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The QCD scale-setting problem




Basic idea of perturbative theory: A physical quantity
p could be expanded in the following form

+1 +2
()= ro as® (ur) + ¥1aP™" (k) + x2 asP™ (ur) + - ..

BB FRSIAERNHUHR. ERUER

RS- AR
E%)IUHS‘ E%ﬂz‘ 4 SR -RIUERME

ERNSRASERME

Up to infinite order, there is no scheme- and scale-
dependence, i.e., any choice of scheme/scale should result in
the same prediction.
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Conventional scale-setting approach— — “}§”

=>"Choose"” the scale Q to be typical momentum transfer,
or the one to eliminate the large logs

=>"Keep it fixed” throughout the calculation

=>"Vary” in a certain range, e.g. [Q/2, 2Q], [Q/3, 3Q],
to discuss its uncertainty or to predict unknown high-order contributions
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To deal with pQCD series as a whole

Optimized perturbation theory — f
minimize the higher-order contributions - PMS | i Local RGI
# RGI

PMC=> B-term

B it
How about directly set it to satisfy the RG |nvar|ance]
BLM=> nf-term fi fj :

n Any observable <=> an effective coupling constant (idea useful) |

Fastest Apparent Convergence (FAC)

To deal wir " ok .
;; How about directly cut off all higher-order- terms?]
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Optimal procedure for obtaining precise QCD predictions is
to choose the (optimal) scale so that the result is
scheme- and scale- independent even at fixed order!
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sure the Self-Consistence of a scale-setting met
think it should satisfy several general properti

PHYSICAL REVIEW D 86, 054018 (2012)

Self-consistency requirements of the renormalization group for setting
the renormalization scale
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but specified at another scale i/ up to all orders,

Reflexivity. Given a a.(p) specified at a scale p, we can express it in terms of itself

(i) = as(p@) |+ filp, 1)l (W) + folp, p)al () + -+, |oe(n)
ou'
where fi(p,p') = —f—fr In(p? /) and 3y = 11 — 2N;/3. If a scale-setting scheme is

self-consistent, it should choose the unique value p/ = ;i on the right-hand side.




Svmmetry. Given two different coupling constants aq(j) and ago(p2), we can express
one of them in terms of the other:
[N
third e (p1) = asa(pz) + ria(p, p)aly(p2) + -+ -, (33)
4 .
alfta) = aer(ptr) + 7o (#‘2:,‘11)&51 (pra) - (34)
If a scale-setting method gives| o = Agy ,u.|| for the first series and|[ft; = Ao [for the
second series, then this scale-setting method is said to be symmetric 1ﬂ A2y = 1”
Relatiow of observables must be independent of intermediate scheme
[N
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Phys. Rev.D 28, 228 (1983)

BLM-ETQEDIAIR, DAnf-TIRNEEXRIBTEalphasiTH,
BERIFE/MIN— - SIBBTFR

of 1| io].
T T f ST

QEDIRFR T
# W F Gell-Man —Low/5%
_. ] |

The Ward-Takahashi identity ensures exact cancellation between vertex- and
wavefunction renormalizations; the renormalized coupling is the effective
electric charge, which takes into account the vacuum polarization at a given
momentum transfer.

Simple
review
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Naive truncated series to know o,

= 2
at different scale --- not reliable ! as(P)=ar(Q)+ [ (P,Q)ayr(Q)

1 Why it is better and useful ?
A way out for scale-dependence

The scale is changed along
the evolution trajectory with
Conventional RGE ™ a continuous fashion, thus
avoiding the presence of
d aF () = e\t dissimilar scales and large

( = ) =->) 8 ( = ) expansion coefficients
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Can we discuss the uncertainty

diffiarg:tsgge?nedI\e/?cdes\;cgrsa ‘of cR in a consistent way as that
o of the scale ?

S.J. Brodsky and H.J. Lu, Phys.Rev. D51, 3652(1995).
1 \ \ : J
EXtended RGE = G. Grunberg, Phys.Rev. D46, 2228(1992).

|| Equivalent to usual RGE ||
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Scale equation

Useful for a reliable error
analysis on higher order

Scheme equations
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Choose renormalization scheme; e.g. aff(piB®)

. !

Choose p'i't; arbitrary initial renormalization scale

!

Identify {,:'S’E-R} — terms using ny — terms

through the PMC — BLM correspondence principle
order-by-order l

Shift scale of s to uiMC to eliminate {55} — terms

}

Conformal Series

Result is independent of ui3® and scheme at fized order
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To find out all the terms
connected with the RGE,
using them to determine
the correct o -running at
each order
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We call it " The BLM - PMC correspondence’

PMC-I allows one to obtain the correct PMC scales using a step-
by-step method without first transforming the ng-terms into the
i Bi }-terms. This procedure is based on the observation that one
can rearrange all the Feynman diagrams of a process in form of
a cascade; i.e., the “new” terms emerging at each order can be
equivalently regarded as a one-loop correction to all the “old”
lower-order terms. All of the ng-terms can then be absorbed into

the running coupling following the basic f-pattern in the scale-

displacement formula, i.e. Eq. (3).
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PMC-II suggests that the coefficients of the {f;j}-terms in the
f-pattern can be fixed by requiring a “degeneracy relation” among
different {pfj}-terms at different orders; the result resembles a
skeleton-like expansion [4,5]. By resumming the {fj}-series accord-
ing to this expansion, one also correctly reproduces the Abelian
N¢ — 0 limit of the observables [27]. Thus one can simultaneously
determine the PMC scales Qy; at all orders from their initial val-
ues po; e po— Qui1, oo — Qu.a2, o — Qu3, ---, by resumming the
{ Bi}-terms into the running couplings in the skeleton-like form.

We will generalize this by defining the 5-Renormalization
scheme, Rz, where one absorbs In(4x) — ye — 6, ie.

p* = pz exp(ln 4 — yp — &), (10)

where & is an arbitrary finite number, and by appropnate
choice will connect all MS-type schemes. In particular,]

R, = M, (11a)
Rlll dx—¥E = MS‘ {1 lb)
R, =G, (11¢)

dos dos
7 rid i L)

p(a) -0

.

WRB=0, TIERM T, REHRITLX
HUERHREFACSR; =B BIKH




R —E

\

11C4
F']_;.I,I;.=f;z_c|+ aAT; a1
1 .
il = — [ -84 T + 1324 CTrIC21+
16T2

16T2c3.0 +44CaTrcaq + 121 r:i.:u] ,

1 | |
rjo=——5[2CaT#(~287C3 + 1208CACF +
64T

924CF)c2,1 —48CATF(7Ca + 11CF)e31 —
264C3TE (7C4 +11CF) c32 + 64T 2cq g +
176CaTrca1 +484C5Trca 2 +1331C3ca 1],

PMCISPMCIIBIZE %

Phys.Lett.B748,13(2015)
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predicti d
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F=6n2(n+1)c geaz + (2n3 +8n2+13n+ 7) 3,
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As indicated by Eqs. (12), (13), (14), the LO logarithmic scale differ-
ence A; starts at the order a2, which changes to order a! for the

NLO As,, and to order a? for the NNLO As. The value of A; can

Z= Al RUK
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Table 1
The logarithmic scale difference A; for Resp- (Q =31.6 GeV), risz hadrons),
{Ti15) —<e*e”), and I'(H — bb) up to four-loop QCD corrections, where NS 0.055
stands for the non-singlet contribution. C
*
A ™ A ,unvl.
R - p : = PMC-1
ere— 10 =31.6 GeV) —0.0043 +0.0973 +1.9389 _
(7 — hadrons) —0.0030 —0.0826 +2.0432 nnst + PMOC-I1 |
F(Ti5) —ete) +0.0353 +0.1047 +0.0816
I'itH — bb) +0.0001 —0.0014 —0.0018 Fi
. - = 4 H
found in Refs. _Eﬁt%ﬁﬁﬂiﬁfé%uf H — bb, the computed LA
scale differences are very small at any order. For example, the 0.045 1 1
largest difference for the case of H — bb is found between () 3 . e
and Qy s. whEh is less mr?sn 0.2%. The logarithmic scale differ- | 1%%{5%@%
ences for Kie 4+ e—) and T Z — hadrons) are somewhat larger;
their magnitudes follow the trend [&51] < [252] < [#3). indicat- 0.04 e e P
ing that the PMC-1 and PMC-Il scale differences quickly dimin- t z 3
ish as we include more [fi;}-terms to fix the PMC scales. In
0.35 T . .
Table 2 + Conv.
The contributions of each of the contributions [LO, MLO, M*LO and NYLO) to the x "'«'H:-]
four-loop pOCD appraximate R i3t )
} I 1
Lo NLO NLO LD Total * DPMC-II
FMC-1 0.04294 000340 —0.00002 —0.00001 0.04531
FMC-1I 0.04290 000352 —0.00004 —0.00002 0.04636 o
Comv. 0.04499 0.00285 _ 000117 —0.00033 0.04534 02571 ) {H - 7
JW s +
Tabie 3 ff&m%ﬁﬁ%
The contributions of each of the contributions (L0, MLO, NL0 and NLO) to the {1L2F -
four-loop pQD approximate RJ]".
Ly MLO MNELO M LO Total
FMC-1 0.2268 00243 —0.0091 —0.0012 0.2414 0.15 . . .
PMC-1I 0.2268 00243 —0.0094 —0.0012 0.2411 ; T I H
prt ; ; R R R}
Conv. 02057 00377 +0.0019 —0.0014 0.2419 ‘] 2
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FIG. 1. The determined PMC scale ), for R{(}) up to N2LLO
accuracy. Q',',l'l is at the LLO accuracy, Q';Ql is at the NLLO
accuracy and Qi‘;" is at the N°LLO accuracy. @ = 31.6 GeV.

FIG. 2. The dcternflipcd PMC scale Q, for H — bb up to
N2LLO accuracy. Q." is at the LLO accuracy, Q\” is at the
NLLO accuracy and Q' is at the N?LLO accuracy. p = My.
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Collogquium: The QCD running coupling and the elimination of the
scheme-and-scale ambiguities for fixed-order pQCD predictions




What's C-scheme coupling ?
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As suggested by Ref.(Boito et al., 2016), one can define a new coupling 4, = &.(u)/7 in the following way:

1 3 . . =
— 4+ =Ina, = lrl't—2 +C .
d,  Bo A
o e a2 3.
= - 8& n"j[]{f[2 . - . e - ." @ Inj] L3 e - q
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() = ¢ Bu? 1_%};% .U,_.;_ 1/Bo)" d, T i T .d['% o u

day,

5y 3: . 32 5 . . _
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FIG. 4 (color online) D™ (M2, ") for the Adler function as a function of the parameter (. The solid line is the prediction
using conventional scale setting, the lighter-shaded band is the uncertamnty for a four-loop prediction A = +|cq(p /M- }&f,h\,{_-\x
(Left) and for an approximate five-loop prediction A = +|es(p/M- }&f,|m_q.x (Right), where MAX 15 the maximum value for
p € [M-,4M-]. When € = —0.972 (Left) and €' = —1.129 (Right), the error bar as shown by a vertical solid line is the
minimum. The dash-dot line represents the four-loop PMC prediction, and the darker shaded band is for A = :|:|fn1,c|é.$'| .
The independence of the PMC prediction on the parameter C demonstrates its scheme-independence.
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FIG. & (color online) 8% (M2, ) for T decay as a function of the parameter . The solid line is the prediction using conventional
scale setting, the lighter-shaded band 1s the uncertfi.inty for a four-loop prediction A = 4|ég(p/M ]&:JM_A\.X (Left) and for an
approximate five-loop prediction A = £|és (/M- }a; |aax (Right), where MAX is the maximum value for p € [M-, 4M_]. When
' = —1.638 (Left) and €' = —1.183 (Right), the error bar as shown by a vertical solid line 15 the minimum. The dash-dot line
represents the four-loop PMC prediction, and the darker shaded band 1s for A = :I:|?"¢:n&1qv| . The independence of the PMC
prediction on the parameter €' demonstrates its scheme-independence.
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TABLE 1. Dependence of the tf production cross sections (in unit: pb) at the Tevatron and LHC on the initial renormalization scale 035 B -
pnit = 0. Here, m, = 172.9 GeV. The number in parenthesis shows the Monte Carlo uncertainty in the last digit. O35E  firest frame AT, [ B 03} Llabframe AT, -:zﬂ 08 AL, (M, > 460 GeV) -f;ﬁ
PMC scale setting Conventional scale setting g_; -::c
O=m/4 Q=m 0=10m, 0=20m, O=VF px=m/2 px=m ug=2m, -
Tevatron (1.96 TeV) 7.620(5) 7.626(3) 7.625(5) 7.624(6) 7.628(5) 7.742(5) 7.489(3) 7.199(5) z: e
LHC (7 TeV) 171.6(1) 171.8(1) 171.7(1) 171.7(1) 171.7(1) 168.8(1) 164.6(1) 157.5(1) s
LHC (14 TeV) 941.8(8) 941.3(5) 942.0(8) 041.4(8) 942.2(8) 923.8(7) 907.4(4) 870.9(6) o
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190 FIG. 1. Comparison of the PMC prediction for the top-pair
T T T ! ! ! asymmetry Agg(M; > 450 GeV) with the CDF measurement
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t t comparison, and are shown by shaded bands.
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FIG. 1 (color online). The Ap parameter versus the initial
renormalization scale 4™ under the conventional scale setting.
The solid, dashed and doted lines stand for QCD corrections
up to NLO/two-loop, N’LO/three-loop and N*LO/four-loop,

respectively.
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FIG. 2 (color online). The Ap parameter versus the initial
renormalization scale 4™ under the PMC scale setting. The solid,
dashed and doted lines stand for QCD corrections up to NLO/
two-loop, N’LO/three-loop and N*LO/four-loop, respectively.
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TABLEIL The parameter Ap, the shift §p. and the K factor before and after the PMC scale setting. Ap|, with i = LO, NLO, N’LO and
N?LO denote the QCD corrections up to one-loop, two-loop, three-loop, and four-loop levels, respectively. The dp|; and K; stand for the
shift of Ap|; and K factor for the two-loop, three-loop or four-loop level, respectively. u7™ = M.

Conventional scale setting PMC scale setting
LO NLO N’LO NLO LO NLO N’LO N3LO
Ap|,(x1073) 9411 8.483 8.305 8.257 9.411 8.175 8217 8.228
8pl;(x107%) e -0.928 -0.178 —0.048 e —1.236 0.042 0.011
K; 9.8% 21% 0.6% 13% 0.5% 0.1%

TABLE III. The shifts 5My and &sin® 6! due to the QCD
improved p parameter before and after the PMC scale setting,
where the symbols NLO, N>LO, and N°LO shift due to the QCD
corrections up to two-loop, three-loop, and four-loop levels,
respectively. ™ = M,.

Conventional PMC
NLO N?LO NLO NLO NXLO NLO

oMy|; (MeV) =523 =100 =27 -69.7 424 40.7

ssin“@<!|. (x10™) +29.0 +5.6 +1.5 +38.6 —-1.3 —04
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70 TABLE V. The fiducial cross section ogq(pp — H — yy) (in
PMC units of fb) at the LHC for c.m. collision energies v/S = 7, 8 and
&0 Conv. i .
JS_8Tev CHOXS 13 TeV, respectively.
NNLO+NNLL
sof o ]
~ P oaalpp = H = yy) 7 TeV 8 TeV 13 TeV
Py —— ] — _.l_.' —
o |1 ATLAS data [51] 49+ 18 4257193 52+40
S l } ] LHC-XS [3] 247 £2.6 31.0+32 lfinlﬁl‘_"g"‘fji
1 PMC prediction 30.1723 38.377¢ 85.812]
20f 1 — = =
10 APPEATION — PRWZP:;OF R TABLE V. The fiducial cross section ogpg(pp — H — yy) (in
. . M PMC - units of fb) at the LHC for c.m. collision energies VS =7,8and
FIG. 6. Comparison of the NNLO conventional vs PMC = wf o 13 TeV. respectivel
predictions for the total inclusive cross section oy, with the z ey » [EOPEC Y
latest ATLAS measurements at 8§ TeV [4]. The LHC-XS u_— - -
predictions [3], the NNLO + NNLL prediction [9], and the L . osalPp = H = v7) 7 Tev 8 TeV 13 Tev
NNNLO prediction [10] are presented as a comparison. The § oy === R— ATLAS data [51] 49 + 18 42.5:]]3-3 52:;1‘?
solid lines are central values. B LHC-XS [3] 247+£26  31.0£32 661708
FIG. 70- C aris { the PMC predictions for the fiducial PMC Prﬂ]i{:li{}n 3{}‘] :523 38‘3:225 85‘8:551‘.;

cross section ogq(pp — H — yy) with ATLAS measurements at
various collision energies [51]. The LHC-XS predictions [3] are
presented as a comparison.
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FIG. 2: The form factor F(Q?) versus the momentum transfer

FIG. 1: The PMC scale of the NNLO form factor F(Q?)
squared @2 under conventional and PMC scale setting.

versus the momentum transfer squared Q*. The usual choice

of 1y = /Q? + m? is presented as a comparison.
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Summary and Outlook
TEEE—




Up to infinite order, the predictions are scheme and scale
independent, there is no scale ambiguity

At fixed-order, guessing/using typical momentum flow as the
scale, one cannot get precise value for all-orders, and also for
each order, becoming an important systematic error
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Before and after applying the PMC, the issues are always like this
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PMC predictions:

Quickly approaches its “true” value

More accurate predictions for low orders without initial scale dependence
Residual scale uncertainty is small




|) PMC solves the problem on when there are several momentum flows, which one is
preferable for sefting the scale. — example for hadronic Z decay, the PMC scale is close
to mZ, but not mt. — Phys.Rev.D90,037503(2014)

Il) How to apply PMC to deal with such kind of multiscale problem is in progress; There is
no conflict on setting the scale and resuming large logs

Ill) How to use PMC predictions in connection with the low-energy data to achieve a
better prediction of alphas in whole region is in progress
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—— LFHQCD+pQCD (2016)
— LrHOCDs0CD MO / Phys.Lett.B773,98(2017) \
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06 sy PMC
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Conventional
pQCD in MS

Our initial results indicates PMC may work, but
we should do some proper alterations.
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e.g. how to get reliqblb PMC prediction in the
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Fig. 2. (Color online.) Matching procedure applied to PMC calculation (blue line).
It is matched to the LFHQCD results (magenta line) by requiring the continuity

of both @y, and its g-function. The blue band is the PMC prediction evaluated
down to Q =1.5 GeV, and the red band shows the conventional MS prediction
from Ref. [31]. We use x =0.523 GeV for LFHQCD.
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