµS(q)Gµν(p− q)γν

+2C1FCF

∫
d4q

(2π)4
g2γµS(q)Gµν(p− q)γν

+CF

∫
d4q

(2π)4
g2γµS(q)Gµν(p− q)Λν(p, q)

Overlapping diagram

+ +

+ Finite terms
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The Gap Equation Beyond the Rainbow Approximation

RENORMALIZATION SCALE DEPENDENCE
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10-5

10-4

10-3
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M
(Q

2 ) (
G
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 =19 GeV
 =100 GeV

Figure 4: The running quark mass at different renormalization points µ.

Definition for M(p2) and Z(p2) S(p, µ) = Z(p2,µ2)
i/p+M(p2)
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The Gap Equation Beyond the Rainbow Approximation

RENORMALIZATION SCALE DEPENDENCE

Table 1: Pion mass mπ, decay constant fπ, quark condensate −〈q̄q〉0 and the
renormalization independent current quark mass m̂u/d at different renormal-
ization points µ.

fπ(MeV) mπ(MeV) −〈q̄q〉0(MeV)3 m̂u/d (MeV)
µ = 5 GeV 105 128 (250)3 3.9
µ = 19 GeV 106 181 (289)3 7.2
µ = 100 GeV 111 189 (311)3 7.5

− 〈q̄q〉0µ ≡ NcZ4

∫
d4p

(2π)4
Tr [S(p, µ)] .

f 2
π =

3
4π

∫
dp2 p2Z(p2)M(p2)

(p2 −M2(p2))2

(
M(p2)−

p2

2
dM
dP2

)
,

m2
π =

−2m(µ)〈q̄q〉0µ
f 2
π
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The Gap Equation Beyond the Rainbow Approximation

OUTLINE

Introduction

The Symmetry-Preserving Truncation Scheme

The Gap Equation Beyond the Rainbow Approximation

Numerical Results
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Numerical Results

BEYOND RA VERSUS RA

Parameters

D = 0.74 GeV2 mu/d(µ)|µ=19 GeV = 3.7 MeV,

ω = 0.5 GeV ms(µ)|µ=19 GeV = 85 MeV.

Table 2: Comparing the pion mass, pion decay constant, the quark con-
densate at the renormalization point and the renormalization point indepen-
dent quark condensate between the beyond-the-rainbow scheme (denoted as
“BR”) and the rainbow approximation scheme (denoted as “R”).

fπ(MeV) mπ(MeV) −〈q̄q〉0µ=19GeV(MeV)3 −〈q̄q〉0(MeV)3

BR 106 181 (369)3 (289)3

R 74.5 148 (254)3 (229)3
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Numerical Results

BEYOND RA VERSUS RA

10-2 10-1 100 101 102 103 104 105
10-4

10-3

10-2

10-1
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M
(Q

2 ) (
G

eV
)

Q2 (GeV2)

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

10-2 10-1 100 101 102 103 104 105

100

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

Z(
Q

2 ) (
G

eV
)

Q2 (GeV2)

Significant impacts.

At large energy region, all functions coincide except M(Q) at chiral limit.

Non-perturbative effects, difference between quark condensate.

M(p2)
large p2

−−−−→ 2π2γm(−〈q̄q〉0)

3p2

Hui-Feng Fu Center for theoretical physics, college of physics, Jilin University 25 / 31



Numerical Results

BEYOND RA VERSUS RA

10-2 10-1 100 101 102 103 104 105
10-4

10-3

10-2

10-1

100

M
(Q

2 ) (
G

eV
)

Q2 (GeV2)

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

10-2 10-1 100 101 102 103 104 105

100

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

Z(
Q

2 ) (
G

eV
)

Q2 (GeV2)

Significant impacts.

At large energy region, all functions coincide except M(Q) at chiral limit.

Non-perturbative effects, difference between quark condensate.

M(p2)
large p2

−−−−→ 2π2γm(−〈q̄q〉0)

3p2

Hui-Feng Fu Center for theoretical physics, college of physics, Jilin University 25 / 31



Numerical Results

BEYOND RA VERSUS RA

10-2 10-1 100 101 102 103 104 105
10-4

10-3

10-2

10-1

100

M
(Q

2 ) (
G

eV
)

Q2 (GeV2)

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

10-2 10-1 100 101 102 103 104 105

100

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

Z(
Q

2 ) (
G

eV
)

Q2 (GeV2)

Significant impacts.

At large energy region, all functions coincide except M(Q) at chiral limit.

Non-perturbative effects, difference between quark condensate.

M(p2)
large p2

−−−−→ 2π2γm(−〈q̄q〉0)

3p2

Hui-Feng Fu Center for theoretical physics, college of physics, Jilin University 25 / 31



Numerical Results

BEYOND RA VERSUS RA

10-2 10-1 100 101 102 103 104 105
10-4

10-3

10-2

10-1

100

M
(Q

2 ) (
G

eV
)

Q2 (GeV2)

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

10-2 10-1 100 101 102 103 104 105

100

 BR Chiral
 R Chiral
 BR mu/d

 R mu/d

 BR ms

 R ms

Z(
Q

2 ) (
G

eV
)

Q2 (GeV2)

Significant impacts.

At large energy region, all functions coincide except M(Q) at chiral limit.

Non-perturbative effects, difference between quark condensate.

M(p2)
large p2

−−−−→ 2π2γm(−〈q̄q〉0)

3p2

Hui-Feng Fu Center for theoretical physics, college of physics, Jilin University 25 / 31



Numerical Results

NON-ABELIAN VERSUS ABELIAN

1/N2
c order correction

at one loop level:

= + 1
2Nc

+ Nc
2

10-2 10-1 100 101 102 103 104 105

10-1

100

M
(Q

2 ) (
G

eV
)

Q2 (GeV2)

 R ms

 BR-NA ms

 BR-A1 ms

 BR-A2 ms

Figure 5: Comparisons of non-Abelian contri-
bution and Abelian contribution to M(Q2). “BR-
NA” represents using ΛNA

ν only; “BR-A1” repre-
sents using ΛA

ν only; “BR-A2” represents using
re-scaled N2

c ΛA
ν .
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Numerical Results

UV BEHAVIOR
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Figure 6: Comparing M(Q2) resulted from Our model Eq. (1) and the model
from PRL103,122001.
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Numerical Results

SUPPRESSION OF CRITICAL STRENGTH
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Figure 7: Quark condensate and the
pion decay constant vs D, i.e. the
strength of the interaction at low mo-
mentum.
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Figure 8: Relative deviations (i.e. δX ≡
XBR−XR

XR
where XR(BR) represents quan-

tity under the RA(BR) scheme) of pion
decay constant and the quark conden-
sate vs D.
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Summary

SUMMARY

We developed a framework to derive DSEs and BSE allowing ap-
ply systematic symmetry-preserving truncations.

We have studied DCSB and quark propagators with DSEs beyond
RA with an interaction model respecting the asymptotic behavior
of QCD.

The impacts of beyond RA are shown. A pure non-perturbative ef-
fect makes the beyond-rainbow term contribute even at large mo-
mentum in the chiral limit.

Critical strength for DCSB is suppressed.
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Summary

Thank you for your attention!
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