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Motivation 

 Many new states are found recently, 
including the P-wave 1^+ states 

 Excited state has larger relativistic 
correction than ground state 

 Mixing angle of 1^+ states has large 
uncertainty 



            and                     states  

 In a heavy-light axial vector, the heavy quark spin 
decouple, the angular momentum of light quark                                  
is a good quantum number                 (j_q=1/2 or 
3/2, when L=1).   

 So，in j-j coupling, L=1, there are two doublets 
(wide and narrow) in Heavy Quark Effective Theory 
(HQET)： 

    

                                        

 There are two      states.      

 

 



Mixing angle  
 S-L couping states (relativistic model),             no 

longer the physical states, but their mixing.  
 We define the rotation matrix：  

 

                                                                                                                   

 The relation between HQET states and          states  

 

 
where the mixing angle 
* Note: Somebody said there are two equivalent mixing 
angle，the other is -54.7, is this exactly correct? 
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Exist results from relativistic potential model 

 Mass spectra 
Th         D1               Ex                Th          Ds1              Ex 
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   D. Ebert et al, Eur. Phys. J. C66 (2010) 197 

                



Exist results from relativistic model 

 Mixing angle       D. Ebert et al, Eur. Phys. J. C66 (2010) 197 

 
 

 
 Close to 35.3，ideal state in HQET？but the mass 

difference between c and s (Ds1) is not very large？ 

 

 Mixing angle can be calculated from the spin-orbit 
interaction etc between quarks, see for example:                        
J. L. Rosner, Comm. Nucl. Part. Phys. 15 (1986) 109 

 
 
 
 
 
 



Exist results from relativistic potential model 
S. Godfrey, R. Kokoshi, PRD 43 (1991) 1679 

 
 
 
 
 

 Much difference 

 Bc1 has a negative angle？ 
 
 



Exist results from relativistic model 

S. Godfrey, K. Moats, PRD 93 (2015) 034035 

 
 
 
 
 

 The angle of Ds1 close to the HQET result, not D1. 



Exist results from relativistic model 
S. Godfrey, et al, PRD 94 (2016) 054025 
 
 
 
 
 
 
 
 
 
  



Problems of mixing angle 

 If the angles 35.3 and -54.7 are equivalent? 

 

 The existing angles are confused, some are 
positive, others negative, with large range. 

 

 Thus mixing angle is always treated as a free 
parameter in production or decay process. 



Mass problem 

            broad state                narrow state 
                K1(1400) heavy        K1(1270) light 
                D1(2430) heavy        D1(2420) light 
                Ds1(2460) light        Ds1(2536) heavy 
 
 Only narrow B1、Bs1 have been found. 
 Low masses of Ds0(2317) and Ds1(2460) ：coupled-

channel-effect theory can answer this queation. 
 Is there other possible effect to make the mass inverse 

between Ds1(2460) and Ds1(2536)? 
 

 
 
 



Possible mass inversion 

• 1978年，Howard J. Schnitzer, PLB 20 （1978）461 



Relativistic potential model 
• Relativistic Potential between a electron and positron 
• Electron and muon exchange a photon 

 
 
 
 
 

 
V.B.Berestetskii,E.M. Lifshitz and L.P. Pitaevskii “Quantum Electrodynamics” 



Coulomb gauge 
• The coulomb gauge is chosen 

 
 
• Scattering amplitude： 

 
• Free spinor： 
• First term, expanded 
                                                     with 

 
 
 
 
 
 
 
 
 
 



• Second term 
 

 
 
• Define potential U： 

 
• potential between electron-muon in momentum space 

 
 



Potential between electron and positron 
 
 

 
 
 
 

• where 
• V1: orbital term，V2：spin-orbit，V3：spin-spin 
V.B.Berestetskii,E.M. Lifshitz and L.P. Pitaevskii “Quantum Electrodynamics” 

 



Potential between quarks 
 D. Ebert, et al, PRD 79 (2009) 114029 
 Schordinger equation： 

 
 

 potential 

 
 

 Coulomb gauge 

 



Potential between quarks 
 Dirac spinor 

 
 

 
 

 Note：relativistic potential，non-relativistic wave function, good to 
study mass spectra, but not good for  production and decay。 
 

 Our method with no expansion, the relativistic  effect is kept to all 
orders, we provide more precise results. 
 

 Further, relativistic wave function from a relativistic dynamic 
equation is suitable to calculate decays and productions, etc.  
 
 
 
 
 



Introduction to instantaneous Bethe-
Salpeter Eequation 

• Bethe-Salpeter (BS) equation: 
 
 

     This is relativistic dynamic equation.  
• Meson momentum  P and relative momentum q: 

 
 
 
 

E.E.Salpeter and H.A.Bethe, Phys. Rev. 84 (1951)1232. 



• There is the difficulty about the kernel of BS Eq, 
it is a time-inspired interaction? 

• Reduced version is needed, after instantaneous 
approximation first made by Salpeter, the BS 
equation become to the Salpeter equation 

• We define : 
 

 
 
     where 
 
In the center of mass system, they turn to      and  

 
0q q



Salpeter Eequation 
• The reduced Bethe-Salpeter wave function: 

 
 
 

and the useful notations 
 
 
 
E.E.Salpeter, PRD 87 (1952) 328. 



Salpeter wave function include four parts 
 
And the Salpter equation can be written as: 
 
 
Salpeter equation (positive and negative 

energy wave function) 
 
 
 
 
E.E.Salpeter, PRD 87 (1952) 328. 
 



Wave function and mixing angle 

• The general wave function for        state is： 
 
 
 

where，f1、f2、f3、f4 have number of   
while h1、h2、h3、h4 are 

 
• Then，mixing angle can be defined as： 

 
 
 



Mixing angle 

• 8 wave functions are not all independent 
 

with 

 
• Normalization condition 

 
• So mixing angle 

 



Decay constant 

• Definition of decay constant 
 

• In this method 
 
 
 

     So  
 

 
 
 
 

 
 
 
 
 
 



Potential 

• Cornell potential (Coulomb term plus linear one)  
 
 

 
• We don’t need a “relativistic” potential, because the 

“relativitic corrections” are already included in the wave 
function, otherwise “double counting” happens. 

 
 
 
 



Numerical results 

• Choice of parameters 
 
 
 
 

• To see the difference clearly, we choose same parameter 
V0 for light quarks, if we  

• First I show you if we choose different V0, we can give 
good consistence mass spectra. 
 
 



 



Wave Fuctions 
 
• The relativistic wave function for a            

pseudoscalar meson 
 
 

•  Wave function for                    meson 
 

0 (0 )− −+

0 (0 )+ ++



• Wave function for                     vector meson 
 
 
 
 

• Wave function for                   meson 
 
 

  
 
 
 
 

1 (1 )− −−3
1S

2 (2 )+ ++











Notation 
• Rotation matrix 
 
• Relation between HQET and            states  

 
 

 
• Physics states  
 
• In the limit of HQET， 

 
 



Numerical results of 1^+ wave functions 
Two sets of eigenvalues and wave functions 



Mixing angles, mass spectra and inversion, 
decay constants  



Numerical results 

• The exact solution include 
     two states 
 

 
• Broad state with large decay 
     constant, narrow state with  
     small one 
• There are negative value of mixing angle 

 



Negative mixing angle means the mass inversion 
• Keep the charm mass unchanged，vary the light quark 

mass 
 

• After peak point 
     ~0.4 GeV, 
     add a “-” sign 
 
• When mq=mc,  
 mixing angle is -90, 
 definite C parity  

 
 
 
 

  



Mass inversion 
• Bottom mass unchanged，varying the light quark mass 



Decay costant inversion 



Decay costant inversion 



Large range because of the peak structure 

 
 
 
 
 

• Varying the parameters (6%), large ranges are obtained. 
• But except Bs1(2P) case, the relations are un-changed. 

 



Mention  
S. Godfrey, R. Kokoshi, PRD 43 (1991) 1679 

 
 
 
 
 

• Mixing angle with large range come from the inverted effect. 
• Bc1 has a negative mixing angle, means the mass inversion. 

 
 



Summary 
 Exact solution to the instantaneous BS equation for 

1^+ state, two physical states are obtained. 

 Precise study show that there are the inverted mass 
phenomenon or mixing angle inversion, which result 
in large range of mixing angle.   

 Mixing angles 35.3 and -54.7 are not equivalent, 
means different mass order of two 1^+ states. 

 The result show that the mass of Ds1(2460) is lower 
than Ds1(2536). 

 The not found Bottom axial vectors are the lower 
mass broad states. 

 
 
 
 



Thank you 
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