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o , , low-energy neutral pion
phOtOpI’OdUCtion, E,y S 170 MeV Bernard,Kaiser, MeiBner, Scherer, Tiator

@ Polynomial parametrizations which incorporate unitarity in
the S'Wave, Ery ~ 185 |V|eV Hornidge, C. Férnandez-Ramirez, Bernstein
@ ChPT calculations including isosping breaking. var, Hannar,

Hoferichter, Nogga, Kubis,Nogga

Wlth A(1232), E’Y ~ 200 |\/|eV Hiller Blin, Ledwig, Vicente Vacas

o Effective field theories, parametrizations,
parametl‘izations, hlgher energies. Anisovich,Drechsel, Kamalov, Tiator,

Haidenbauer, Krewald, Mei3ner

@ Phenomenological parametrizations, basic principles of S
matrix, unitarity, correct threshold behavior, Fermi-Watson
Theorem, approaCh Workman, Paris, Briscoe, Strakovsky



Linear model: ,
Y=50+> BiXj+e (1)
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Bj = 87)(,-; Penalty A Z f(5)) (2)
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J=1

e ~ N(u. ), p(8) = N°_, g(B), With 3 = (8o, B1, .. Bp) "
PBIX. V) o< F(YIX, B)P(BIX) = F(YIX. B)p(B)  (4)

Ridge g(5;) ~ gaussian LASSO g(3;) ~ double exponential

s 2 4 o 1 2 3 3 2 4 o 1 2 3



Discretize \

Split the data set into kK ~ 5 (or 10) parts

In every iteration, set 4 parts to be the , 1 part
the

Minimize x%

Evaluate Cross Validation Error (CV), CV = 1 YK . (y; — )
or X%/ for every i part and average it for every A.

Cross-Validation Erro
Standardized Coefficients
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Nested models {M;} with i parameters, My < Mo < .... < M

My = 5o+ Bix1 +e

Mz :y = Bo+ BiXy + BaXo + €
M; < Ms. How to evaluate the models given a set of data?
Training error, > (y — §)?, x5? but.. size of test error?.
n, number of observations; k, number of parameters;

— —2max log(L(d|data)) + 2k = x° + 2k
= AIC + 21Url)
n—
— —2max log(L(f|data)) + 2log(n) = x? + k log(n)



o Ability to recover the true model (least squares needs a
large amount of data)

@ Minimal predicted errors

@ Good variance-bias trade-off

@ Reduces the correlations between the parameters
o Select “simple” models




For M the electric £, ., and magnetic M, , multipoles,

q/o imax a; W0 — 0 i

— ™ ! ™ my

Re,Im M, = —5 0= ( ) (5)
T =0 L

g,0 €. m. momentum, w_o energy, &; fitting parameters

1 1 1
Ei = é(P1 + P2);M1+ = 6(P1 - Ps +2P3); M- = §(P3 + Py — P1)
(6)

Includes P and D waves, and

2 2i
. Qr+ aj Qr+

AEy: = . 7

0 ’m72T+ pare 10—/ (mi) )

supplements the S wave multipole to take into account the 7+ n
threshold cusp. 46 parameters.



do q,,ro

dQ(S 0) = &, Wr(s,0)
_oL—o _ Ws(s0) .,
Y(s,0) = ot WT(S,G)Sm 0 (8)

Electromagnetic responses, Wy and Ws:
Wr = To(s) + T1(S)P1(0) + Ta(S)P2(0) +

Ws = So(S) + Si()P1(6) + ... 9)
Legendre Polynomials P;(6) , and
ZRe{M )TAM(s)} ZRe{M )ShM;(s)
being M;(s) = Eoy, E1y, Eoy Eo My My Moy, Mo

LASSO xF(\) = x3( +A4Z\a, (10)



Analysis with the 46 parameter

model
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. S and P partial waves.
Red curves and bands indicates the
Lasso solution. Blue lines stand for the
benchmark solution. Orange curve
and bands are the solution for A = 0.
The solution with A = 3 is indicated with
brown color.
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Result:



o Model 1, k parameters
o Model 2, m+k parameters
If the true values of the m extra parameters vanish,

- _(a-x)/k
X3/(n—m— k)
is F(k, n— m — k) distributed. A value of y beyond a chosen CL

limit indicates that the more complex model 2 is significantly
better than 1.

(11)




D. Hornidge et al., PRL111,062004 (2013), S. Schumann et al.,
PLB750, 252 (2015)
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Bo = (2.41 £0.05) x 1073m ]

Agrees with the value from, S. Schumann et al., PLB750,252,
Bo = (2.2 + 0.2[stat.] + 0.6[syst.]) x 1073m_}.
(A2 Collaboration, 2015)



Q , in combination with and
provides a tool to scan large
classes of models, selecting the simplest model with
minimum number of parameters and prediction error
@ It has a wide range of applicability, being a promissing tool
for the analysis of data of the
in future experiments




