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Standard Model is a chiral gauge theory (CGT)
SU@3)e x SU(2)rL, xU(1)y (EW sector)

However, regularization of CGT is difficult!

¢ No lattice regulator [cf. Nielsen-Ninomiya’s thm]

e No manifestly gauge-invariant perturbative regulator
because fermion mass term is forbidden by chiral gauge
symmetry...
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Regularization problem for CGT

Eg. Dimensional Regularization
'Creg‘ :7/;(]?(4)‘}‘]/_0(()) Priy, [lD(e)>75] =0

e-dimensional kinetic term behaves as “mass term”

Gauge sym. is broken even when anomaly-free theory

Need extra local counter terms to restore gauge sym:

T[A] + AT[A] st 8, (T[A] + AT[4]) =0

However, the procedure is rather complicated...

Is there a gauge-invariant regularization for CGT?
(except for gauge anomaly)

Note: The naive prescription {1} .),~s} = 0 can be used only for one-loop
calculations.
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5D Domain-Wall fermion with PV regulators
+
(4 + €)-D gauge field
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This regularization is quite useful!
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Domain-wall fermion [Kaplan, 1992]

Spw = /d4x /OO ds (x,5) [@a) + 7505 — Me(s)] ¢(, 5)

e ¢(s) is the sign function (M > 0)
—s induce LH massless mode oc e=Mlsl

o . Me(s)
e s-direction’s size is infinitely large M
— RH massless mode is decoupled >
e Massive modes form a continuous —|£
spectrum and give rise to IR divergence 5=0

— cancel by bosonic field ¢(z, s) with
constant mass (—M)
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4 ™
S = / s / ds B, 9) [Beay + 1505 — Me(s)] (z, 3)
+ / s / ds 3(x,s) [Beay + 1505 + M] $(z, )
+ 307 [ @2 0P @Fue (@)
\_ J

e boson ¢ will cancel IR div. from
e Gauge field is 4-dimensional one A, (x):
s-indep. & A5 =0
e Dirac fermion (boson) are expected to be Aul®) s
regularized in a gauge-invariant way
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Action in 4D form [Narayanan-Neuberger, 1993]

S :/d4x/ds (x,5) [Day +750s — Me(s)] ¥(x, 5)

+/d4m/ds (E(.T,S) [m(4) +’Ysas +M] ¢($7S)

+ 4% d*z tr(Fuw () Fu ()
g

My = —9s — Me(s)
| “mass operators” < .
My=—0.+M

S :/d4x/ds P(z, 8) [IZ)(4> —l—./\;leL —I—MLPR] Y(z, s)

+/d4x/ds é(x, s) [1,3(4) + MyPL +MLPR] o(z, s)

1
+ 192 d'z tr(Fu (#) Fuu(2)),

N /

s-space looks like an internal space of 4D spinors v, ¢
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Vacuum polarization diagram

e Propagator

o 9 ~ 1 9 ~t 1
_ —ip+ My Prt ML PL
G¢(p) - p2+/\>lL/\>l¢

e Vaccum polarization diagram

d*p
= / @) (Tr [Gu ()G ()] — Tr [Go(p)1uGo () 1))
e Trincludes the trace over s-space where M,, and M, act.

o We will regulate the UV divergence later. 9l



How to define Tr ?

[ Tr [Gy(0)7uGy (@) 1] — T [Gp(0)7uGs ()] }

e Each trace is IR divergent — First subtract these contents,
and then take the trace over s-space. — IR finite result
e However, there is an ambiguity in the choice of the starting
point of the loop.
Gy

(i) /ds waGw% GMHG%%] |s) @
(ii) / ds (s| [GyrGyru — GyrGary] |s)

Gy
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How to define Tr ?

[ Tr [Gy(0)7uGy (@) 1] — T [Gp(0)7uGs ()] }

e Each trace is IR divergent — First subtract these contents,
and then take the trace over s-space. — IR finite result

e However, there is an ambiguity in the choice of the starting
point of the loop.

Gy
(i) /ds waGw% GMHG%%] |s) @
(i) [ ds (o[G0 Gorna = GG Io) <
e As seen later, the ambiguity vanishes when anomaly-free.
. . .. 1. ..
e We adopt the symmetric choice (iii) = 5(|) + %(u) for the

moment.
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Pauli-Villars regularization

To make the loop UV-finite, we introduce Pauli-Villars fields

p Me(s) . LM
reg. _ —>
H;u/g (k:) - -
p=p—k
> Mie(s) >, M
’ ’ \ ’ N
+ Ci [ wwww }VVVVV\ —  wwvwwd yVVVVV\ ]
i=1 \ \
, ,

e (;, M; have to be chosen such that the sum is UV-finite.
e Need another condition to eliminate the extra chiral

fermions :
> Ci=0
¢=il
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, , 7 + M2 (V/p% + Mi2/p'Z + M2 + M;?) M ,
f(pﬁp):i;)( 1_ p’2+w‘2( P2 + M2 + p’2+w,2)2 2v/p? + \/?HPHP)

(Co = 1, MO EAI)

Parity-even Regularized via 4D Pauli-Villars fields in a
gauge-invariant way
Parity-odd Multiplied by a non-local regularization factor

The entire is UV-finite! .



Gauge anomaly

e The parity-odd part reproduces the correct gauge anomaly.

Of course, 4D anomaly is obtained from the triangle and
rectangle diagrams.
For simplicity, let us consider 2D non-Abelian CGT.

8Ses[A] = (@) (Dy (Ju(@)))"

= wa(x) 8# tr [taAl’(x)] Hzig. parity—odd

5 Lo @A) O )

2D consistent anomaly!

9, QM
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How to define Tr? -revisited-

[ Tr [Gy (D)1uGyp (@) ] — Tr [Go(0)7uGs (1) 1] }

(i) /ds GwVMGw% Gd,’yMG(ﬂ,,

(i) / ds (s] [Gy1Gyru — GerGe] Is MQM

(i) () -+ i
(i) — covariant anomaly: (D, J,(z))* = —%ew tr [t®Fu]

.. The choices correspond to the consistent and covariant
anomaly!

For anomaly-free cases, no ambiguity because both are 0.
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One-loop diagrams

3

Can be regularized similarly
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Other one-loop diagrams

ENEN
Q

i

e Apply the dim. reg. only to the gauge field.

1
17 [ ot (Fu@) = 17 / 4 tr (Fon (7))

'i:(x(él):'rE)v m7n:17"'>(4+6)
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Full Lagrangian
a

+(Pauli-Villars fields)

1
+i5 d*TE tr(Fnn (%))

(S| :/' d4x/d5 P(z, 5) []'DM) + My Pr, —|—MLPR} P(x,s)

+/d4x/d5 é(z, s) [LD(4) + MyPp +MLPR] o(z, s)

\

%
A, (s Xe)
A /%TE D
e ¢ and ¢ couple with the (4 + €)-D o v B
gauge field on the brane z. = 0. o e 0!
¢ ) S |
Dy = (Ou — iAu(2(4), 7 = 0)) / | ¥ :/ﬂj
' 1 ! : (xe=0
H= 17 U 74 ! } ¢ : , ’ )
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Gauge boson loop

O B

e The gauge boson’s loops can be regularized as the
ordinary dimensional regularization.
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Fermion self-energy

(k, k)

—>

> > >

P=p—k

e The e-dimensional momentum k. is not conserved at the
vertices because fermion’s momentum is 4-dimensional.

wa [ ATk 1
—t° | oy (]‘})QWGw(p — k)

dk T(1—¢€/2 1
=t [ Gy (<47T>6/2 )<k2>1 2 WGP = k1

1—‘(\75//2)
1672

e Regularized via the parameter ¢

— 4 W +4 (MwPL + MLPRH + (finite terms)
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Vertex correction

e Can be regularized similarly

T(1-¢2)
- (4m)e/2

d4l tatbta
/ (27r)4 (ZQ)If( gvﬂGw(p + k- l)nyGw(p _ l)%;
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e We propose a gauge-invariant regularization for
perturbative chiral gauge theory.

e 5D domain-wall fermion with PV regulators can describe
the 4D chiral fermion’s loop in a gauge-invariant way.

e The expression for the gauge anomaly has an ambiguity,
which vanishes for anomaly-free cases.

e The other loop diagrams can be regularized by the
(4 + ¢)-dimensional gauge field.

e (Fermion number anomaly can be obtained in the
gauge-invariant form.)

Please use this regularization !
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Backup Slides



Anomaly inflow [Callan-Harvey, 1985]

e 5D parity anomaly
— Chern-Simons action in bulk (parity-odd)

e Gauge current flows from s = 0 to s = L through bulk

e We decoupled RH mode by L. — oo
— Flowing out of gauge current looks anomaly!

e This current is sensitive to boundary condition at s = oo
(=IR regulator)

LH mode RH mode

L=

0 s=1L
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Fermion number anomaly

Fermion number anomaly is physical, so it should be defined

without any ambiguity.

— Define the fermion number current with a damping factor:
GYW(@)) =lim [ ds e [(@y) + ($7.0)] + (PV-fields)

£—0
€7£|'5|7}1

e The IR divergence is regularized by ¢ and then canceled.
e The regularized current is automatically gauge invariant
without any ambiguity:

(Buif M (@)) = ——tr |FF]
23/21



Computation of Tr :(1)

/ds (8| [GuuGyre — Ge7uGovo] |s)
B /ds (s| tr (ip’yﬂip"yVPR) + tr (YuY» Pr) ML./\;W
(p* + MEMy) (2 + MIMy)
tr (ipyuip' v Pr) + tr (o Pr) MM, tr (ipip ) + tr () MEM )
(P2 + My ML) (p2 + MyM]) (P + MEM) (2 + MEM)

In the 1st and 2nd terms, insert the complete sets of M, M., and My M :
L=10) 0+ [ dwll)@ul, 1= [ dwln) fr]
0 0

MIMy|0) =0, MIMy |lu) = (M? + w?) |L)
MyM, o) = (M? + w?) |ro)
In the 3rd term, insert the complete set of M| M,:

1= /OOO dolgo) (Bul, KN |h0) = (M2 + ) o)

Note: [M¢,ML] =0
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Computation of Tr : (2)

tr (1 g [ I'YI/PL

:/dsusw%ﬂ)

/ds / doo || (slra) P2 (ipvuip v Pr) + tr (yuw Pr) (M? + w?)

: (P + M2 +w?)(p? + M? + w?)

tr (ipyuip' v Pr) + tr (v Pr) (M2 + w?)

(@ + M? +w?)(p? + M? +u?)
tr (i?’mi?l"/u) + tr (Y0 ) (M2 + w?)

W7+ M+ )+ M T o)

+ | (s]lw) |”

= (sl¢w)

tr (ip’yuip'% PL)
= p2p/2

ri,ti/l, 1"“,,]\42 w?
/ds/ w1100~ ] a0 0

=26(w)

[y Ly (ipyuip voys) + tr (yureys) (M2 + w?)
S w |Tw | - H ‘ >| ] 2(])2 —I—ZW2 +w2)(p’2 +]W2 +w2)

2M
“M24+02
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Renormalizability (One-loop) (1)

e Vacuum polarization (with external line)

‘ 1’ / UV- . ‘ : S
O /fs e /
5D(Z£:o)

4 e k!
[

— d*r Clog M? 6, A, (2,2 = 0)A, (2,2 = 0)
div. term

e The (regularized) UV divergence is renormalized by a

counter term on the brane z. = 0.
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Renormalizability (One-loop) (2)

e Vertex correction (with external line)

A

s A
U/}J)/U\/'Dh\/- /;Z/\%//
¥ — v

5D (z;= °)

A

e This UV divergence is also renormalized by a counter term
on the brane z. = 0.
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Renormalizability (Two-loop)

e BPHZ scheme can be applied except that loop
sub-diagrams with fermion internal lines should be
replaced by counter terms on the brane.

Fim An
1 /

fivy

5D (Zizo)

A

uv-dv AL /

o @{ﬂ L”«C}’

S
"

2-loop
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Gauge invariance

e Fermion loop induces 4D gauge-invariant term:

/d4x Clog(8? /%) tr (F,(z,0))?, (wv=1,---,4)

This term is also invariant under the following (4 + €)-D gauge
transformation:

Am(l', $€) - e—iw(ac,xe) [Am(ZC, we) + 8m] €iw(x’w€)

(m,n=1,---,4+¢€)
e Therefore, (4 + ¢)-D gauge invariance is preserved.

29/21



The net effect of the mixed dimension is the following:

For external line . .
Non-conservation of the e-dimensional momentum of A4,,

— affect unitarity!

For internal line
Change the power of 4D propagators :

1 1
2 (k2)1=¢/2
— does not!

Therefore, unitarity would be restored in the limit of ¢ — 0.
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