
Testing the Relativistic effects of the semileptonic Bc 
decays to charmonium in the Bethe-Salpeter method 

Guo-Li Wang 
 

Zi-Kan Geng,Tian-Hong Wang, Yue Jiang, Geng Li, Xiao-Ze Tan 
arXiv: 1809.02968 

 
Department of Physics, Harbin Institute of Technology 



Outline 
• Motivation 
• Bethe-Salper equation and Salpeter 

equation  
• Relativistic wave functions and solutions 
• Transition amplitude for Semileptonic Bc 

decays to charmonium 
• Relativistic corrections Method I and 

Method II 
• Numerical results 
• summary 



Motivation 
 



Motivation 
 

• After the discovery of Higgs, Standard Model needs 
precise study and test, relativistic study is important. 
 

• Usually, we pay attention to the relativistic effects of light 
hadrons, ignore ones of heavy hadrons because of heavy 
mass, especially double-heavy mesons. 
 

• We know little about the relativistic effects of heavy 
excited meson which has higher mass than the 
corresponding ground heavy meson. 
 



Motivation 
• After the year 2003, more and more heavy excited states 

are discovered. Non-relativistic and semi-relativistic 
models will give large errors.   
 

• We will study the relativistic corrections of Bc 
semileptonic decays to charmonium by the instantaneous 
Bethe-Salpeter method. 

 



Bethe-Salper equation and 
Salpeter equation  

 



Bethe-Salpter and Salpeter equation 
• Bethe-Salpeter Equation: 

 
 

• Total momentum P and relative momentum q: 
 
 
 

• Normalization: 



• There is difficulty about the kernel, the time-inspired 
interaction? 

•  Salpeter suggested the instantaneous version 
• The relative momentum q is divided into parallel and 

vertical parts to the momentum P: 

 
 

      the momenta  : 
 

      will become to the      and      in center-mass-system of the   
meson    
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Salpeter Eequation 
The reduced Bethe-Salpeter wave function: 

 
 
 

and the useful notations 
 
 
 
so we define 



then Salpeter wave function include four parts 
 
and the Salpter equation can be written as: 
 
 
Salpeter equation (positive and negative energy wave 

function) 



Normalization: 
 
 
We solve the full Salpeter equation will the simple Cornell 

potential: 
 
 
To avoid infrared divergence 

 



In momentum space: 



Relativistic Wave functions and 
solutions 

 



Wave Fuctions 

• The wave functions for S wave meson in a non-
ralativistic model are: 
 
 

• In our method the relativistic wave function for a                    
pseudoscalar                meson  
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Since we have  
The four wave functions are not independent 
 
And the positive and negative wave function 
 
 
 
And the normalization 

 
 



• For equal mass system         state: 
 
 
 

• From the first two Salpeter equations, we obtained: 
 
 
 
 
 

• Normalization 



Wave function 
• Wave function for                   scalar meson 

 
 

where only two of them are independent 
 
 
• Normalization: 
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0P 0 (0 )+ ++



• Wave function for                   meson 
 
 

• where only two of them are independent 
 
 
 

• Normalization: 
 
 
 
 

 
 

Wave function 
3

1P 1 (1 )+ ++



Wave function 
• Wave function for                 meson 

 
 

   and 
 

• Normalization: 
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1P 1 (1 )+ +−



Wave function 
Wave function for               vector meson 

 
 
 
There are only four independent wave functions  
 
 
 
normalization 

1 (1 )− −−3
1S



Mass spectra 
• Parameters: 

 
 
 

   for  charmonium  
 

   for  bottomonium 



 









 







Transition amplitude for 
Semileptonic Bc decays to 

charmonium 
 



Transition amplitude for Semileptonic 
Bc decays to charmonium 



Hadronic transition matrix element 



Transition amplitude and form factors 

• If final state is pseudoscalar     or scalar  
 
 
 
 

• If final state is vector,   

cη 0cχ



Relativistic corrections Method I 
and Method II 

 



Expansion Method I 
• Relativistic wave function of pseudoscalar 

 
 
     where 

 
 

      and   
• Expansion on                                              , when q is 

small, these quantities are small, when q is large, these 
contribution will be suppressed by wave functions. 

•    relate to relative velocity between quarks 



Expansion Method II 
• Expansion according to the wave functions 

 
where 

 
 

• Without expansion about     on q, if   
 
 
then the difference is leave to the q^2 

 

iω



Expansion Method II 
• So we have  



Expansion Method II 

• Then  



Numerical results 
 



Numerical results 
• Parameters 

 
 
• Form factors 

 



Form factors 

 



Form factors 

 



Branching ratios in Method I 

 



Branching ratios in Method II 

 





Relativistic effects 



Bc to tau 



Summary 
 • Relativistic corrections (RC) in the semileptonic 

Bc decays to charmonium are large. 
• RC of 1S are about 19~22% 
• RC of 2S are about 38~50%  
• RC of 3S are about 51~62%  
• RC of 1P are about 34~64%  
• RC of 2P are about 43~79%  
• RC of 3P are about 55~85%  
• Relativistic corrections are very important 

for excited heavy mesons. 

 
 



Thank you! 
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