
Wavefunction Localization 
on Sphere 

with Magnetic Fluxes and Branes

Sosuke Imai (Waseda Univ.)

Collaboration with 
Yoshiyuki Tatsuta (DESY)

arXiv : 18xx.xxxxx



Mysteries of the Standard Model
* Chiral asymmetry

もう少し複雑な例として、標準模型を紹介する。標準模型のゲージ群は

SU(3)× SU(2)× U(1) (3.7)

であり、登場するスピノル表現は
ワイル : (3,2) 1

3
⊕ (1,2)−1

アンチワイル : (3,1) 4
3
⊕ (3,1)− 2

3
⊕ (1,1)−2 ⊕ (1,1)0

(3.8)

である。物理では、表現をその次元で書く慣習があり、例えば 3は SU(3)の 3次元表現、すな
わち自然表現を意味している。また、右下添字はU(1)変換に対してどのように変換するかを表
していて、φが

φ→ eiqαφ (3.9)

と変換するときは右下に添え字 qを書く。もちろん、厳密に言えば、これがU(1)の表現である
ためには q ∈ Zでなくてはならないが、（所詮は規格化の問題なので）1

3 などの分数の qも認め
ることにする。本当は、表現の幾つかは共役表現であるが、共役かそうでないかはアノマリー
に寄与しないので、全て自然表現で表した。ワイルスピノルからの寄与は
[
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のように計算される。ここで、SU(3)のゲージ場の強さをF1のように表し、SU(2)のゲージ場
の強さを F2のように表した。f は U(1)ゲージ場の強さを表している。同様にして、アンチワ
イルスピノルからの寄与は

−
[
trF 3

1 +
64

9
f 3 + 4trF 2

1 f

]
−
[
trF 3

1 − 8

9
f 3 − 2trF 2

1 f

]
−
[
−8f 3

]
= −2trF 3

1 − 2trF 2
1 f +

16

9
f 3

(3.11)

のように計算されるので、合計のアノマリー多項式はゼロになっていることがわかる。つまり、
標準模型はアノマリーのない理論である。
今までは 4次元時空ばかりを考えていたが、アノマリー多項式の計算は一般の偶数次元理論

で計算することができる。2d次元理論のアノマリー多項式は形式的な 2d+ 2形式で、それは

I2d+2 =
∑

p

(−1)ptrRpF
d+1 (3.12)

によって計算される。ちなみに、奇数次元ではディラックスピノルしか存在しないことが知ら
れているので、奇数次元の理論においてアノマリーは生じない。

3.2 Characteristics as anomaly polynomial

アノマリー多項式は、チャーン指標を使っても計算することができる。ゲージ群の表現Rが
与えられたとき、そのチャーン指標は

chR = trR exp

(
F

2π

)
(3.13)
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same charges

* Yukawa hierarchy
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We need magnetic fluxes
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There are no zero-modes
∵ Positive curvature of the sphere

(gauge field background)

* Zero-mode wavefunctions
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# of generations

Magnetic fluxes controls chiral asymm. & # of generations

chiral asymmetry

J.P. Conlon, A. Maharana and F. Quevedo, JHEP09 (2008) 104
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Chiral asymmetry

Three generation
Magnetic fluxes

How about Yukawa hierarchy ?

J.P. Conlon, A. Maharana and F. Quevedo, JHEP09 (2008) 104
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Chiral asymmetry

Three generation
Magnetic fluxes

How about Yukawa hierarchy ?

South pole

Large overlapping

Less hierarchical Yukawa
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J.P. Conlon, A. Maharana and F. Quevedo, JHEP09 (2008) 104

Yukawa hierarchy
North pole
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Our idea
* Why is not Yukawa hierarchical ?

We thought that one of the reasons was  
the Large isometry group of the sphere

SO(3) y S
2
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What happens if the isometry is broken ?
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* Why is not Yukawa hierarchical ?

We thought that one of the reasons was  
the Large isometry group of the sphere

SO(3) y S
2
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What happens if the isometry is broken ?

* Our idea

D3-branes
* The isometry is broken (explicitly)
* Solutions of the Einstein eq. for two and three branes are known

M. Redi, Phys.Rev. D71 (2005) 044006
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: 6d Plank mass
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: dimensionless tension
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* Zero-mode wavefunction

two branes

introduce ↵ = 0.9
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small overlapping

Wavefunctions are localized because of branes !

branes
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Result : two branes
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* Unsatisfactory points
Yukawa is diagonal No mixing between generations

Yukawa is real No CP-violation

Q : What is an origin of these problems ? 

Result : two branes



Q : What is an origin of these problems ? 
A : U(1)-isometry of the background 
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Q : What is an origin of these problems ? 
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* How to overcome these problems ?

Break the U(1)-isometry 
              by introducing one more brane 
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Result : three branes
* Zero-mode wavefunction
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<latexit sha1_base64="AqRp8J7XjsksNWbWGaiNa5R4+a8="></latexit><latexit sha1_base64="AqRp8J7XjsksNWbWGaiNa5R4+a8="></latexit><latexit sha1_base64="AqRp8J7XjsksNWbWGaiNa5R4+a8="></latexit><latexit sha1_base64="AqRp8J7XjsksNWbWGaiNa5R4+a8="></latexit>

Preliminary

|�0,1| |�0,2| |�0,3| ↵1 = 0.7
↵2 = 0.3
↵3 = 0.7

M = 10

Again, we can observe the localization of wavefunctions. 
U(1)-isometry is broken by the third brane

branes



Summary & Future work
* Summary

 with magnetic fluxes

with magnetic fluxes and branes

S2
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S2
<latexit sha1_base64="BF0f8cKjxgFGGDkhX9ZZ8u3X+YY="></latexit><latexit sha1_base64="BF0f8cKjxgFGGDkhX9ZZ8u3X+YY="></latexit><latexit sha1_base64="BF0f8cKjxgFGGDkhX9ZZ8u3X+YY="></latexit><latexit sha1_base64="BF0f8cKjxgFGGDkhX9ZZ8u3X+YY="></latexit>

Wavefunction localization

Possibilities for 
        hierarchical Yukawa* Future work

Construct realistic models.
Survey on relation between brane positions and flavor symmetry.

Thank you !

Yukawa hierarchy

Chiral asymmetry
Three generation



Back up slides



Background solution
M. Redi, Phys.Rev. D71 (2005) 044006

ds2 = R2dzdz̄

K = � 4

R2

@2

@z@z̄
logR

Gaussian curvature of                               is

* Einstein equation
K = k +

4⇡

R2

NX

k=1

↵k�
2(z � zk)

Fact
' : X ! (Y, g) holomorphic and                 . Then, KX = KY � 'd' 6= 0

Y = S2

KY = k > 0

with

Induced metric on        satisfies                     .X KX = k
zk 2 X' ⇠ (z � zk)

1�↵Moreover, if                                  around

KX = k +
4⇡

R2
↵�2(z � zk)



Background solution
M. Redi, Phys.Rev. D71 (2005) 044006

* Two branes

' : S2 ! S2

'(z) = z1�↵ (multi-valued)
ds2 =

4(1� ↵)

k

|z|�2↵

(1 + |z|2�2↵)2
dzdz̄

* Monodromy

K = k +
4⇡

R2

NX

k=1

↵k�
2(z � zk)

multi-valuedness
' ⇠ (z � zk)

1�↵

holomorphicity
' : X ! S2

Although                        is multi-valued, 
the induced metric is well-defined when 
monodromies give isometry of 

' : X ! S2

S2



Flux quantization
* Sol. of Maxwell-eq. on the South part

x1
<latexit sha1_base64="UJfL+13wF6Pc1zPlNNNQvKyo3Zc="></latexit><latexit sha1_base64="UJfL+13wF6Pc1zPlNNNQvKyo3Zc="></latexit><latexit sha1_base64="UJfL+13wF6Pc1zPlNNNQvKyo3Zc="></latexit><latexit sha1_base64="UJfL+13wF6Pc1zPlNNNQvKyo3Zc="></latexit>

C
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S2 = C [ {1}
<latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit><latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit><latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit><latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit>

the South part

A4 =
M

1 + |z|2 Im z
<latexit sha1_base64="uMqNrSFSlAv8Qww1uk+QHQtWDhI="></latexit><latexit sha1_base64="uMqNrSFSlAv8Qww1uk+QHQtWDhI="></latexit><latexit sha1_base64="uMqNrSFSlAv8Qww1uk+QHQtWDhI="></latexit><latexit sha1_base64="uMqNrSFSlAv8Qww1uk+QHQtWDhI="></latexit>

A5 = � M

1 + |z|2Re z
<latexit sha1_base64="kTEokuXSebWSxfl673pdSejoGk8="></latexit><latexit sha1_base64="kTEokuXSebWSxfl673pdSejoGk8="></latexit><latexit sha1_base64="kTEokuXSebWSxfl673pdSejoGk8="></latexit><latexit sha1_base64="kTEokuXSebWSxfl673pdSejoGk8="></latexit>

* Sol. of Maxwell-eq. on the North part

w =
1

z
<latexit sha1_base64="C9le/50L3kpQ0Sat3eieKLLAKTY="></latexit><latexit sha1_base64="C9le/50L3kpQ0Sat3eieKLLAKTY="></latexit><latexit sha1_base64="C9le/50L3kpQ0Sat3eieKLLAKTY="></latexit><latexit sha1_base64="C9le/50L3kpQ0Sat3eieKLLAKTY="></latexit>

A4 = � M

|w|2(1 + |w|2) Imw
<latexit sha1_base64="RKsXC2sBVl4r0YppQ2V4UwiZ5A8="></latexit><latexit sha1_base64="RKsXC2sBVl4r0YppQ2V4UwiZ5A8="></latexit><latexit sha1_base64="RKsXC2sBVl4r0YppQ2V4UwiZ5A8="></latexit><latexit sha1_base64="RKsXC2sBVl4r0YppQ2V4UwiZ5A8="></latexit>

A5 =
M

|w|2(1 + |w|2)Rew
<latexit sha1_base64="DMd+EnLs89Ku5elW31GdhNU89Fk="></latexit><latexit sha1_base64="DMd+EnLs89Ku5elW31GdhNU89Fk="></latexit><latexit sha1_base64="DMd+EnLs89Ku5elW31GdhNU89Fk="></latexit><latexit sha1_base64="DMd+EnLs89Ku5elW31GdhNU89Fk="></latexit>

where

singular at the North pole              !w = 0
<latexit sha1_base64="X7MdDdOiFT0tk/vignCu0hj5hws="></latexit><latexit sha1_base64="X7MdDdOiFT0tk/vignCu0hj5hws="></latexit><latexit sha1_base64="X7MdDdOiFT0tk/vignCu0hj5hws="></latexit><latexit sha1_base64="X7MdDdOiFT0tk/vignCu0hj5hws="></latexit>

We need gauge transformation to remove the singularity

� !
⇣ w̄
w

⌘M
2

�
<latexit sha1_base64="GaEUY5Vqrb5ap8lr2WNUsIju2zc="></latexit><latexit sha1_base64="GaEUY5Vqrb5ap8lr2WNUsIju2zc="></latexit><latexit sha1_base64="GaEUY5Vqrb5ap8lr2WNUsIju2zc="></latexit><latexit sha1_base64="GaEUY5Vqrb5ap8lr2WNUsIju2zc="></latexit>

* Charged matter

M
<latexit sha1_base64="lpI1BbZY95AVPuLSX1MlSWK8CQo="></latexit><latexit sha1_base64="lpI1BbZY95AVPuLSX1MlSWK8CQo="></latexit><latexit sha1_base64="lpI1BbZY95AVPuLSX1MlSWK8CQo="></latexit><latexit sha1_base64="lpI1BbZY95AVPuLSX1MlSWK8CQo="></latexit>

must be an integer
∵ single valuedness 



Zero-mode counting
⌃g,N

<latexit sha1_base64="J7M9uDU/E3hAAq2AtUDvk8zcEIE="></latexit><latexit sha1_base64="J7M9uDU/E3hAAq2AtUDvk8zcEIE="></latexit><latexit sha1_base64="J7M9uDU/E3hAAq2AtUDvk8zcEIE="></latexit><latexit sha1_base64="J7M9uDU/E3hAAq2AtUDvk8zcEIE="></latexit>

: Riemann surface with       branes and non-flat metricN
<latexit sha1_base64="kz67XiIiKvfQu4VZXR3FPdV7WIM="></latexit><latexit sha1_base64="kz67XiIiKvfQu4VZXR3FPdV7WIM="></latexit><latexit sha1_base64="kz67XiIiKvfQu4VZXR3FPdV7WIM="></latexit><latexit sha1_base64="kz67XiIiKvfQu4VZXR3FPdV7WIM="></latexit>

(g 6= 1)
<latexit sha1_base64="uk4sPtvY5yblx6lnI7h9xPvt/fg="></latexit><latexit sha1_base64="uk4sPtvY5yblx6lnI7h9xPvt/fg="></latexit><latexit sha1_base64="uk4sPtvY5yblx6lnI7h9xPvt/fg="></latexit><latexit sha1_base64="uk4sPtvY5yblx6lnI7h9xPvt/fg="></latexit>
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�
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±M + 1� g

2� 2g

⌫
+ l(DS ⌥DM +Dsing

⌥ )
<latexit sha1_base64="lXMaWVIbzPVvXTjQFrFUvfJbhK0="></latexit><latexit sha1_base64="lXMaWVIbzPVvXTjQFrFUvfJbhK0="></latexit><latexit sha1_base64="lXMaWVIbzPVvXTjQFrFUvfJbhK0="></latexit><latexit sha1_base64="lXMaWVIbzPVvXTjQFrFUvfJbhK0="></latexit>

Zero-mode counting formula 

DS
<latexit sha1_base64="7+JOlqkp1pF0n1m8pdXPYFIyc3A="></latexit><latexit sha1_base64="7+JOlqkp1pF0n1m8pdXPYFIyc3A="></latexit><latexit sha1_base64="7+JOlqkp1pF0n1m8pdXPYFIyc3A="></latexit><latexit sha1_base64="7+JOlqkp1pF0n1m8pdXPYFIyc3A="></latexit>

: divisor for weyl spinors

DM
<latexit sha1_base64="1/6NQCnpBwvp9kE7STZdIFWQwnk="></latexit><latexit sha1_base64="1/6NQCnpBwvp9kE7STZdIFWQwnk="></latexit><latexit sha1_base64="1/6NQCnpBwvp9kE7STZdIFWQwnk="></latexit><latexit sha1_base64="1/6NQCnpBwvp9kE7STZdIFWQwnk="></latexit>

: divisor for magnetic fluxes

Dsing
⌥

<latexit sha1_base64="VD8Qd+cK8CbGVO4ZyMTWeg32twc="></latexit><latexit sha1_base64="VD8Qd+cK8CbGVO4ZyMTWeg32twc="></latexit><latexit sha1_base64="VD8Qd+cK8CbGVO4ZyMTWeg32twc="></latexit><latexit sha1_base64="VD8Qd+cK8CbGVO4ZyMTWeg32twc="></latexit>

: divisor induced by branes

“correction”



L-coordinate on     with two branes
Z

S2

f
p

|g|dy1dy2 =

Z 1

0
rdr

Z 2⇡

0
d✓fR2
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<latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit><latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit><latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit><latexit sha1_base64="JSZJD4UlMAGK7SjZ/9ZKN97gmtA="></latexit>

ds2 = R2(dr2 + r2d✓)
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where

l = 1� 1

1 + r2�2↵
<latexit sha1_base64="hfF/vOyU4roNha8bQLsrSrdvPI4="></latexit><latexit sha1_base64="hfF/vOyU4roNha8bQLsrSrdvPI4="></latexit><latexit sha1_base64="hfF/vOyU4roNha8bQLsrSrdvPI4="></latexit><latexit sha1_base64="hfF/vOyU4roNha8bQLsrSrdvPI4="></latexit>

We define
then, dl =

k

2� 2↵
R2rdr
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and
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p
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Example : Magnetized SYM

L = tr


�1

4
FMNFMN + i ̄�MDM 

�

<latexit sha1_base64="JYROmIzNlY4B1V63L+SUInsvHp4="></latexit><latexit sha1_base64="JYROmIzNlY4B1V63L+SUInsvHp4="></latexit><latexit sha1_base64="JYROmIzNlY4B1V63L+SUInsvHp4="></latexit><latexit sha1_base64="JYROmIzNlY4B1V63L+SUInsvHp4="></latexit>
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* Fermion in effective theory
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