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with an exhaustive list of references
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Foreword. Precision measurements at the FCC-ee: the wish-list to theory

Table 2: Measurement of Electroweak quantities at the FCC-ee, compared with the present precisions.

Observable Present FCC-ee FCC-ee Source and
value ± error Stat. Syst. dominant exp. error

mZ (keV/c2) 91186700 ± 2200 5 100 Z line shape scan
Beam energy calibration

ΓZ (keV) 2495200 ± 2300 8 100 Z line shape scan
Beam energy calibration

RZ
` (×103) 20767 ± 25 0.06 1 Ratio of hadrons to leptons

Acceptance for leptons
αs(mZ) (×104) 1196 ± 30 0.1 1.6 RZ

` above
Rb (×106) 216290 ± 660 0.3 <60 Ratio of bb̄ to hadrons

Stat. extrapol. from SLD [7]
σ0

had (×103) (nb) 41541 ± 37 0.1 4 Peak hadronic cross-section
Luminosity measurement

Nν(×103) 2991 ± 7 0.005 1 Z peak cross sections
Luminosity measurement

sin2θeff
W (×106) 231480 ± 160 3 2 - 5 Aµµ

FB at Z peak
Beam energy calibration

1/αQED(mZ)(×103) 128952 ± 14 4 small Aµµ
FB off peak

Ab,0
FB (×104) 992 ± 16 0.02 <1 b-quark asymmetry at Z pole

Jet charge
Apol,τ

FB (×104) 1498 ± 49 0.15 <2 τ polar. and charge asymm.
τ decay physics

mW (keV/c2) 803500 ± 15000 600 300 WW threshold scan
Beam energy calibration

ΓW (keV) 208500 ± 42000 1500 300 WW threshold scan
Beam energy calibration

αs(mW)(×104) NA NA 3 small RW
`

Nν(×103) 2920 ± 50 0.8 small Ratio of invis. to leptonic
in radiative Z returns

mtop (MeV/c2) 172740 ± 500 20 small tt̄ threshold scan
QCD errors dominate

Γtop (MeV/c2) 1410 ± 190 40 small tt̄ threshold scan
QCD errors dominate

λtop/λ
SM
top m = 1.2 ± 0.3 0.08 small tt̄ threshold scan

QCD errors dominate
tt̄Z couplings ± 30% <2% small ECM = 365GeV run

- 9 -similar requirements to theory@Z pole from CEPC and FCC-ee
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Radiative corrections required for two processes

∗ s-channel ff̄ production
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• differential cross sections
• Z decay widths

∗ t-channel small angle Bhabha scattering (large angle included above)
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∗ rad. corr. means
• Feynman diagrams calculations with bosonic γ, W , Z and fermionic

insertions in all possible ways (virtual and real) to the tree-level
amplitudes

• development of simulation tools (MC event generators/MC
integrators including consistently higher order amplitudes)
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separation of QED and EW corrections

• among the complete SM higher order corrections, photonic (QED)
corrections display characteristic features (similarly for QCD
corrections, but they appear only for hadronic final states or in
higher orders)

• both virtual and real corrections are involved
• they develop large IR/collinear logarithms ∼ log

(
∆E
Q2

)
log
(

m2

Q2

)

• where ∆E is some maximum real photon energy induced by the
event selection for final state fermions

• moreover, ΓZ

MZ
∼ 3% inhibites hard photon radiation from the initial

state
=⇒ large effects on observables, which depend also in a non-trivial way

on the applied event selection
• moreover QED corrections are a gauge-invariant subset of the

whole SM corrections
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Effect of QED ISR deconvolution
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• LEP recipe: separate known large QED effects (and resum them)
from O(%) (or below) EW one-loop corrections not yet (in the
ninetees) “measured”

• note that mt and mH were not yet known, together with the
non-abelian trilinear gauge coupling

dσ =

∫
dx1dx2D(x1, Q

2)D(x2, Q
2)dσ̂(s′)δ(s′ − x1x2s)

• by analytical integration over one x dimension, we get the
convolution with the radiatior/flux function H(z,Q2)

• at the prize of being not fully exclusive on both leptons, being able
to treat only simplified event selection (e.g. s′ > s0)

• ∼ 20 years ago one analytical integration allowed to avoid CPU time
problems

σ
T

(s) =

∫ 1

z0

dzH(z; s)σ̂
T

(zs) AFB(s) =
πα2Q2

eQ
2
f

σtot

∫ 1

z0

dz
1

(1 + z)2
H

FB
(z; s) σ̂

FB
(zs)

• H functions known at O(α3) for cross sections and O(α2) for AFB
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ansatz for the kernel cross section

• model-independent parameterization of σ̂(e+e− → ff̄)

ASM = Aγ +AZ + non-factorizable

• aim: write the Z-line shape in a model independent way
Borrelli, Consoli, Maiani, Sisto, NPB333 (1990) 357

σ
Z
ff̄ = σ

peak
ff̄

sΓ2
Z

(s−MZ)2 + s2Γ2
Z/M

2
Z

σ
peak
ff̄

=
σ0
ff̄

RQED

; σ
0
ff̄ =

12π

M2
Z

ΓeeΓff̄

Γ2
Z

• partial widths (or, even better, ratios) can be fitted from data and
calculated within SM (and/or possible extension of it) to the
desired accuracy

• calculating decay widths is easier w.r.t. a complete cross section
• also easier data combination between different experiments
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C.3 QED deconvolution and pseudo-observables at FCC-ee precision

3 QED deconvolution and pseudo-observables at FCC-ee precision
Authors: Ayres Freitas, Janusz Gluza and Stanisław Jadach
Corresponding author: Stanisław Jadach [Stanislaw.Jadach@cern.ch]

The concept of the electroweak pseudo-observables was essential in the final analysis of the LEP1 data
of ref. [11]. Electroweak pseudo-observables, EWPOs, were instrumental in (a) combining data from four LEP
collaboration and SLD experiments and (b) organizing conveniently the procedure of fitting the Standard Model
to experimental data. The EWPOs used in the final analysis of LEP data [11] near Z resonance were defined
and thoroughly tested in ref. [109]. Both works have exploited ZFITTER [36] and TOPAZ0 [93,94] programs.

Fig. C.3: Scheme of construction of the EWPOs in data analysis of LEP

The effects of QED in data, even if large, are in principle perfectly calculable with arbitrary precision.
Once they are removed, the remaining EWPOs of LEP include smaller pure electroweak corrections and pos-
sibly signals of a New Physics beyond the SM (BSM). The procedure of removing deformation of the data by
QED effects, commonly referred as QED deconvolution9 is essential part of the definition/construction of the
EWPOs. Separating QED part from the higher order EW part consistently and systematically is an important
and delicate issue, especially at higher orders, and we shall come back to it later on.

Note that for some processes the of low angle Bhabha process used for the measurement of luminosity,
Zγ production for s1/2 > MZ (radiative return) above Z peak or production of W pairs, the technique of
EWPOs including QED deconvolution could not be used and data were compared directly with the Monte
Carlo programs (BHLUMI, KORALW etc.), mainly because of more complicated dependence of QED effects
on the event selection criteria (experimental cut-offs).

Before addressing the challenge of constructing EWPOs at the very high precision level of FCC-ee, we
are going to summarize briefly on the definition and the use of the EWPOs in LEP data analysis.

9"Deconvolution" name is not quite adequate – operationally it is just fitting procedure, but is it is kept for historical
reasons.

- 51 -

• for ∼ 0.1% precision, it was thoroughly checked that any
uncertainty in the procedure was below 0.01% level in the regions
of interest
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can we extend the method to higher pert. orders?

• The separation between QED and EW corrections becomes more
complicated beyond one-loop

• e.g. a QED virtual and real correction on top of a one-loop virtual
EW contribution

• numerically it is more convenient to adopt a method where the IR
cancellations between real and virtual corrections is performed at
the integrand level, as realized in the code KKMC

• role played by the initial-final state interference
• it is naturally suppressed by the factor ΓZ/MZ , its typical size being
∼ 0.1%

• however it is important for
• total cross sections out of peak
• asymmetry around the peak

• resummation of IFI effects in presence of resonance available in the
literature

M. Greco, G. Pancheri, Y. Srivastava, 1975
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C.3 QED deconvolution and pseudo-observables at FCC-ee precision

due to real photons are just resulting from squaring and spin summing of the scattering matrix element, hence
are automatically and fully taken into account (virtual ones has to be worked out separately).

More precisely, spin amplitudes in KKMC include QED non-soft corrections to second order and pure
EW correction up to first order (with some 2nd order EW improvements, QCD etc.) using DIZET library [30].
The CEEX calculation scheme of KKMC can be extended in a natural way to higher orders, including EW
corrections up to 2-3 loops. More details on CEEX scheme will be given in the following section 3.4.

Fig. C.4: Possible scheme of construction of the EWPPs in data analysis of FCC-ee

3.3 Electroweak pseudo-observables at FCC-ee
With all these introductory remarks in mind, let us present an alternative scheme of QED deconvolution, which
should work at the FCC-ee precision and is free of the indicated problems of the LEP EWPO scheme. This new
scheme is illustrated in Fig. C.4.

In the 1st step (A)→(B) detector inefficiencies are removed. Kinematic boundaries of the detectors can
be also replaced by simpler phase space boundaries in terms of some kinematic cuts, without any loss of the
precision, using MC event generators with sophisticated QED matrix element and full phase space coverage,
interfaced with the detector simulation programs. Contrary to LEP procedure, here we are not limited to the
limited choice of the semi-realistic cut-offs of the non-MC programs, which may be far away from the true
experimental cut-offs, due to more use of the Monte Carlo programs in the following steps.

In the new scheme of Fig. C.4 the role of the direct fitting of the SM internal parameters in single step
(B)→(D) will grow. Contrary to former LEP scenario, this step is now implemented using sophisticated Monte
Carlo program, because only this kind of tool is capable to calculate QED effects for arbitrary cut-offs and
properly combine IR-resummed QED and 2-3 loop EW corrections with arbitrary precision. The use of MC
programs in the fitting cannot be done in a straightforward way due to slowness of the MC event generators
(even without detector simulation). But according to more detailed discussion in the following, it will be
possible using weight difference methodology, WT-diff in short.

- 55 -

• subtraction of only QED or QED and EW (SM now well known
effects)?
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can we extend the method to higher pert. orders?

• kernel cross section should respect analyticity, unitarity and
gauge-invariance

• the general expression of any 2→ 2 massless fermion matrix
element can be written in terms of 4 form-factors (4 independent
helicities), which are computed perturbatively

C.2 Loops, matrix elements, EWPOs

Beyond Born level, one can write

M(0)
γ (e−e+ → f−f+) =

4πiαem(s)

s
QeQf γα ⊗ γα, (C.57)

M(0)
Z (e−e+ → f−f+) = 4ie2χZ(s)

s

[
M ef
vv γα ⊗ γα −M ef

av γαγ5 ⊗ γα (C.58)

−M ef
va γα × γαγ5 +M ef

aa γαγ5 ⊗ γαγ5

]
.

Here αem(s) is the running electromagnetic coupling in the Standard Model, whose value is extracted from
e+e− data and theory [43,111–114]. The complex coefficientsMvv,Mva,Mav,Maa are by construction gauge
invariant and contain all contributions of a given perturbative order. It is important to note that they contain
not only Z-boson vertex and self-energy corrections, but also corrections to the s-channel photon exchange
contribution (beyond the running of α) and box contributions. Therefore, the general matrix element (C.58)
does not factorize into initial-state and final-state form factors of the Z boson.

From comparing with the Born matrix elementM(0,B)
Z (C.46) we see the correspondences:

M ef,B
vv = vBe v

B
f , M ef,B

va = vBe a
B
f , M ef,B

av = aBe v
B
f , M ef,B

aa = aBe a
B
f . (C.59)

Beyond Born level, there exists in general no set of couplings ve, ae, vf , af allowing to write the matrix
element like (C.59). Of course, if the non-factorizing part of radiative corrections in the SM, e.g. from weak
insertions to the photon self-energy or from 1-loop box diagrams at the Z peak, or in New Physics models is
small, then factorization is approximately fulfilled.

An alternative language, in terms of the weak vertex form factors ρf and κf , was first introduced in
[108, 110] for Z boson decay. In [30, 84, 115], based on [116], the concept was generalized to 2→2 scattering
by splitting the effective weak mixing angle into three of them. This goes as follows:

M ef
aa = IeIf ρZ = ± 1

4ρZa
ZF
e aZFv , (C.60)

M ef
av

M ef
aa

≡ 1− 4|Qf |κf sin2 θW =
vZFf

aZFf
, (C.61)

M ef
va

M ef
aa

≡ 1− 4|Qe|κe sin2 θW =
vZFe
aZFe

, (C.62)

M ef
vv

M ef
aa

≡ = 1− 4(|Qe|κe + |Qf |κf ) sin2 θW + 16|QeQf |2 sin4 θWκef =
vZFef

aZFe aZFf
, (C.63)

where If = ±1
2 is the weak isospin of fermion f . We indicate here the relation to ZFITTER notions by

introducing the effective couplings vZFe , vZFf , vZFef , while aZFe = aZFf = 1. Note the different normalization
compared to the symbols without superscript “ZF”. Further,

vZFef = vZFe vZFf + ∆ef , (C.64)

∆ef = 16|QeQf | sin4 θW (κef − κeκf ). (C.65)

In terms of ρZ and κi, the Z exchange matrix element may be again rewritten into a simple form. We quote
from [27], eq. (3.3.1):

M(0)
Z (s, t) ∼ 4ie2χZ(s)

s
IeIfρZ(s, t)

{
γα(1− γ5)⊗ γα(1− γ5) (C.66)

−4|Qe| sin2 θWκe(s, t)γα ⊗ γα(1− γ5)

−4|Qf | sin2 θWκf (s, t)γα(1− γ5)⊗ γα
+16|QeQf | sin4 θWκef (s, t)γα ⊗ γα

}
.

- 37 -

• =⇒ e.g. AFB = 3
4AeAf+terms that contain the γ exchange and

box diagrams. The latter depend on two kinematic invariants and
break factorization
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• additionally, close to resonance s ∼ s0, the matrix element can be
represented as a Laurent series

M =
R

s− s0
+

∞∑

n=0

(s− s0)nB(n)

s0 = M̄2
Z + iM̄Z Γ̄Z

• R and B are gauge invariant and the expansion should be done
consistently considering that s− s0 ∼ g2

• The procedure can be safely adopted for the complete two-loop
calculation and then subtract consistently γ exchange and boxes

• however there are some challenges for complete two-loop
calculations

• ambiguities in the γ5 definition in dimensional regularization for
chiral fermions =⇒ no general solution beyond one-loop

• this stimulated recent investigations of different regularization
methods in four dimensions

• singularities have to be extracted from diagrams: two main methods
available, sector decomposition and Mellin-Barnes

• numerical integration uncertainty, because of large cancellations
among diagrams
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• most recent achievement is the complete bosonic two-loop
calculation to Z decay

Dubovik et al. 2018
B Theory status of Z-boson physics

Z → bb̄

Number of
topologies

1 loop 2 loops 3 loops

1 14
(A)→ 7

(B)→ 5 211
(A)→ 84

(B)→ 51

Number of diagrams 15 2383
(A,B)→ 1074 490387

(A,B)→ 120472

Fermionic loops 0 150 17580

Bosonic loops 15 924 102892

Planar / Non-planar 15 / 0 981/133 84059/36413

QCD / EW 1 / 14 98 / 1016 10386/110086

Z → e+e−, ...

Number of
topologies

1 loop 2 loops 3 loops

1 14
(A)→ 7

(B)→ 5 211
(A)→ 84

(B)→ 51

Number of diagrams 14 2012
(A,B)→ 880 397690

(A,B)→ 91472

Fermionic loops 0 114 13104

Bosonic loops 14 766 78368

Planar / Non-planar 14 / 0 782/98 65487/25985

QCD / EW 0 / 14 0 / 880 144/91328

Table B.6: Number of topologies and diagrams for Z → ff̄ decays in the Feynman gauge. Statistics
for planarity, QCD and EW type diagrams is also given. Label (A) denotes statistics after elimina-
tion of tadpoles and wavefunction corrections, and label (B) denotes statistics after elimination of
topological symmetries of diagrams.

FCC-ee-Z EWPO error estimations
δΓZ [MeV] δRl [10−4] δRb [10−5] δ sin2 θl

eff [10−5]

EXP2 [40] 0.1 10 2÷ 6 6

TH1-new 0.4 60 10 45
TH2 0.15 15 5 15
TH3 < 0.07 < 7 < 3 < 7

Table B.7: Comparison of experimental FCC-ee precision goals for selected EWPOs (EXP2, from
Table B.1) to various scenarios for theory error estimations. TH1-new is the current theory error based
on extrapolations through geometric series. TH2 is an estimate of the theory error (using prefactor
scalings), assuming that electroweak 3-loop corrections are known. TH3 denotes a scenario where
also the dominant 4-loop corrections are available. Since reliable quantative estimates of TH3 are not
possible at this point, only conservative upper bounds on the theory error are given.

recently in the case of the Z-boson decay width [16]. Here the result of the bosonic two-loop corrections was
found to be larger than the previous estimate by a factor 3–5, depending on the chosen input parametrization.
One of the most promising avenues for addressing the challenges of these future calculations are numerical

- 25 -
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Summary

• TeraZ data analysis will require SM EW predictions based on
complete two loop calculations plus resummed higher orders QED
effects and partial three/four loop contributions

• the data analysis strategy through the definition of
pseudo-observables has to be carefully investigated

• at least in principle the method exists for a proper separation of
QED effects from EW ones at higher orders

• the calculation of the radiative corrections to the hard scattering
has to be defined in the pole scheme, in order to respect general
properties like analyticity, unitarity and gauge invariance

• different seminumerical/analytical methods for dealing with
multiloop diagrams already exist but progress and independent
approaches are required

• construction of independent precision simulation tools is required,
in order allow for detailed cross-checking and deliver robust
th-predictions
F. Piccinini (INFN) International Workshop on CEPC 12-14 November 2018 15 / 16



Next Workshop on precision calculations: CERN, 7-11 January 2019

Thank you!
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