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Motivation



Motivation

o After the discovery of Higgs, Standard Model needs
precise study and test, relativistic study is important.

o Usually, we pay attention to the relativistic effects of light
hadrons, ignore ones of heavy hadrons because of heavy
mass, especially double-heavy mesons.

* We know little about the relativistic effects of heavy
excited meson which has higher mass than the
corresponding ground heavy meson.



Motivation

o After the year 2003, more and more heavy excited states
are discovered. Non-relativistic and semi-relativistic
models will give large errors.

* We will study the relativistic corrections of Bc
semileptonic decays to charmonium by the instantaneous
Bethe-Salpeter method.



Bethe-Salper equation and
Salpeter equation



Bethe-Salpter and Salpeter equation

Bethe-Salpeter Equation:

(1~ m)xpla) (o ma) = [ 5

(2m)*

e Total momentum P and relative momentum q:

V(P,q,k)xp(k)

e
pr=a1’+q, o=
My + 1Mo
ny
p2 = P —q, ay =
M1 + Mo

e Normalization:

dkdiq,, [ 0 1oy 1 1 , N
/ ey T X g (ST 0)S3 )k — ) + VP R 9] x(a) | = 27,



« There is difficulty about the kernel, the time-inspired
Interaction?

® Salpeter suggested the instantaneous version

e The relative momentum q is divided into parallel and
vertical parts to the momentum P:

iy T2 L Iy ) y
qﬂ = (P-q/M3P", ¢ =q¢" — qﬂ :

the momenta :

q, = (ﬁf) L G = E =P =
will become to the d, and |G|in center-mass-system of the
meson




Salpeter Eequation
The reduced Bethe-Salpeter wave function:

_ [ dq L
peldl) =i [ SEXf )

| E2dk ds |
aa) = [ FE eV e an s)ep(h)
and the useful notations
1
wi=mi+ . Aqu) = . [iw 3= J (i) (mi + 1)

A7y (q1) A (q1)
Si (Pi) = : : — + : . .
J(I)Qp +(X,'MH — Wijp + 1€ J(I)Q;) ‘I‘aiMH +wip — 1€

so we define

p 7
et (a1) = A (a0 {790 () 705 (00)



then Salpeter wave function include four parts
pplqr) = ¢, (au) + ¢, (q0) + ¢, (a0) + ¢, (q0)

and the Salpter equation can be written as:

AT (qu)np(q0) A5 (q0) — Av(gu) s (g0) A5 (q1)

) = T i mwy) T (M rw b

Salpeter equation (positive and negative energy wave
function)

(M —wi —w2)p ™ (q1) = Af (q0)np(a0)AT (qu)

(M +wi +w2)e, ™ (qr) = —Ay (qu)np(q0) A5 (q1)

pr (q1) =¥, (q1) =0.



Normalization:

/ d.3(u - ?++£,_ﬂ++£ _7——£m__£ = 2P,
(QW)B. P J[HVP M P J[VP M oY

We solve the full Salpeter equation will the simple Cornell
potential:

4 v,
1) = Vi) + Vo b2 @ 1 Valr) = Ar 4V = 04052

To avoid infrared divergence

VS'(T) — %(1 _ e—cw.r) + ‘/O ’



In momentum space:

V() (= + W) (1) + 55—
— 2 a.(q
IR C)
(g +a?)
— 127 1
ab(q) — .f) —>2
- l()ﬂ(a—i—




Relativistic Wave functions and
solutions



Wave Fuctions

 The wave functions for S wave meson In a hon-
ralativistic model are:

20-(@) = M(1+70)350(0), 7 (@) = M(1470)" - 7o(q),

* In our method the relativistic wave function for a
pseudoscalar o-(o—+) meson

prso(@) = M |3001(8) + (@) + (@) + ()| 5




Since we have ¢is (1) = ¢ig, (1) =0
The four wave functions are

(@) = PAOMntwn) o (@M ten)
o mowy +myws mowy + mywy

And the positive and negative wave function

— M - — my + mo Wy + wo d(my —ms) d 17, (W + ws)
q++ - A (] (el ~ 1 1/ -~
Pig,(4) 2 (L"l( 1)+ ¢2() Wy + woy ) [-ml + mo % Moy + MyWs + (mowy + myws)

- M — —_ My + ms Wy + Wy d (my—ms) 7, (w +ws)
oii (1) = = ( q) — a(q ) - ° Y, -
Prs,(4) 2 #1(9) = ¢2(2) Wy + Wy [ my + ma % Mol + Mws + (mawy + myws) | '°

And the normalization

_ _2
dq — = o wiFwe  omy+my 29 (wymg + wems)
—401 () pa(q ) M? =5 =2M .
/ (27)3 1(9)#a(9) {-ml + ma + w1 + ws + (wime + wamy)?



 For equal mass system -+ state:

ii“?p_(}—+ (q) -

}”fu (q) + M fa(q) + fh%f\ (9’)] s

(1 ) P + M.f2<q>] .

* From the first two Salpeter equations, we obtained:

(M — 2w) [mq) + falg)- 1] = /(Ml

w1 QW)3 W‘I)

W= ) [fiymt + fkymien] = (Vo + Vo) fi ()4 - R}

(M +200) i) = fol) 2| = [ 'k 1

(2m)

Wi

AW = Vo) [Alm? = falkmin] = (Vi + VA4 B)]

e Normalization

2

/( 4;1((1);3((1)112{ TR }—QM

(2m)°

mp o wip o Wiy



Wave function
» Wave function for ®*p, 0*(0**) scalar meson

oo (q) = filg ) d+ Falql)

where only two of them are independent

_ falgn)gd (wr — ws)
M (m1ws + mawy )

: f 1\qL QQ my —+ mo
falqL) = (21)qi( )

- M(wiws +mima+q1)’ falqu)

e Normalization:

= 1c £ (W«bu 72
/(([_q 16 f1 fowiwaq — 90/

27)3 mywse + mawn



Wave function

« Wave function for *p. 1°(1™") meson

1e(41) = i€ was P gL e” | LMY + o Py + fad ¥ + 01187741, Porians /M | /M.
« where only two of them are independent

folq )M (—wiws + mymo + ¢%)

fl (QJ_ ) ﬂ'f(?n'lio’g — Mgwy )
| Qﬁ_ (?n‘l + '?T?..g)

falqu) = D)
s(ar) g1 (w1 + ws)

falqr) =

[T oo, —mms s #)_
( = 2M.

27)3 3(mq + ma)(wi + we)



Wave function

e \Wave function for ‘B, 1°(1*) meson

pr+(qL) = qu - ei filgr) + f?(%.)% T f‘z(m)% + falqy) {Z}g Ve
and falq) = — filgr )M (my — ms) g = _fg(qL)ﬂ_,[(wl + wo)

(wiws + myma — 1) (miwa + maws)

 Normalization:

/ dq 16f1fgw1w2g79
(

27)% 3(miws + mowy)



Wave function

Wave function for®s, 1-(1) vector meson

q.

A7 f3la) + Py falg) |+ Mg f5(q0)

M

P-(qr) =q €} [filgy) + %fﬂﬂh) +

+2 Plo(ql) + (4o g —ai-€))fr(q1) + %(Pﬂﬁh — Pqy - €))fs(qu).

There are only four independent wave functions

(43 falgr) + M2 fs5(q1)] (mama — wiws +¢3)

; f5(q )M (—mima + wiwa + ¢2)
M (my + m2)qy |

p)
(my — ma2)q]

Jilge) = J7lqL) =

folaL) = [—¢2 falqr) + M%fs(q1)] (miws — Tﬂ-zw‘l)’ fulqL) =

felqL)M(miws — mow)
M (wy —i—ngqj)‘_ '

(w1 —w2)q]

normalization

/(zﬂ_)g 3 {3f5f6 TRt T pifs— fo ( fang + fo = 2M.

miws +mowr  (my + ma)(wy + wa) “M2




Mass spectra

e Parameters:

a=e=27183, a=0.06GeV, \=0.21 GeV?
and m. = 1.62 GeV, my =4.96 GeV .

for charmonium Ny =3, Agep = 0.27 GeV
ag(m.) = 0.38
for bottomonium N, =4, Ayep = 0.20 GeV

as(my) = 0.23



TABLE I: Parameter of Vj in unit of MeV

cC bb
nJP¢ =n 07+ (19y)[-0.314[-0.240
n/"’¢ =n 177(35)|-0.176|-0.166
nJ"Y =n 07+ (3Py)|-0.282]-0.174
n/P¢ =n 173 P)]-0.162]-0.141
n/’¢ =n 27+(3PR)|-0.110]-0.121
n/P¢ =n 17 (1P)|-0.144]-0.135




n JPC(ZSHOL ;) Th(cc) Ex(cc) Th(bb) Ex(bb)
1 07T('Sy)  [2980.3(input)| 2980.3 [9390.2(input)| 9388.9
2 0~ (1Sp) 3576.4 3637 9950.0
307 (1Sy) 3948.8 10311.4
11--(351) |3096.9(input)|3096.916]9460.5(input) | 9460.30
21 (35 3688.1 3686.09 | 10023.1  [10023.26
31 3778.9 3772.92 | 10129.5
41~ 4056.8 4039 10368.9 | 10355.2
51— 4110.7 4153 10434.7
61 (° 4329.4 4421 10635.8 | 10579.4
717039 4545.9 10852.1 10865




n JPCESHUL; Th(ce) Ex(ce) | Th(bb) | Ex(bb)
1 07T (3Py) |3414.7(input)|3414.75| 9859.0 | 9859.44
2 07T (3 R) 3836.8 10240.6| 10232.5
307T(°R) 4140.1 10524.7
1 17T(3P) |3510.3(input)|3510.66| 9892.2 | 9892.78
2 1T (3P)) 3928.7 10272.7]10255.46
3173 P) 4228.8 10556.2




n JPCESHUL, Th(ce) Ex(ce) | Th(bb) | Ex(bb)
1 27T (3Py) |3556.1(input)|3556.20| 9914.4 | 9912.21
2 27T (3 Py) 3972.4 10293.6{10268.65
3 2T (3 1) 4037.9 10374.4
4 27T (3 R) 4271.0 10561.5
1 17— (*Py) [3526.0(input)|3525.93| 9900.2
21t (1Pp) 3943.0 10280.4
317 ('P) 42424 10562.0
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wave functions for x,(1P) (GeV2)

n
T

wave functions for 1,(2S) (GeV2)
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wave functions for h (2P) (GeV2)

(c)he(2P)

wave functions for y(2P) (GeV2)
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Transition amplitude for
Semileptonic Bc decays to
charmonium



Transition amplitude for Semileptonic
Bc decays to charmonium

vy
P1 »
AN
| | / |
Bf.p l. I . X
VR n o\
73’;2 ﬂ';‘;

FIG. 1: Feynman diagram corresponding to the semileptonic
decays Bf - X +/0" + 1.

G _
T = Tg%jum“(l =73 )ue{X (P, )| BS (),



Hadronic transition matrix element

(Xc(hc)(Pf)uH|BC(P)>

' d'qd’q’ - ro !
— i (;ﬂi] Tr(X,, ) (P @) (P1 — m) x,, (P Ve (1 — y5)8(p1 — p))]
i d4 Eva r
- 1/ (an)ler Koy (P's @) er P+ —m) (P @)Very™ (1 = p5)]

d? i TN A
= (zg;Tri|:(,0++(6]L)§(P++(QL)+¢++(QL)MW+ (q1)

— xﬁ"+(q1)§<p++ (qL) — ¥’ (ﬁ)%@“(cﬂ) + @"‘(ql)%W‘+(qL)
i Pl
—¢ (QJ_)M(P ((M)}/ (1 VS)},

dgql

(27)?

P
(xc(he)(PP)|J*|Be(P)) = / Tr {95’++(C]’J_)M(P++(CIL)VM(1 — Vs)}



Transition amplitude and form factors

o If final state is pseudoscalar 7, or scalar y,,
(Pley"(1=~")bl B )

- [ o [ F it @ s -7 @)

=5.(P+ Py + S_(P — Py),

« |f final state is vector, J/4, h. or Y.
(VIey"(1 = ~°)b| Bf)
d —
—/ (25) Tr HZ 7+ aPr)y" (1 =)oy ((j)]

2t4
M—I—Mf

1 ’ P 1 : H/Cfn
=(t, P" + t2 Py )7 +t3(M 4+ My)et + ic"?%¢, P, Pys,



Relativistic corrections Method I
and Method IT



Expansion Method |

e Relativistic wave function of pseudoscalar

5

po- (qr) = |AilqL) + ﬁAz(fu) + g—LA s(qL) + }??2 Agqu)| 7,

\
M [ W1 + Wwo ] M(w; — we
where 4, = Ji+ fa] Ay = —— ( : ) Ay,
2 |myp+ms . miws + Mowq
M|, —— my+me M(mq + ms)
Ay =— | i + fQ . Ay = —- ( __ Ay,
2 | wy +wa " Miws + Moy

and wi = VmZ — ¢ = /m?+ 3@ (i = 1,2)

e Expansionon|ql/M or |q]/m; i =1, 2 ,whenqis
small, these quantities are small, when q is large, these
contribution will be suppressed by wave functions.

mimo 2

» ¢ relate to relative velocity between quarks ¢ = el



Expansion Method 11

e EXxpansion according to the wave functions

po- (q1) = g (qu) + @1 (qL),
where i
et (an) = [Ai(a) + B As(q)] 7

ptH(a) = S As(a) + T Aulan)| 4
 Without expansion about @, on q, if w; = m; + ¢%/2m,;

and fi = fo. then @i (1) = MA [(1+ 555 ) + & (1- 555)]»°

5

then the difference is leave to the g2



Expansion Method I

 So we have
(Neley (1 — “/S)b’BD =Ty + 11 + 15

g TP 5
- [ oL g%ﬂih%l—v%$ﬂﬂl

(2m)3 | M
dq_’ I P ! ! 5
= / orp | 2p P PN AT 99?*)]

dcj' - P —/ 5 .
= / (2%)3Tr M(@Jﬂﬂ/’“(l — )(cpéﬁ)] & the leading order (LO)

dq : J}b—’++ A ~ASY( At i = ) A 1 ~SY( A HT
[ T | T =)+ =)

& the first order of relativistic correction (1stRC)

i / (zchﬂ [%Wﬁ)“/”(l - “/5)(@*)]

& the second order of relativistic correction (2ndRC)



Expansion Method 11

Then
TP = (To + Ty + 1) (Tg +TF +T3)
= |Ty|* & LO
+ Ty + T, T, < 1stRC
+ |10 + (T Ty + Ty T,) < 2ndRC
+ VTS + TPTy < 3rdRC

+ |Ts|* < 4thRC.



Numerical results



Numerical results

e Parameters
my = 4.96 GeV, m, = 1.62 GeV, V,;, = 40.5 x 1073,

My, 2p) = 3.887 GeV, M, ,2p) =3.862 GeV, M, ,p) = 3.872 GeV.
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Branching ratios in Method |

Mode 70 71 72 7° 7 70 7
Ne 47.4 11.0 4.10 -3.49 -0.390 -0.135 0.0811
J /1) 157 20.2 18.8 0.517 0.150 -0.00270 0.0203
ne(25) 3.66 2.29 1.43 -0.294 -0.122 -0.0951 0.0284
(29 6.88 1.87 2.74 0.362 0.185 0.0247 0.00849
Ne(35) 0.408 0.339 0.293 -0.0100 -0.0133 -0.0287 0.00675
(39) 0.652 0.241 0.510 0.108 0.0809 0.0138 0.00282
Mode (FQ (FS qﬁél CTE (TG (?T 58
he 15.4 11.0 4.20 -0.420 -0.142 0.00354 0.0100
X0 5.13 7.90 1.85 -1.12 -0.0765 0.0224 0.00224
Xel 7.82 1.50 2.30 0.218 -0.480 -0.0189 0.0278
he(2P) 1.75 1.86 1.11 -0.0110 -0.0810 -0.0168 0.00575
Xco(2P) 0.508 1.16 0.635 -0.0776 -0.0531 0.00158 0.00121
Xe1(2P) 0.666 0.104 0.444 0.0265 -0.157 -0.00197 0.0159
he(3P) 0.173 0.249 0.207 0.0205 -0.0136 -0.00470 0.00103
Xeco(3P) 0.0731 0.220 0.170 -0.00436  -0.0183 -0.000377 0.000541
Xc1(3P) | 0.0580  0.00784  0.0758  0.00580  -0.0379  -0.000542 0.00539
Table 1. The branch ratios of Bl — (¢¢) + ¢™ + 1. in Method T according to the power ¢ " (in

10=4).




Branching ratios in Method 1

Mode LO Ist 2nd 3rd 4th Total(BS)
Ne 44.1 8.24 7.32 0.650 0.279 60.7
J /1 158 18.2 15.2 1.94 0.219 193
N-(25) 3.24 1.81 1.71 0.420 0.166 7.34
¥(28) 6.96 1.66 2.00 0.353 0.108 11.1
Ne(35) 0.355 0.272 0.311 0.101 0.0475 1.09
(35 0.651 0.201 0.365 0.0834 0.0388 1.34
h. 14.7 10.2 5.21 0.688 0.0822 30.9
X0 5.20 7.88 2.03 -0.736 0.0453 14.4
Xel 7.75 1.35 2.31 0.307 0.0292 11.8
he(2P) 1.61 1.67 1.27 0.288 0.0448 1.88
Xe0(2P) 0.523 1.16 0.664 0.0211 0.000490 2.37
Xel1(2P) 0.650 0.0804 0.406 0.0353 0.00421 1.18
he(3P) 0.159 0.228 0.222 0.0614 0.0111 0.682
Yo (3P) 0.0760 0.221 0.175 0.0208 0.000717 0.493
Xel (3P) 0.0562 0.00589 0.0615 0.00427 0.000765 0.129




Mode g° sum BS NR w
Ne 47.4 58.6 60.7 56.7 3.4%
J/ 157 197 193 188 -1.8%
1e(25) 3.66 6.90 7.34 1.48 6.0%
B(28) 6.88 12.1 11.1 8.40 -8.8%
1.(39) 0. 408 0.995 1.09 0.509 8.7%
¥(39) 0.652 1.61 1.34 0.806 -20%
Mode (Fz sum BS NR %
h.. 15.4 30.0 30.9 18.8 2.9%
X0 5.13 13.7 14.4 6.28 4.8%
Yel 7.82 11.4 1.8 9.60 2.8%
he(2P) 1.75 4.62 4.88 2.18 5.3%
Xc0(2P) 0.508 2.17 2.37 0.633 8.4%
Xel (2P) 0.666 1.10 1.18 0.853 7.2%
h.(3P) 0.173 0.633 0.682 0.220 7.1%
Xe0(3P) 0.0731 0.440 0.493 0.0923 11%
Xel (3P) 0.0580 0.114 0.129 0.0735 11%

Table 3. Comparisons of the branch ratios of B — (¢¢) + e’ + v, obtained by different ways,
where ¢ 2 means the leading order result; sum means the sum of all of expansion orders; BS means
the result by BS method without expansion, and NR means the result by the non-relativistic wave
function and the leading order expansion of the amplitude (in 10™* except the last column).



Relativistic effects

Method Ne J /¢ n.(25) P(25) n.(35) (3.9)
| 21.9 18.8 50.2 38.0 62.5 5H1.3
I1 27.3 18.5 55.8 37.2 67.3 51.5
Table 4. The relativistic effects of B — (ce)eTv.: 222LE from two methods (in %).

Method hc Xc0 Xel h((QP) Xc[)(QP) Xel (QP) h((gp) XcO(gP) Xel (Bp)
| 50.2 644 33.7 641 78.5 43.3 74.6 85.2 54.9
1T 52.5 639 340  67.0 779 447 76.7 84.6 56.3
Table 5. The relativistic effects of B — (cc)e v £22E2 from two methods (in %).




Bc to tau

Method e J /) ne(29) P(29) n.(395) P (39)
| 18.4 15.8 53.8 39.1 65.6 52.6
I1 21.3 15.7 56.7 39.7 66.6 55.3

Table 9. The relativistic effects of Bf — (c)7F v, : B52L2 from two methods (in %).

Method hc Xc0 Xel h((QP) XCO(QP) XCl(QP) hc(gpj XCO(SP) XCI(SP)

I 8.3 T76.0 372  78.0 90.0 56.2 92.1 95.9 79.8
1 59.0 758 37.6 788 89.8 56.8 92.1 95.7 80.3

Table 10. The relativistic effects of Bl — (c2)7 v, - % from two methods (in %).




Summary

Relativistic corrections (RC) in the semileptonic
Bc decays to charmonium are large.

RC of 1S are about 19~22%
RC of 2S are about 38~50%
RC of 3S are about 51~62%
RC of 1P are about 34~64%
RC of 2P are about 43~79%
RC of 3P are about 55~85%

Relativistic corrections are very important
for excited heavy mesons.




Thank you!
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