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Outline of lectures

I Introduction
I Historical context
I Collider observables
I Event generators

I Parton showers
I Leading-order formalism
I Assessment of formal precision

I Combination with fixed-order calculations
I Matching to NLO calculations
I LO-Merging of multiplicities
I Combination of matched results
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QCD in e+e− annihilation

156 CHAPTER 8. QCD IN E+E− ANNIHILATIONS

(a)

(b)

Figure 8.1: Cross sections in e+e− annihilations. (a) Cross section for e+e− → hadrons as
a function of the center of mass energy. The ECM dependence is linear because the plot
is double-logarithmic. Source: [38]. (b) Comparison of cross sections for e+e− → hadrons
and for e+e− → μ−μ+. Both cross sections show the same 1/s dependence on the center
of mass energy squared, except at the Z resonance.

I SPEAR (SLAC): Discovery of quark jets
I PETRA (DESY) & PEP (SLAC): First high energy (>10 GeV) jets

Discovery of gluon jets (PETRA) & pioneering QCD studies
I LEP (CERN) & SLC (SLAC): Large energies → more reliable

QCD calculations, smaller hadronization uncertainties
Large data samples → precision tests of QCD
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Discovery of the gluon

[TASSO] PLB86(1979)243 & Proc. Neutrino ’79, Vol.1, p.113

I Gluon discovery at the PETRA collider at DESY
I Typical three-jet event (right) vs. two-jet event (left)
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Basic process for e+e− →hadrons

I Prediction for e+e− → qq̄ at leading perturbative order
differs from e+e− → µ+µ− only by quark charges

Q

e+

e−

q

q̄I Define ratio R =
σe+e−→hadrons

σe+e−→µ+µ−

LO−→
∑

i

e2q,i

[Particle Data Group] JPG37(2010)075021
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Three-jet cross section & corrections to e+e− → hadrons

I Kinematic variables xi = 2pi·Q
Q2

+

Q

p2

p1

p3

p2

p1

p3
Q

→ xi < 1, x1 + x2 + x3 = 2

I Differential cross section
d2σ

dx1dx2
= σ0

αs

π
CF

x21 + x22
(1− x1)(1− x2)

I Divergent as
I x1 → 1 (p3 ‖ p1)
I x2 → 1 (p3 ‖ p2)
I (x1, x2)→ (1, 1) (x3 → 0)
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Figure 8.4: A Dalitz plot showing the allowed region of the xq-xq̄ plane for a γ� → qq̄g
event with massless partons. The thick lines indicate the singularities where xq = 1 and
xq̄ = 1. Their intersection marks the position of the soft gluon singularity: xg = 0. The
concept of jets will be introduced later, but it is clear that there has to be at least a
certain angle between the gluon and the quarks if the jet in gluon direction is to be
detected separately. Source: [27, p. 74].

So, how does one deal with these singularities to find a meaningful expression for the cross
section to first order? Consider first the two-jet cross section. Two jets are detected when
the gluon is either very soft or almost parallel to the quarks such that only two energy
flows back-to-back can be measured. Including interference terms, the cross section in the
case of an unresolved gluon is given by (integration over two-jet region, see Fig. 8.4)

σtwo-jet(T ) =

∣∣∣∣∣∣�
∣∣∣∣∣∣

2

︸ ︷︷ ︸
O(α0

s)

+

∣∣∣∣∣∣�
∣∣∣∣∣∣

2

︸ ︷︷ ︸
O(α1

s)

+ 2Re

⎛
⎝� ·�

⎞
⎠

︸ ︷︷ ︸
O(α1

s)

+O(α2
s)

= σ0
(
1 + αsf(T ) +O(α2

s)
)

where T stems from the criterion separating the two- and three-jet regions of the Dalitz
plot: max{xq, xq̄, xg} < T. The singularities of the second and third term cancel and the
result is a function of the parameter T. However, our problem is not yet resolved, since
limT→1 f(T ) = −∞.

If the gluon can be resolved, a three-jet event is detected and the integration is over the

I Divergences canceled by virtual correction
Total correction to e+e− → hadrons:

Q
σNLO = σ0

(
1 +

3

4
CF

αs

π

)
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High-energy colliders and jets

[ALEPH]

8.2. JETS AND OTHER OBSERVABLES 163

Figure 8.7: Multi-jet event in the ALEPH detector.

response, etc. Finally, it should also be easy to implement. In order that we can test
QCD predictions, there has to be a close correspondence between the jet momentum (i. e.
energy, momentum, and angle) at the parton level and at the hadron level.

NB: Other requirements might strongly depend on the specific applica-
tion/measurement being performed: For a precision test of QCD there may be
requirements which for an analysis of W decays or searches for new physics might not be
necessary (e. g. infrared safety).

Further requirements come from QCD: We want to compare perturbative calculations
with the data. Therefore, the algorithm has to be insensitive to “soft physics” which
requires infrared safety and collinear safety.

Infrared safety requires that the configuration must not change when adding a further
soft particle. This would be violated by the following behavior2:

Collinear safety means that the configuration does not change when substituting one
particle with two collinear particles. The problem is visualized in this figure:

2Source: [41, pp. 4].
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Jet algorithms

I Identify hadronic activity in experiment
with partonic activity in pQCD theory

⇒ Requirements

I Applicable both to data and theory

I partons
I stable particles
I measured objects

(calorimeter objects, tracks, etc.)

I Gives close relationship between jets
constructed from any of the above

I Independent of the details of the
detector, e.g. calorimeter granularity
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Jet algorithms

Further requirements from QCD

I Infrared safety → no change when adding a soft particle

Counterexample:

I Collinear safety → no change when substituting particle
with two collinear particles

Counterexample:
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Jet algorithms

I Most widely used jet algorithms today of sequential recombination type

I Example: Durham algorithm

1. Start with a list of preclusters
2. For each pair of preclusters calculate

yij =
2

E2
cm

min
{
E2
i , E

2
j

}
(1− cos θij) ≈

k2T
E2
cm

3. Identify ykl = min
{
yij

}
4. If ykl < ycut, define all preclusters as jets and stop

else merge preclusters k and l and continue at step 1

I Ambiguities:
I Distance measure yij (e.g. Jade algorithm yij → 2pipj/E

2
cm)

I Recombination scheme (e.g. four-momentum addition pkl = pk + pl)
I Resolution criterion ycut

I For hadron collider algorithms, see [Salam] arXiv:0906.1833
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Jets in e+e− →hadrons

[ALEPH] CERN-EP-2003-084
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I Can compute n-jet rate in
coherent branching formalism
[Catani,Olsson,Turnock,Webber]

PLB269(1991)432

I Alternatively simulate
with MC event generators
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Event shape variables

I Shape variables characterize event as a whole

I Thrust (introduced 1978 at PETRA)

T = max
~n

∑
i |~pi · ~n|∑
j |~pj |

I T → 1 – back-to-back event
I T → 1/2 – spherically symmetric event

Vector for which maximum is obtained → thrust axis ~nT
I Jet broadening

Bi =

∑
k∈Hi

|~pk × ~nT |
2
∑
j |~pj |

Computed for two hemispheres w.r.t. ~nT , then
I BW = max(B1, B2) – Wide jet broadening
I BN = min(B1, B2) – Narrow jet broadening

I C-Parameter
Linearized momentum tensor

Θαβ =
1∑
j |~pj |

∑
i

pαi p
β
i

|~pi|
,

Eigenvalues λi define C = 3(λ1λ2 + λ2λ3 + λ3λ1)
12



Application of event shape variables

I Discovery of quark and gluon jets – Sphericity & Oblateness

I Measurement of strong coupling constant – T , C, B, MH , jet rates

[Dissertori et al.] arXiv:0906.3436

8.3. MEASUREMENTS OF THE STRONG COUPLING CONSTANT 191

(a) (b)

Figure 8.31: NNLO fit to ALEPH thrust data (a) and visualization of improvement in
NNLO over NLO (b). Source: [50, p. 11 and 17].

The corresponding uncertainty is typically 3.5 to 5 %.

As we have seen, the perturbative predictions have to be to sufficiently high order if we
are to accurately determine the strong coupling constant: Now a NNLO prediction is
available. Bearing in mind the foregoing, it has to be of the form

1

σ0

dσ

dy
(y,Q, μ) = αs(μ)A(y) + α2

s(μ)B(y, xμ) + α3
s(μ)C(y, xμ) +O(α4

s)

where y denotes an event shape variable and xμ = μ/Q. At this level of precision, one
has to take care of additional issues, such as quark mass effects and electro-weak effects
which typically contribute around or below the per-cent range.

The first determination of αs(MZ) based on NNLO (and NLLA) calculations of event
shape distributions [49, 50] yields

αs(MZ) = 0.1224± 0.0009 (stat) ± 0.0009 (exp) ± 0.0012 (hadr) ± 0.0035 (theo).

The fit to ALEPH thrust data is shown in Fig. 8.31(a). The largely reduced scatter of
values for different variables at NNLO is visualized in Fig. 8.31(b). Note that the reduced
perturbative uncertainty is 0.003.
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Parton evolution

I Consider e+e− → 3 partons

s12 s231

σ2→2

dσ2→3

d cos θdz
∼ CF

αs

2π

2

sin2 θ

1 + (1− z)2
z

θ - angle of gluon emission
z - fractional energy of gluon

I Divergent in
I Collinear limit: θ → 0, π
I Soft limit: z → 0

I Separate into two independent jets

2d cos θ

sin2 θ
=

d cos θ

1− cos θ
+

d cos θ

1 + cos θ
=

d cos θ

1− cos θ
+

d cos θ̄

1− cos θ̄
≈ dθ2

θ2
+

dθ̄2

θ̄2

I Independent evolution with θ

dσ3 ∼ σ2
∑
jets

CF
αs

2π

dθ2

θ2
dz

1 + (1− z)2
z
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Parton evolution

I Same equation for any variable with same limiting behavior

I Transverse momentum k2T = z2(1− z)2θ2E2

I Virtuality t = z(1− z)θ2E2

I Call this the “evolution variable”

dθ2

θ2
=

dk2T
k2T

=
dt

t
↔ collinear divergence

I Absorb z-dependence into flavor-dependent splitting kernel Pab(z)

= CF
1 + z2

1− z = CF
1 + (1− z)2

z

= TR
[
z2 + (1− z)2

]
= CA

[
z

1− z +
1− z
z

+ z(1− z)
]

I Branching equation emerges, but so far only pQCD, no hadrons

dσn+1 ∼ σn
∑
jets

dt

t
dz

αs

2π

1

2
Pab(z)
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The DGLAP equation

[Altarelli,Parisi] NPB126(1977)298

I Hadronic cross section factorizes into perturbative & non-perturbative piece

σ =
∑
a=q,g

∫
dx fa(x, µ2F )σ̂a(µ2F ) � =

∑
a�

Q

x

I Evolution from previous slide turns into evolution equation for fa(x, µ2F )

I fa(x, µ2F ) cannot be predicted as a function of x, but
dependence on µ2F can be computed order by order in pQCD
due to invariance of σ under change of µF

I DGLAP equation ↔ renormalization group equation

d

d log(t/µ
2
) �

qfq(x,t)

=

∫ 1

x

dz

z

αs

2π �
q

fq(x/z,t)

Pqq(z)

+

∫ 1

x

dz

z

αs

2π �
q

fg(x/z,t)

Pgq(z)

d

d log(t/µ
2
) �

g
fg(x,t)

=

2nf∑
i=1

∫ 1

x

dz

z

αs

2π �
g

fq(x/z,t)

Pqg(z)

+

∫ 1

x

dz

z

αs

2π �
g

fg(x/z,t)

Pgg(z)
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Properties of DGLAP kernels

I At leading order, splitting functions are probability densities
They obey a special symmetry relation (ε > 0)∑

b=q,g

∫ 1−ε

0
dζ ζ Pqb(ζ) =

∫ 1−ε

ε
dζ Pqq(ζ) +O(ε)

∑
b=q,g

∫ 1−ε

0
dζ ζ Pgb(ζ) =

∫ 1−ε

ε
dζ
[ 1

2
Pgg(ζ) + nf Pgq(ζ)

]
+O(ε)

Can thus replace 1/2→ z in branching equations
I Physical sum rules must hold at any order∫ 1

0
dζ P̂qq(ζ) = 0 → flavor sum rule

∑
c=q,g

∫ 1

0
dζ ζ P̂ac(ζ) = 0 → momentum sum rule

→ defines regularized DGLAP splitting functions P̂ab as

P̂ab(z) = lim
ε→0

[
Pab(z)Θ(1− ε− z)− δab

Θ(z − 1 + ε)

ε

∑
c=q,g

∫ 1−ε

0
dζ ζ Pac(ζ)

]
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PDF measurements

9.6. PARTON MODEL REVISITED 213

Figure 9.12: Coverage of the Q2-x-kinematic region at HERA.

Since scaling is no longer preserved, both Q2 and x (or y = Q2

sx
) have to be measured.

Those can be obtained by measuring the energy E ′e and angle θe of the scattered eletron
and using,

ye = 1− E ′e
2Ee

(1− cos θe)

Q2
e = 2EeE

′
e(1 + cos θe).

Fig. 9.16 shows the kinematic region measured at ZEUS while Fig. 9.17 shows the experi-
mental results for the structure function F2 as well as the NLO QCD fits. For low values
of x, the scaling violation appears very clearly. It is due to the inclusion of the processes
containing gluons.

Finally, Fig. 9.18 shows the measurement of the proton PDFs achieved at HERA. The
relative importance of the sea and gluon distribution can be seen to vary significantly for
Q2 between 1.9GeV2 and 10GeV2 (note the scale reduction!). One can notice similarities
with the expectation shown in Fig. 9.10.

9.6 Parton model revisited

In the following two sections we formalize the foregoing discussion and derive the expres-
sion of the QCD improved parton model for F2(x,Q

2)/x given in Eq. (9.17).

As we have seen the proton is a bound state of three quarks with strong binding. “Strong
binding” says that the quark binding energy is much larger than the light quark masses:
Ebind � mq. Compare this to the weak binding of the hydrogen atom electron:Ebind � me.
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x=0.65

x=0.40

x=0.25

x=0.18

x=0.13

x=0.08

x=0.05

x=0.032

x=0.02

x=0.013

x=0.008

x=0.005

x=0.0032

x=0.002

x=0.0013

x=0.0008

x=0.0005

x=0.00032

x=0.0002

x=0.00013

x=0.00008
x=0.00005

x=0.000032
x=0.00002

(i=1)

(i=10)

(i=20)

(i=24)

Q2 /GeV2

Fp 2+
c i(x

)

NMC BCDMS SLAC H1

H1 96 Preliminary
(ISR)

H1 97 Preliminary
(low Q2)

H1 94-97 Preliminary
(high Q2)

NLO QCD Fit
H1 Preliminary

ci(x)= 0.6 • (i(x)-0.4)

0

2

4

6

8

10

12

14

16

1 10 10
2

10
3

10
4

10
5

Figure 9.17: Proton structure function F p
2 measured by H1 and other experiments for

various values of Q2 and x. Scaling violations appear for x < 10−2.

mp � 3mq, see Fig. 9.19(b). If, however, the proton consisted of three light and strongly
coupled quarks, mq � 1/3mp, the peaks of ξf(ξ) would still be located around 1/3, but,
since most energy is present in the form of potential and kinetic energy, they would be
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PDF measurements

218 CHAPTER 9. PROTON STRUCTURE IN QCD

(a) (b)

Figure 9.18: Parton distribution functions of the proton (a) Q2 = 1.9GeV2. (b) Q2 =
10GeV2. The sea and gluon PDFs are reduced by a factor 20.

smeared out significantly at any given instant of time, as shown in Fig. 9.19(c).

1
Ξ

Ξ fq�Ξ�

(a) Pointlike proton.

1

3
1

Ξ

Ξ fq�Ξ�

(b) Three massive, weakly interact-
ing quarks: mp � 3mq.

1

3
1

Ξ

Ξ fq�Ξ�

(c) Three light, strongly coupled quarks:
mq � mp/3.

Figure 9.19: Quark momentum density ξfq(ξ).
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How event generators fit in
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Event generators in 1978

[Andersson,Gustafson,Ingelman,Sjöstrand] Phys.Rept.97(1983)31

. ..................................................................................................................................................................................................................................... ....................
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.............................................................................................................................................................................
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............
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.....................

..................................

........................................
................

................
............
..........
............
..........
............
................
.....................
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(a)
z

tqq

(b)

I Lund string model: ∼ like rubber band that is pulled apart
and breaks into pieces, or like a magnet broken into smaller pieces.

I Complete description of 2-jet events in e+e− →hadrons
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Event generators in 1978

[Andersson,Gustafson,Ingelman,Sjöstrand] Phys.Rept.97(1983)31

1978: JETSET version 1

≈ 200 punched cards

Fortran code

Torbjörn Sjöstrand Status and Developments of Event Generators slide 4/28
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Experimental situation in 2016
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Event generators in 2016

Need to cover large dynamic range

I Short distance interactions
I Signal process
I Radiative corrections

I Long-distance interactions
I Hadronization
I Particle decays

Divide and Conquer

I Quantity of interest: Total interaction rate

I Convolution of short & long distance physics

σp1p2→X =
∑

i,j∈{q,g}

∫
dx1dx2 fp1,i(x1, µ

2
F )fp2,j(x2, µ

2
F )︸ ︷︷ ︸

long distance

σ̂ij→X(x1x2, µ
2
F )︸ ︷︷ ︸

short distance
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General-purpose event generators for LHC physics

[Buckley et al.] arXiv:1101.2599

Herwig

I Originated in coherent shower studies → angular ordered PS
I Front-runner in development of MC@NLO and POWHEG
I Simple in-house ME generator & spin-correlated decay chains
I Original framework for cluster fragmentation

Pythia

I Originated in hadronization studies → Lund string
I Leading in development of multiple interaction models
I Pragmatic attitude to ME generation → external tools
I Extensive PS development and earliest ME⊕PS matching

Sherpa

I Started with PS generator APACIC++ & ME generator AMEGIC++
I Current MPI model and hadronization pragmatic add-ons
I Leading in development of automated ME⊕PS merging
I Automated framework for NLO calculations and MC@NLO
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Radiative corrections as a branching process

[Marchesini,Webber] NPB238(1984)1, [Sjöstrand] PLB157(1985)321

I Make two well motivated assumptions
I Parton branching can occur in two ways

- observed

+ - unobserved

I Evolution conserves probability

I The consequence is Poisson statistics
I Let the decay probability be λ
I Assume indistinguishable particles → naive probability for n emissions

Pnaive(n, λ) =
λn

n!

I Probability conservation (i.e. unitarity) implies a no-emission probability

P (n, λ) =
λn

n!
exp{−λ} −→

∞∑
n=0

P (n, λ) = 1

I In the context of parton showers ∆ = exp{−λ} is called Sudakov factor
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Radiative corrections as a branching process

I Decay probability for parton state in collinear limit

λ→ 1

σn

∫ Q2

t
dt̄

dσn+1

dt̄
≈
∑
jets

∫ Q2

t

dt̄

t̄

∫
dz
αs

2π
P (z)

t

z

Parameter t identified with evolution “time”

I Splitting function P (z) spin & color dependent

Pqq(z) = CF

[
2

1− z − (1 + z)

]
Pgq(z) = TR

[
z2 + (1− z)2

]

Pgg(z) = CA

[
2

1− z − 2 + z(1− z)
]

+ (z ↔ 1− z)

I Matching to soft limit will requires some care, because
full soft emission probability present in all collinear sectors

1

t

2

1− z
z→1−→ pipk

(piq)(qpk)

Soft double counting problem [Marchesini,Webber] NPB310(1988)461

I Let us first see how to compute the Poissonian in practice
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Monte-Carlo methods: Basic integration

I Pseudo-random number generators produce uniform numbers
I The probability to draw a point in [x, x+ ∆x] is ∆x

hence we can compute integrals as expectation values

I =

∫ 1

0
dx =

1

N

N∑
i=1

1 = 〈1〉 = 1

N - Number of MC events (points)
I The statistical uncertainty on this integral is

σI =

√
〈12〉 − 〈1〉2
N − 1

= 0 , if N > 1

I Repeating this with an unknown function f(x) and
arbitrary integration range reveals the power of the method:
MC error scales as 1/

√
N , independent of number of dimensions

I =

∫ b

a
dx f(x) =

b− a
N

N∑
i=1

f(x) = [ b− a ]〈f〉

σI = [ b− a ]

√
〈f2〉 − 〈f〉2
N − 1

28



Monte-Carlo methods: Basic hit-or-miss
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Monte-Carlo methods: Importance sampling

I So far we used uniformly distributed random numbers

I Assume we want points following the distribution g(x)
and that g(x) has a known primitive G(x) =

∫ x
dx′g(x′)

I Probability of producing point in [x, x+ dx] should be g(x) dx
I This can be achieved by solving the following equation for x∫ x

a
dx′ g(x′) = R

∫ b

a
dx′ g(x′)

where R is a uniform random number in [0, 1]

x = G−1
[
G(a) +R

(
G(b)−G(a)

)]
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Monte-Carlo methods: Importance sampling

I In many cases we can approximate the unknown integral of a function f(x)
with some known function g(x) such that primitive G(x) is known

I This amounts to a variable transformation

I =

∫ b

a
dx g(x)

f(x)

g(x)
=

∫ G(b)

G(a)
dG(x)w(x) where w(x) =

f(x)

g(x)

I Integral and error estimate are

I =
[
G(b)−G(a)

]
〈w〉 σ =

[
G(b)−G(a)

]√ 〈w2〉 − 〈w〉2
N − 1

N - Number of MC events (points)

I Note: I is independent of g(x), but σ is not
→ suitable choice of g(x) can be used to minimize error
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Monte-Carlo methods: Poisson distributions

I Assume nuclear decay process described by g(x)

I Nucleus can decay only if it has not decayed already
Must account for survival probability ↔ Poisson distribution

G(x) = g(x)∆(x, b) where ∆(x, b) = exp

{
−
∫ b

x
dx′ g(x′)

}
I If G(x) is known, then we also know the integral of G(x)∫ b

x
dx′G(x′) =

∫ b

x
dx′

d∆(x′, b)

dx′
= 1−∆(x, b)

I Can generate events by requiring 1−∆(x, b) = 1−R
x = G−1

[
G(b) + logR

]
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Monte-Carlo methods: Poisson distributions

I Hit-or-miss method for Poisson distributions → veto algorithm
I Generate event according to G(x)
I Accept with w(x) = f(x)/g(x)
I If rejected, continue starting from x

I Probability for immediate acceptance

f(x)

g(x)
g(x) exp

{
−
∫ b

x
dx′ g(x′)

}
I Probability for acceptance after one rejection

f(x)

g(x)
g(x)

∫ b

x
dx1 exp

{
−
∫ x1

x
dx′ g(x′)

}(
1− f(x1)

g(x1)

)
g(x1) exp

{
−
∫ b

x1

dx′ g(x′)

}

I For n intermediate rejections we obtain n nested integrals
∫ b
x

∫ b
x1
. . .
∫ b
xn−1

I Disentangling yields 1/n! and summing over all possible rejections gives

f(x) exp

{
−
∫ b

x
dx′ g(x′)

} ∞∑
n=0

1

n!

[∫ b

x
dx′

[
g(x′)− f(x′)

]]n
= f(x) exp

{
−
∫ b

x
dx′ f(x′)

}
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Monte-Carlo method for parton showers

I Start with set of n partons at scale t′, which evolve collectively
Sudakovs factorize, schematically

∆(t, t′) =
n∏
i=1

∆i(t, t
′) , ∆i(t, t

′) =
∏
j=q,g

∆i→j(t, t
′)

I Find new scale t where next branching occurs using veto algorithm
I Generate t using overestimate αmax

s Pmax
ab (z)

I Determine “winner” parton i and select new flavor j
I Select splitting variable according to overestimate
I Accept point with weight αs(k

2
T )Pab(z)/α

max
s Pmax

ab (z)

I Construct splitting kinematics and update event record

I Continue until t falls below an IR cutoff
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