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Motivation

= Many new states are tfound recently,
including the P—wave 17+ states

= Excited state has larger relativistic
correction than ground state

= Mixing angle of 17+ states has large
uncertainty



1p, and P, and 1" and 27 states

= |n a heavy—light axial vector, the heavy quark spin
decouple, the angular momentum of light quark
is a good quantum number j, = L+ 8§, (j_a=1/2 or
3/2, when L=1).

= S0, in j—jcoupling, L=1, there are two doublets
(wide and narrow) in Heavy Quark Effective Theory
(HQET) : N

jf — % S doublet (07,17)

jP = 37 T doublet (1+,2%)

= There are two 17 states.



Mixing angle
= S-L couping states (relativistic model), P, and *P, NO
longer the physical states, but their mixing.
= We define the rotation matrix :

cCosSa Sina
R(a) = }

—SIn@ COoS«

= The relation between HQET states and tp, *p, states
[|1,3/2> |1P.>] 1 [v2 HHP»]
1,1/2) P V31 V2P

where the mixing angle ¢, = arctan V1/2 = 35.3°

* Note: Somebody said there are two equivalent mixing

angle, the otheris —54.7, is this exactly correct?

] = R(0n)



Exist results from relativistic potential model

= Mass spectra

Th D1 Ex Th Ds1 Ex
2469 D1(2430) 2427(40) 2574 D1(2460) 2459.6(6)
2426 D1(2420) 2423.4(3.1) 2536 D41(2536) 2535.35(60)
B Bs1
5774 5865 B*,(5850) 5853(15)7
5723 By (5721) 5723.4(2.0) 5831 B«1(5830) 5829.4(7)

D. Ebert et al, Eur. Phys. J. C66 (2010) 197



Exist results from relativistic model

= Mixing angle D. Ebert et al, Eur. Phys. J. C66 (2010) 197

State D D, B B,
1P 35.5 34.5 35.0 36.0
2P 37.5 37.6 37.3 34.0

Close to 35.3, ideal state in HQET ? but the mass
difference between ¢ and s (Ds1) is not very large ?

= Mixing angle can be calculated from the spin—orbit

Interaction etc between quarks, see for example:
J. L. Rosner, Comm. Nucl. Part. Phys. 15 (1986) 109



Exist results from relativistic potential model

S. Godfrey, R. Kokoshi, PRD 43 (1991) 1679

su cu cs bu bs bc
State (K) (D) (D) (B) (B;) (B,)
P, 1.43 2.50 2.59 5.80 5.88 6.77
Ohigh 1.37 2.47 2.56 5.78 5.86 6.75
Oow 1.35 2.46 2.55 5.78 5.86 6.74
3P, 1.24 2.40 2.48 5.76 5.83 6.71
1S, 0.90 2.04 2.13 5.37 5.45 6.34
'So 0.47 1.88 1.98 5.31 5.39 6.27
P, 1.37 2.47 2.55 5.78 5.86 6.74
P, 1.35 2 46 2.55 578 5
0 —5° —26° —38° —31° —40° 68°
—

= Much difference

= Bcl has a negative angle?”




Exist results from relativistic model

S. Godfrey, K. Moats, PRD 93 (2015) 034035

State

cq

CS

Mass

Bert Mass

Begt

1P, 2456
1P| 2467
1°Py, 2399

0.475, 0.482 2549

0.475, 0.482 2556
0.516 2484

0.498, 0.505
0.498, 0.505
0.542

Oip -25.68°

-37.48°

= The angle of Ds1 close to the HQET result, not D1.



Exist results from relativistic model

S. Godfrey, et al, PRD 94 (2016) 054025

Gl bg Gl bs ARM bg ARM b3
State Mass Berr Mass Berr Mass Bet s Mass Berr

175, 5371 0.542 5450 0.595 5316 0.586 5400 0.616
1'So 5312 0.580 5394 0.636 5275 0.628 5366 0.651

1°Py 5797 0.472 5876 0.504 5754 0.465 5836 0.487
1Py 5777 0.499, 0.511 5857 0.528, 0.538 5738 0.481, 0.492 5822 0.500, 0.507
1P| 5784 5861 5753 5830

1°Py 5756 0.536 5831 0.563 5720 0.525 5805 0.531

Oip 30.28° 39.12° 43.6° 37.9°




Problems of mixing angle

= |f the angles 35.3 and —54.7 are equivalent?

= The existing angles are confused, some are
positive, others negative, with large range.

= Thus mixing angle is always treated as a free
parameter in production or decay process.



Mass problem

broad state narrow state
K1(1400) heavy K1(1270) light
D1(2430) heavy D1(2420) light
Ds1(2460) light Ds1(2536) heavy

Only narrow B1. Bsl have been found.

Low masses of Ds0(2317) and Ds1(2460) : coupled-
channel-effect theory can answer this gueation.

Is there other possible effect to make the mass inverse
between Ds1(2460) and Ds1(2536)7



Possible mass inversion

e 19784, Howard J. Schnitzer, PLB 20 (1978) 461

INVERTED CHARMED MESCN MULTIPLETS AS A

TEST FOR SCALAR CONF INEMINT

by

Howard J, Schnitzert

whicn Jmplies that the spin-orbit force receives most of its contribution from
the scalir interaction, which is therefore opposite in sign to the spin-orbit
force observed in the self-conjugate mesons. The signal of such an effect

woui-t he inverted switislets for the chammed D and ¥ mesons,

As we shall show,



Relativistic potential model

* Relativistic Potential between a electron and positron
« Electron and muon exchange a photon

p;\/pl

M; = e*(iaiy*u,)D,.(q)(ii3y" us).
qQ=pi—pi=p2—Pp;

V.B.Berestetskii,E.M. Lifshitz and L.P. Pitaevskii “Quantum Electrodynamics”



Coulomb gauge

The coulomb gauge is chosen

_4m

D = 5
T q - wlcl=i0

Scattering amplitude:

Mji = e*{(1y u)(@5y°u2)Doo + (@1y'ur)(@y"u2) Dy}
Free spinor: u=v@2m) (“ - p3/8m3c3)w)

) (o-pl2mc)w
First term, expanaed

~r 0
Uiyu,=u*u I '
Y Uy = ui*u, with ¢=pi-p, =p,-p;

= _p;2+p§ ' l s {
Zm.(l W) Wi*w, + .‘Z—m_,E?“'*(U‘PO(O"pl)W:

=2mle*{l—8 g: +i0'g><21} Wi,

mic- dmic-

’ Dy, =0, D, = 3 4 (54& -

qiqk
7

q)'



e Second term

Uiyu, = ui*au,
=lc)wiXo(o-p)+ (o p)a}w,
=(l/c)wi*io x q+2p, + q}w,,
o Define potential U:

Mfi = —Zﬂh ’ 2m3(w;*w5*U(p,, P2, Q)WI Wh)
 potential between electron-muon in momentum space

1 1 :
Ulp, P2, q) = 47re? {‘7“51{'3*%-74.(11 PJ(q '4P2)_

q 8msc mimayq
_Pi'p: o -qXxp, iog, - qx ] 2'q ?
+ _ p: 1o, X
mim:q’ 4mic’q’  2mimyc’q’ T dmic q +

+502-qng+(o.-q)(oz-q)_ o0 ).
mimic'qt dmimac’q’  dmymac)’



Potential between electron and positron

“ h 2 32 a A A
H :PHT_?+ Vi+ Vot Vs,

ad 2 el S
" p 3 __ & .2 r{r- E)E}
Vi= _4m3C'+ 4mp50(r) 2m‘c§r{p * ’

:
. P

v?_: 6}.1.0‘,’3' . S1

v, = 6%;‘;{(5 s %Sz} 48~ 2)5(r).

e \Where hi=rx;‘) Sz%(0'++0_) §2=%(3+0'+-0_)

o V1:orbital term, V2: spin-orbit, V3: spin-spin
V.B.Berestetskii,E.M. Lifshitz and L.P. Pitaevskii “Quantum Electrodynamics”



Potential between quarks

D. Ebert, et al, PRD 79 (2009) 114029
Schordinger equation:

b*(M) p° B d*q .
( 2/LR B QN«—R) T (p) = / (Q,N)gv(p;q, M)W (aq)

potential
V(p,a; M) = 1 (p)uz(—p)V(P, a; M )ui(q)u2(—q),

4 L _ v 1 y
V(p7 q; M) — galei-V(k)’}/i 2 + ch‘c/)’nf(k)r;l FQ;H- + ‘/C?)llf(k)
Coulomb gauge

g 4 g % . .
DUO(k) = DY (k) — _k:_,;r (6?»] o kklj ) ’ D()?, — D?,O — 0



Potential between quarks

Dirac spinor oy elp)+m E A
e J 26(r) ( zrEaT ) '
V(r) = Vai(r) + Vsp(r)

3
VS])(7') = LS| + as LS_g +b [—S|Sg + 5 (S]I‘)(S‘_)I’)] =i C‘S]S-_g +d (LSI)(LS_)_)

r

Note: relativistic potential, non-relativistic wave function, good to
study mass spectra, but not good for production and decay.

Our method with no expansion, the relativistic effect is kept to all
orders, we provide more precise results.

Further, relativistic wave function from a relativistic dynamic
equation is suitable to calculate decays and productions, etc.



Introduction to instantaneous Bethe-
Salpeter Eequation

* Bethe-Salpeter (BS) equation:

(P1 —ma)x(q) (P + ma) =i / (SW;V(R koq)x (k)

This is relativistic dynamic equation.
e Meson momentum P and relative momentum q:

IS
pr=a1’+q, o=
My + Mo
Ny
p2 = P —q, ay =
mi + Mo

E.E.Salpeter and H.A.Bethe, Phys. Rev. 84 (1951)1232.



« There is the dif ficulty about the kernel of BS Eg,
Iitis a ?
* Reduced version Is needed, after instantaneous

approximation first made by Salpeter, the BS
equation become to the Salpeter equation

e We define:

" =qy+dL

P : : 1
Ip = (EL-IQ) Ay = \/Q’f:. — =y —q7 -

where

¢ = (P-q/M*)P", ¢ =¢" —qf .

In the center of mass system, they turn to g, and ‘ﬁ ‘



Salpeter Eequation
 The reduced Bethe-Salpeter wave function:

| [ dg L
poldl) =i [ Sl )

k2 dk., ds |
() = [ oV ke an 9)e, (k).

and the useful notations

TR AR = g | £ 0t )
() = AF(a0) J o (00 S AT (0)

E.E.Salpeter, PRD 87 (1952) 328.



Salpeter wave function include four parts
pelar) = v (q) + o) (qu) + v, (qu) + ¢, (qu)

And the Salpter equation can be written as:

o (q)) = A (g)np(q)As (g1) Ay (g)ne(g0)As (q1)
T (M — wy —wy) (M +wi+wy)

Salpeter equation (positive and negative
energy wave function)

(M —wi —w2)e ) (qr) = A (q)np(q1) A5 (q1) .
(M 4w +wa)p, (q1) = =Ny (qu)np ()N (g1)

pp (qu) =@, (qr) =0.

E.E.Salpeter, PRD 87 (1952) 328.



Wave function and mixing angle

« The general wave function for 1T state is:

P Pq
@+ﬁ— fl ﬁMl)

| |
EuPq & P q. Pg&
+ hy +hy— +h3—=+h
IMWW(“ VR TR VT

(1™ )—

where, fl. f2. f3. f4 have number of /¢ = 1+ ('p))
While hl\ h2\ h?)\ h4 areJPC:]++(3P1)

 Then, mixing angle can be defined as:
@(17) = cos O,pe('Py) + sin 0,pe(P1)



Mixing angle

« 8 wave functions are not all independent

hB=—c_fi, fa=-cifr, hy=c_h, hy=cih

with i = 1.2 ¢c. = |7 [(w) +w>)
P T T M E T mlwa b w)

e Normalization condition

dg Alw) , . 8w w-
(2m)3 W(f]fz —2hh) =1 Alw) = (mywy+nawy)
- dg Aw) . .
[ 2 _
So mixing angle  cos?6,5 = s g i
dg A

(2n)3 3M



Decay constant

 Definition of decay constant

fi=ME&" = 0|g I g2IM, &)
e In this method

d3
01T qolM, &) = — N, f s

27 Trlp(g . )T"]

4v— o [ S
(2m)3

(f3 +2hy)

SO
&$3q
5 (fs + 2h)




Potential

Cornell potential (Coulomb term plus linear one)

V(r) = Vi(r) + Vo + 70 @Y V,(r)

- i(l _ ()—,ur) 4 V(} _ )’(} ® ,y(}i g ()—(rr
7 L
We don’t need a “relativistic” potential, because the
“relativitic corrections” are already included in the wave
function, otherwise “double counting” happens.



Numerical results

e Choice of parameters

o = 0.060 GeV, 1 = 0.125 GeV?, Aocp = 0.252 GeV, 1 = 0.040 GeV
m, = 0.305 GeV, my = 0.311 GeV, m, = 0.5 GeV, m. = 1.72 GeV, my, = 4.96 GeV

Vo = =0.1 GeV for ¢g (¢ = u,d, s), —0.41 GeV for bii(d),
—0.18 GeV for b5, and —0.05 GeV for bc.

e To see the difference clearly, we choose same parameter
VO for light quarks, if we

 First I show you if we choose different VO, we can give
good consistence mass spectra.



TABLE I: Parameter of V[ in unit of MeV

cC bb
nJ'Y =n 071(15y)|-0.314/|-0.240
nJ’Y =n 177(351)[-0.176|-0.166
n/ ¢ =n 07t (3Ry)|-0.282|-0.174
nJ"¢ =n 17+ (3P)[-0.162|-0.141
nJ’¢ =n 27t (3P)[-0.110-0.121
nJ"¢ =n 1t (1P;)|-0.144|-0.135




Wave Fuctions

e The relativistic wave function for a
pseudoscalar meson 0 (0°)

P15y (1) = U[ 0p1(4) + a(4) + %M(YH “1?%4(7)

e \Wave function for 07(0*)  meson

n
M

pot+(qr) = filg)d + folqu) + falq) M + falq) P



» Wave function for °S, 1°(1) vector meson

41

-(a) =qr €} | filan) + %fz(fu) + oy falan) + &

e + M fs(q.)

fa(qr)

+ & Prola) + (dod) — a1 - €)) frlqu) + Jllr(f)ﬁﬁﬁﬁ — Pqi - €))fs(qL).

e Wave function for 2'¢*) meson

@) = 2t { | 1@ + 20 + i + Sl pia)

Y M f5(q) + Pfe(@) + 4L f7(@)] + ]\/%fé%@emmpafﬂﬁ%’yfi} ’



n JPC(ZSHOL ;) Th(cc) Ex(cc) Th(bb) Ex(bb)
1 07T('Sy)  [2980.3(input)| 2980.3 [9390.2(input)| 9388.9
2 0~ (1Sp) 3576.4 3637 9950.0
307 (1Sy) 3948.8 10311.4
11--(351) |3096.9(input)|3096.916]9460.5(input) | 9460.30
21 (35 3688.1 3686.09 | 10023.1  [10023.26
31 3778.9 3772.92 | 10129.5
41~ 4056.8 4039 10368.9 | 10355.2
51— 4110.7 4153 10434.7
61 (° 4329.4 4421 10635.8 | 10579.4
717039 4545.9 10852.1 10865




n JPCESHUL; Th(ce) Ex(ce) | Th(bb) | Ex(bb)
1 07T (3Py) |3414.7(input)|3414.75| 9859.0 | 9859.44
2 07T (3 R) 3836.8 10240.6| 10232.5
307T(°R) 4140.1 10524.7
1 17T(3P) |3510.3(input)|3510.66| 9892.2 | 9892.78
2 1T (3P)) 3928.7 10272.7]10255.46
3173 P) 4228.8 10556.2




n JPCESHUL, Th(ce) Ex(ce) | Th(bb) | Ex(bb)
1 27T (3Py) |3556.1(input)|3556.20| 9914.4 | 9912.21
2 27T (3 Py) 3972.4 10293.6{10268.65
3 2T (3 1) 4037.9 10374.4
4 27T (3 R) 4271.0 10561.5
1 17— (*Py) [3526.0(input)|3525.93| 9900.2
21t (1Pp) 3943.0 10280.4
317 ('P) 42424 10562.0




Th

Ex

Th Ex
D= (15) 1869.4 | 1869.6+0.16 DY(19) 1865.0 1864.83+0.14
D~ (25) 2560 =110 DY(29) 2550 £109(2539.4 £ 4.5 £ 6.8
M(2S) — M(15)| 691 =110 M(2S)— M(15)| 685109 | 674.6 +4.5+ 6.8
BY(1S) 5279.5 5279.5+0.3 D.(1S) 1968.2 1968.47+0.33
BY(29) 5930 £+ 279 D2 (29) 2641 + 123

M(2S) — M(1S)

651 £+ 279

M(2S) — M(1S)

673 £ 123

B*(1S)

5279.0

5279.17%0.29

BY(19)

5367.9

5366.3+0.6

B+(25)

5930 £ 280

BY(2S)

6020 £+ 281

651 = 280

M(2S) — M(1S)

M(2S) — M(1S)

652 + 281




Notation

Rotation matrix cosa sina
R(a) =

—sina@ COS

Relation between HQET and 'P, .°’P, states

[“’3/2)}—}«9 J [P _leﬁ 1[Iy
1,1/2) Tlern] T V3 -1 V2|
Physics states  ([nP;)| n'Py| 3/2)

|I’1Ph) _R(QHP) |ﬂ3P1> _R(gnh’) |1/2>

In the limit of HQET,

0,p = 35.3° 1t I%) 1s the lower mass state

Onp = O — 90 = —=54.7° if |3) is the lower mass one



Numerical results of 1+ wave functions
Two sets of eigenvalues and wave functions

Wave function GeV™!

Wave function GeV'!

Wave function GeV"!
Wave lunction GeV-!

q Ge%'-
(c)Wave function for 2P;(cii). (d)Wave function for 2Py (cit).

FIG. 1: Radial wave functions for 17 state D(l’) mesons.



Mixing angles, mass spectra and inversion,

decay constants

Table 1: 0,5 = 0,p — 35.3, where 0,,;; is under basis |2) and |1), while 6,p is

under basis |'P;) and [°Py) .

Qq cu cd cs bu bd bs bc
My 2398775 2405075 260017, 570Gy, 5TITI;p 581037, 681915
My, 2403775 240977 2604 %3 5724;}?3 57327173 58267151 68307 5,0
My 2687075 26957 201505 59987 60077 612275 714305
My, 270122 270922 292075 6006 ;77 6015578 612347  7149.5;7
fu 70.2755, 72155, 2505000 2288053 229233 2145075 176.0443
fin (24710750 24670750 4837751 | 2187 2215, 25755  43.9753
fa  6hALL 66117 900,10  288.2¢ 293,25 190.070%1  176.4.50
fon 198129 1985.27 202.2.97 181.1.9, 181.7.%7 59,12,  45.1.5%
Oip 367,19, 3705, |[—621.1%0 —55.3.07 —55.3,07 —bb.0,01 —H1.0,01
Obp 35255 3523 380,y 359755 36.0,,5 —62575, —58.7.0%
0111 L4y L7hn,  8245%° 89457 89457 89.2751  86.8754
Oy =037  —0.15¢3 27530 06353 07503 822705, 86.050%




Numerical results

 The exact solution include "5, -
two states M, 239877,
M, 2403773
Mg,'r 2701;;2
* Broad state with large de_cay £ 70,284
constant, narrow state with £, 247.173%°
small one

e There are negative value of mixing angle
01p 36.7213 37.025 —62.1515"



Negative mixing angle means the mass inversion
Keep the charm mass unchanged, vary the light quark

mass & %0
() I < -
After peak point o 7o)
~0.4 GeV, BT

_ = 60—

add a “-” sign 5

When mg=mc,
mixing angle i1s -90, s

O_
N
O—
»
oL
o
o
Sk
-
—_
SF
—
N
—
.

definite C parity

(a)Mixing angle versus my for 1P(cq).



Mass Inversion

e Bottom mass unchanged, varying the light quark mass

)

Mixing Angle (°

(0]
o

~l
o

IIt||||I|I|:II||III|III||IIII

(o)}
o

50

40

30

_

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5

m, GeV
(a)Mixing angle versus mg for 1P(bq).



N )
o A
o o
I % P T o o . o = e sy ey i N I B
] T [ Il |

-
a
o

Decay Constant (MeV)

50

DO

Decay costant inversion

V! e
JIIIlIlI‘JIIlIlJIJIIlllJIJIIIIlJIF"ﬂ

...........
LT
~a.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

m, GeV

(b)Decay constant versus m, for 1P(cq).



Decay Constant (MeV)

N
(=]
o

_J\I: | | T | L | I-I--,I,__I....I I
‘-:@.
®

-
9))
o

-
o
o

50

Decay costant inversion

200 ”" —-mmmmmmTEEE .I‘r

1501

1005— ] - fH

SD’J [ Jin

—'——
f"
.

Y
ll ]]Jlllllllllllllllll'llIIIIIJJ]IIII]JJ[[[[[”T"L

0 b.5 1 1.5 2 2.5 3 3.5 4 4.5

my (GeV)

(b)Decay constant versus my for 1P(bg).




Large range because of the peak structure

Qg cli cd C3 bii bd. bs be
O1p 36.77 13, 37.0755, [—62.17," —55.3707 —553707  —B55.5.0, —57.9
Oop 352707 352507 380331 359505  36.0705 | 6257755, —58.770)
O L4z L7 8245 894,71 8945y —BIZ 4 8638,y
Oor —0.15057 —0.1507 2755 06505 07505 | 82.2075, | 86.050]

* Varying the parameters (6%), large ranges are obtained.
* But except Bs1(2P) case, the relations are un-changed.



S. Godfrey, R. Kokoshi, PRD 43 (1991) 1679

Mention

473 cu cs bu bs bc
State (K) (D) (D) (B) (B,) (B.)
P, 1.43 2.50 2.59 5.80 5.88 6.77
Ohigh 1.37 2.47 2.56 5.78 5.86 6.75
Oow 1.35 2.46 2.55 5.78 5.86 6.74
3P, 1.24 2.40 2.48 5.76 5.83 6.71
S, 0.90 2.04 2.13 5.37 5.45 6.34
'So 0.47 1.88 1.98 5.31 5.39 6.27
P, 1.37 2.47 2.55 5.78 5.86 6.74
P, 1.35 246 255 578 5
0 —5° —26° —38° —31° —40° 68°
—

« Mixing angle with large range come from the inverted effect.
e Bcl has a negative mixing angle, means the mass inversion.




Summary

Exact solution to the instantaneous BS equation for
17+ state, two physical states are obtained.

Precise study show that there are the inverted mass
phenomenon or mixing angle inversion, which result
In large range of mixing angle.

Mixing angles 35.3 and —54.7 are not equivalent,
means different mass order of two 17+ states.

The result show that the mass of Ds1(2460) is lower
than Ds1(2536).

The not found Bottom axial vectors are the lower
mass broad states.



Thank you
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