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1. Motivation

Standard light-front quark model (SLF QM);
M. V. Terentev, SJNP 24 (1976) 106; P. L. Chung et al., PLB 205 (1988) 545.

The SLF QM is a relativistic constituent QM based on the LF formalism, which
provides a conceptually simple and phenomenologically feasible framework for
calculating the non-perturbative quantities of hadrons.

Form factor: W. Jaus, PRD 44 (1991) 2851; H. Y. Cheng et al., PRD 55 (1997) 1559;.......

Decay constant: C. Q. Geng, EPJC 76 (2016) 313; H. Choi et al., PRD 89 (2014) 033011; .......

Distribution amplitude: C. W. Hwang, Phys. Rev. D 81 (2010) 114024 ........

Baryon weak decays (LFQM+diquark model) : W. Wang, F. S. Yu et al., EPJC 77 (2017)

781. ......

two problems: non-manifestation of covariance; zero-mode issue

Covariant light-front quark model (CLF QM);
H. Y. Cheng et al., Phys. Rev. D 57 (1998) 5598; W. Jaus, Phys. Rev. D 60 (1999) 054026;

It provides a systematic way to explore the zero-mode effects; the results are
guaranteed to be covariant after the spurious contribution proportional to
ω = (0, 2, 0⊥) is canceled by the inclusion of zero-mode contributions.

Applications: W. Wang and Y. L. Shen, PRD 78 (2008) 054002; Y. L. Shen and Y. M. Wang, PRD 78

(2008) 074012. X. X. Wang, W. Wang and C. D. Lu, PRD 79 (2009) 114018; H. Y. Cheng and X. W.

Kang, Eur. Phys. J. C 77 (2017) no.9, 587. X. W. Kang, T. Luo, Y. Zhang, L. Y. Dai and C. Wang,

arXiv:1808.02432 [hep-ph]. W. Wang and R. Zhu, arXiv:1808.10830 [hep-ph]. H. W. Ke and X. Q. Li,

Eur. Phys. J. C 71 (2011) 1776. H. W. Ke, X. Q. Li and Z. T. Wei, Phys. Rev. D 80 (2009) 074030.......
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Two problems:
Self-consistency problem of CLF QM

Covariant light-front approach for s-wave and p-wave mesons: Its application to decay constants
and form factors

Hai-Yang Cheng and Chun-Khiang Chua
Institute of Physics, Academia Sinica, Taipei, Taiwan 115, Republic of China

Chien-Wen Hwang
Department of Physics, National Kaohsiung Normal University, Kaohsiung, Taiwan 802, Republic of China

!Received 4 November 2003; published 27 April 2004"

We study the decay constants and form factors of the ground-state s-wave and low-lying p-wave mesons
within a covariant light-front approach. Numerical results of the form factors for transitions between a heavy
pseudoscalar meson and an s-wave or p-wave meson and their momentum dependence are presented in detail.
In particular, form factors for heavy-to-light and B→D** transitions, where D** denotes generically a
p-wave charmed meson, are compared with other model calculations. The experimental measurements of the
decays B!→D**#! and B→D̄Ds** are employed to test the decay constants of Ds** and the B→D**
transition form factors. The heavy quark limit behavior of the decay constants and form factors is examined
and it is found that the requirement of heavy quark symmetry is satisfied. The universal Isgur-Wise !IW"
functions, one for s-wave to s-wave and two for s-wave to p-wave transitions, are obtained. The values of the
IW functions at zero recoil and their slope parameters can be used to test the Bjorken and Uraltsev sum rules.

DOI: 10.1103/PhysRevD.69.074025 PACS number!s": 12.39.Ki, 12.39.Hg, 13.25.!k, 14.40.!n

I. INTRODUCTION

Mesonic weak transition form factors and decay constants
are two of the most important ingredients in the study of
hadronic weak decays of mesons. There exist many different
model calculations. The light-front quark model $1,2% is the
only relativistic quark model in which a consistent and fully
relativistic treatment of quark spins and the center-of-mass
motion can be carried out. This model has many advantages.
For example, the light-front wave function is manifestly Lor-
entz invariant as it is expressed in terms of the momentum
fraction variables in analogy with the parton distributions in
the infinite momentum frame. Moreover, hadron spin can
also be correctly constructed using the so-called Melosh ro-
tation. This model is very suitable to study hadronic form
factors. Especially, as the recoil momentum increases !corre-
sponding to a decreasing q2), we have to start considering
relativistic effects seriously. In particular, at the maximum
recoil point q2"0 where the final-state meson could be
highly relativistic, there is no reason to expect that the non-
relativistic quark model is still applicable.
The relativistic quark model in the light-front approach

has been employed to obtain decay constants and weak form
factors $3–7%. There exist, however, some ambiguities and
even some inconsistencies in extracting the physical quanti-
ties. In the light-front quark model formulation one often
picks up a specific Lorentz frame !e.g., the purely longitudi-
nal frame q!"0, or the purely transverse frame q#"q0
#q3"0) and then calculates a particular component !the
‘‘plus’’ component" of the associated current matrix element.
Because of the lack of relativistic covariance, the results may
not be unique and may even cause some inconsistencies. For
example, it has been pointed out in $7% that, in the q!"0
frame, the so-called Z-diagram contributions must be incor-
porated in the form-factor calculations in order to maintain

covariance. Another issue is that the usual recipe of taking
only the plus component of the current matrix elements will
miss the zero-mode contributions and render the matrix ele-
ment noncovariant. A well known example is the electromag-
netic form factor F2(q2) of the vector meson !see e.g. $8%".
In other words, the familiar expression of f V , for example, in
the conventional light-front approach $4% is not trustworthy
due to the lack of the zero-mode contributions. As a conse-
quence, it is desirable to construct a covariant light-front
model that can provide a systematic way of exploring the
zero-mode effects. Such a covariant model has been con-
structed in $9% for heavy mesons within the framework of
heavy quark effective theory.
Without appealing to the heavy quark limit, a covariant

approach of the light-front model for the usual pseudoscalar
and vector mesons has been put forward by Jaus $10% !for a
different approach, see $11%". The starting point of the cova-
riant approach is to consider the corresponding covariant
Feynman amplitudes in meson transitions. Then one can pass
to the light-front approach by using the light-front decompo-
sition of the internal momentum in covariant Feynman mo-
mentum loop integrals and integrating out the p!"p0!p3
component $12%. At this stage one can then apply some well-
studied vertex functions in the conventional light-front ap-
proach after p! integration. It is pointed out by Jaus that in
going from the manifestly covariant Feynman integral to the
light-front one, the latter is no longer covariant as it receives
additional spurious contributions proportional to the lightlike
vector &̃'"(1,0,0,!1). This spurious contribution is can-
celled after correctly performing the integration, namely, by
the inclusion of the zero mode contribution $13%, so that the
result is guaranteed to be covariant. Before proceeding, it is
worth mentioning that in the literature there is a controversy
about the zero mode contributions to the vector decay con-
stant f V and the form factor A1(q2) in the pseudoscalar to
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[fV ]λ=0
CLF 6= [fV ]

λ=±
CLF

due to the additional contribution characterized

by the B
(2)
1 function to [fV ]λ=0

CLF.

Possible solution: H. M. Choi and C. R. Ji,

Phys. Rev. D 89 (2014) no. 3, 033011.

√
2Nc

χ(x, k⊥)

1− x
→

ψ(x, k⊥)√
x(1− x)M̂0

, DV,con → DV,LF , (type-I)

χ(x, k⊥) : CLF expressions ←→ SLF ones via Z.M. independent fP or f+
P→P .

D: DV,con = M +m1 +m2 and DV,LF = M0 +m1 +m2

√
2Nc

χ(x, k⊥)

1− x
→

ψ(x, k⊥)√
x(1− x)M̂0

, M → M0 . (type-II)

=⇒ [fV ]λ=0
CLF = [fV ]λ=±

CLF = [fV ]SLF

Questions: (i) fA, FP→V ...... ?

(ii) [fV ]λ=0
SLF = [fV ]λ=±

SLF ? self-consistency of SLF QM ?

(iii) zero-mode contribution ?
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Covariance problem of CLF QM

The manifest covariance is a remarkable
feature of CLF QM relative to SLF QM.
However,
the covariance is in fact violated
when the LF vertex function and
operator are used (especially for
spin-1 system).

Taking A ≡ 〈0|q̄2Γq1|M(p)〉 as an example

ÂµV = MV (εµfV + ωµgV ) ,

ÂµV is obviously not covariant unless the unphysical decay constant gV = 0 since ωµ

is a fixed vector.

(i) Is the covariance violation minimal?

(ii) Can the strict covariance be recovered ?
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2. Brief review of theoretical framework

The main task:

A ≡ 〈0|q̄2Γq1|M(p)〉; B ≡ 〈M′′(p′′)|q̄′′1 Γq
′
1|M

′
(p
′
)〉

2.1 The SLF QM

|M〉 =
∑
h1,h2

∫
dk+d2k⊥

(2π)32
√
k+
1 k

+
2

Ψh1,h2
(k

+
, k⊥)|q1 : k

+
1 , k1⊥, h1〉|q̄2 : k

+
2 , k2⊥, h2〉 ,

one-particle states: |q1〉 =
√

2k+
1 b
†|0〉 with {b†

h
(k), bh′ (k

′)} = (2π)3δ(k+ − k′+)δ2(k⊥ − k′⊥)δhh′ .

Wavefunction:

Ψh1,h2
(x, k⊥) = Sh1,h2

(x, k⊥)ψ(x, k⊥) ,

Radial WF ψs(x, k⊥) =4
π

3
4

β
3
2

√
∂kz

∂x
exp

[
−
k2
z + k2

⊥
2β2

]
, s-wave

ψp(x, k⊥) =

√
2

β
ψs(x, k⊥) . p-wave

Spin-orbital WF Sh1,h2
=
ūh1

(k1) Γ′ vh2
(k2)

√
2M̂0

,

obtained by the interaction-independent Melosh transformation, where

Γ′
P,V,1A,3A

= γ5 ,− 6 ε̂ +
ε̂·(k1−k2)
DV,LF

,− ε̂·(k1−k2)
D1A,LF

γ5 ,−
M̂2

0
2
√

2M0

[
6 ε̂ +

ε̂·(k1−k2)
D3A,LF

]
γ5
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Equipped with the formulae given above, one can obtain

A =
√
Nc

∑
h1,h2

∫
dxd2k⊥

(2π)32
√
xx̄
ψ(x, k⊥)Sh1,h2

(x, k⊥)Ch1,h2
(x, k⊥) ,

B =
∑

h′1,h
′′
1 ,h2

∫
dk′+d2k′⊥

(2π)3 2
√
k′+ k′′+

ψ
′′∗

(k
′′+

, k̄
′′
⊥)ψ

′
(k
′+
, k
′
⊥)

× S′′†
h′′1 ,h2

(k
′′+

, k
′′
⊥)Ch′′1 ,h

′
1

(k
′′+

, k
′′
⊥, k
′+
, k
′
⊥)S

′
h′1,h2

(k
′+
, k
′
⊥) ,

where Ch1,h2
≡ v̄h2

Γuh1
and Ch′′1 ,h

′
1
≡ ūh′′1

Γuh′1

2.2 The CLF QM
Manifestly covariant one-loop integrals:

A = Nc

∫
d4k

(2π)4

HM

N1N2

SA , B = Nc

∫
d4k′

(2π)4

HM′HM′′

N′1 N
′′
1 N2

iSB ,

where, SA = Tr [Γ (6k1 +m1) (iΓM ) (− 6k2 +m2)]

SB = Tr
[
Γ ( 6k′1 +m

′
1) (iΓ

′
M ) (− 6k2 +m2) (iγ

0
Γ
′′†
M
γ

0
)(6k′′1 +m

′′
1 )
]
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Manifestly covariant expression
integrating out k−
−−−−−−−−−−−−−−→ LF expression

Assumption: HM,M′,M′′ are analytic in the upper complex k− (k′−) plane.

Consequently, q2 is on mass-shell, and

N1 → N̂1 , N
′(′′)
1 → N̂

′(′′)
1 , S → Ŝ ,

χM = HM/N1 → hM/N̂1 , DM,con → DM,LF .

Then,

Â = Nc

∫
dk+d2k⊥

2(2π)3

−ihM
x̄p+N̂1

ŜA , B̂ = Nc

∫
dk′+d2k′⊥

2(2π)3

hM′hM′′

x̄p′+N̂ ′1 N̂
′′
1

ŜB . (1)

In order to restore the zero-mode contribution and eliminate ω dependence, we need
the following decomposition and replacements
Jaus, Phys. Rev. D 60 (1999) 054026. Phys. Rev. D 69 (2004) 074025

for Â: k̂
µ
1 → xp

µ
+ ...(ω,C

(j)
i ) ,

k̂
µ
1 k̂

ν
1 → −g

µν k
2
⊥
2

+ p
µ
p
ν
x

2
+
pµων + pνωµ

ω · p
B

(2)
1 + ...(ω,C

(j)
i ) ,

N̂2 → Z2 = N̂1 +m
2
1 −m

2
2 + (x̄− x)M

2
,
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for B̂: k̂
′µ
1 → P

µ
A

(1)
1 + q

µ
A

(1)
2 + ...(ω,C

(j)
i ) ,

k
′µ
1 N̂2 → q

µ
[
A

(1)
2 Z2 +

q · P
q2

A
(2)
1

]
,

Z2 = N̂
′
1 +m

′2
1 −m

2
2 + (x̄− x)M

′2
+ (q

2
+ q · P )

k′1⊥ · q⊥
q2

,

· · · · ·· (2)

where P = p′ + p′′, q = p′ − p′′ and

A
(1)
1 =

x

2
, A

(1)
2 =

x

2
−
k′1⊥ · q⊥

q2
, A

(2)
1 = −k′21⊥ −

(k′1⊥ · q⊥)2

q2
, B

(2)
1 =

x

2
Z2 +

k2
⊥
2
.

————————————

For a given quantity, in order to clearly show the zero-mode effect, we have

Qfull = Qval. +Qz.m.

Qval.: assuming k+
2 6= 0 and k+

1 6= 0 =⇒ poles of N2 and N1 are safely located inside and

outside, respectively, the contour of k− (k′−) integral; zero-mode contributions are absent.

decomposition and replacements −→ k2
2 = m2

2 and four-momentum conservation at each vertex.

It is expected that Qfull (Qval.) = QSLF if we believe that zero-mode contribution
has (not) been included in QSLF,
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3. Results: fP and fV

Definition: 〈0|q̄2γµγ5q1|P (p)〉 = ifP p
µ , 〈0|q̄2γµq1|V (p, λ)〉 = fVMV ε

µ .

3.1 fP

[fP ]SLF =
√
Nc

∫
dx d2k⊥

(2π)3

ψs(x, k⊥)
√
xx̄

2
√

2M̂0

(x̄m1 + xm2) ,

[fP ]full = [fP ]val. = Nc

∫
dx d2k⊥

(2π)3

χP

x̄
2(x̄m1 + xm2) ,

no residual ω dependence
[fP ]full = [fP ]val.: fP is free of the Z.M. contribution
[fP ]SLF = [fP ]val. = [fP ]full within both type-I and -II schemes.

Fitting to the data of fP

βqq̄ βsq̄ βss̄ βcq̄ βcs̄

this work 314.1+0.5
−0.5 342.8+1.3

−1.4 365.8+1.2
−1.8 464.1+11.2

−10.8 537.5+9.0
−8.7

PLB 460 (1999) 461 365.9 388.6 412.8 467.9 501.6

βcc̄ βbq̄ βbs̄ βbc̄ βbb̄

this work 654.5+143.3
−132.4 547.9+9.9

−10.2 601.4+7.3
−7.3 947.0+11.2

−10.9 1391.2+51.6
−48.2

PLB 460 (1999) 461 650.9 526.6 571.2 936.9 1145.2
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3.2 fV

Theoretical results:

[fV ]
λ=0
SLF =

√
Nc

∫
dxd2k⊥

(2π)3

ψs(x, k⊥)
√
x x̄

2
√

2M̂0

(
x̄m1 + xm2 +

2k2
⊥

DV,LF

)
,

[fV ]
λ=±
SLF =

√
Nc

∫
dxd2k⊥

(2π)3

ψs(x, k⊥)
√
x x̄

2
√

2M̂0

(
M̂2

0

2MV
−

k2
⊥

DV,LF

M0

MV

)
,

[fV ]
λ=0
full = Nc

∫
dxd2k⊥

(2π)3

χV

x̄

2

MV

[
xM

2
0 −m1(m1 −m2)−

(
1−

m1 +m2

DV,con

)
(k

2
⊥−2B

(2)
1 )

]
,

[fV ]
λ=±
full = Nc

∫
dxd2k⊥

(2π)3

χV

x̄

2

MV

[
xM

2
0 −m1(m1 −m2)−

(
1−

m1 +m2

DV,con

)
k

2
⊥

]
,

[fV ]λ=±
SLF is usually ignored in previous works due to the traditional bias.

In order to clearly show their self-consistence we define:

∆
M
full(x) ≡

d[fM ]λ=0
full

dx
−

d[fM ]λ=±
full

dx
, ∆

M
SLF(x) ≡

d[fM ]λ=0
SLF

dx
−

d[fM ]λ=±
SLF

dx
.

The valence contributions:

[fV ]
λ=0
val. =Nc

∫
dxd2k⊥

(2π)3

χV

x̄

2

MV

[
k

2
⊥ + xx̄M

2
V +m1m2 +

x̄2M2
V −m

2
2 − k

2
⊥

x̄DV,con

(x̄m1 − xm2)

]
,

[fV ]
λ=±
val. =Nc

∫
dxd2k⊥

(2π)3

χV

x̄

2

MV

[
x̄M2

V + xM2
0 − (m1 −m2)2

2
−
(

1−
m1 +m2

DV,con

)
k

2
⊥

]
.

We do not find any relation in type-I scheme except for [fV ]λ=0
full = [fV ]λ=±

full
+ ......B

(2)
1
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Numerical results: taking ρ and D∗ as examples

[fρ]λ=0
SLF [fρ]λ=±

SLF [fρ]λ=0
full [fρ]λ=±

full
[fρ]λ=0

val. [fρ]λ=±
val.

type-I 211.1 226.9 248.7 288.9 229.1 212.1

type-II 211.1 211.1 211.1 211.1 211.1 211.1

[fD∗ ]λ=0
SLF [fD∗ ]λ=±

SLF [fD∗ ]λ=0
full [fD∗ ]λ=±

full
[fD∗ ]λ=0

val. [fD∗ ]λ=±
val.

type-I 252.6 273.5 275.3 305.6 244.6 258.9

type-II 252.6 252.6 252.6 252.6 252.6 252.6

Findings:

Self-consistence of CLF QM: ∆Vfull(x) = Nc
∫ d2k⊥

(2π)3
χV
x̄

2
MV

DV,con−m1−m2
DV,con

2B
(2)
1

type-I

type- II

0.0 0.2 0.4 0.6 0.8 1.0
-0.3
-0.2
-0.1
0.0
0.1
0.2
0.3

x

D
fu
ll
r

type-I

type- II

0.0 0.2 0.4 0.6 0.8 1.0
-0.4

-0.2

0.0

0.2

0.4

x
D
fu
ll

D
*

(i) [fV ]λ=0
full 6= [fV ]λ=±

full (type-I) −→ self-consistency problem of the CLF QM

(ii) Interestingly, we find: [fV ]λ=0
full =̇[fV ]λ=±

full (type-II) due to
∫

dx∆V
full = 0

Type-II scheme provides a self-consistent correspondence between manifest covariant
and LF approaches for fV .
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Self-consistence of SLF QM: ∆M
SLF(x)

type-I

type- II

0.0 0.2 0.4 0.6 0.8 1.0
-0.2

-0.1

0.0

0.1

0.2

x

D
SL
F

r

type-I

type- II

0.0 0.2 0.4 0.6 0.8 1.0
-0.4

-0.2

0.0

0.2

0.4

x

D
SL
F

D
*

(i) [fV ]λ=0
SLF < [fV ]λ=±

SLF (type-I) −→ self-consistency problem exists also in the
traditional SLF QM

(ii) [fV ]λ=0
SLF=̇[fV ]λ=±

SLF (type-II) due to
∫

dx∆V
SLF = 0

Type-II scheme is also favored by the self-consistency of the SLF QM.

Relation between [fV ]λ=0,±
SLF and [fV ]λ=0,±

val. :

(i) No relation can be found ( traditional type-I scheme).

(ii) Taking type-II scheme and making some simplifications, we find surprisingly

[fV ]λ=0
SLF = [fV ]λ=0

val. and [fV ]λ=±
SLF = [fV ]λ=±

val. (type-II)

which are exactly ones expected.
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Zero-mode effects: [fV ]z.m.
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.
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(i) 0 < [fV ]λ=0
z.m. < [fV ]λ=±

z.m. (type-I) −→ [fV ]z.m. are non-zero and dependent
on λ.

(ii) [fV ]λ=0,±
z.m. =̇0 (type-II) −→ [fV ]λ=0

full =̇ [fV ]λ=0
val. and [fV ]λ=±

full =̇ [fV ]λ=±
val.

Summarizing the findings above:

[fV ]λ=0
SLF = [fV ]λ=0

val. =̇ [fV ]λ=0
full =̇ [fV ]λ=±

full =̇ [fV ]λ=±
val. = [fV ]λ=±

SLF (type-II)
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Our Updated predictions for fV (in unit of MeV):

data LQCD QCD SR this work

fρ 210± 4 199± 4 206± 7 211± 1

fK∗ 204± 7 − 222± 8 223± 1

fφ 228.5± 3.6 238± 3 215± 5 236± 1

fD∗ − 223.5± 8.4 250± 8 253± 7

fD∗s 301± 13 268.8± 6.6 290± 11 314± 6

fJ/ψ 411± 5 418± 9 401± 46 382± 96

fB∗ − 185.9± 7.2 210± 6 205± 5

fB∗s − 223.1± 5.4 221± 7 246± 4

fB∗c − 422± 13 453± 20 465± 7

fΥ(1S) 708± 8 − − 713± 34

LQCD: Nucl. Phys. B 883 (2014) 306; Phys. Rev. D 96 (2017) no. 7, 074502; JHEP 1704 (2017) 082; PoS

LATTICE 2016 (2017) 291; Phys. Rev. D 91 (2015) no.11, 114509.

QCD SR: Nucl. Phys. B 883 (2014) 306; Phys. Rev. D 75 (2007) 054004; Part. Phys. Proc. 270-272 (2016)

143.
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4. Results and discussion: fA

Definition:
〈0|q̄2γµγ5q1|A(p, λ)〉 = fAMAε

µ
λ

3A: 2S+1LJ = 3P1; 1A: 2S+1LJ =1P1.

Theoretical results for 1A:

[f1A]
λ=0
SLF =−

√
Nc

∫
dxd2k⊥

(2π)3

ψp(x, k⊥)
√
x x̄

1
√

2M̂0

2

M0

(x̄m1 + xm2)[(x̄− x)k2
⊥ + x̄2m2

1 − x
2m2

2]

xx̄D1A,LF

,

[f1A]
λ=±
SLF =−

√
Nc

∫
dxd2k⊥

(2π)3

ψp(x, k⊥)
√
x x̄

1
√

2M̂0

2

M1A

m1 −m2

D1A,LF

k
2
⊥ ;

[f1A]
λ=0
full =−Nc

∫
dxd2k⊥

(2π)3

χ1A

x̄

2

M1A

m1 −m2

D1A,con

(
k

2
⊥ − 2B

(2)
1

)
,

[f1A]
λ=±
full =−Nc

∫
dxd2k⊥

(2π)3

χ1A

x̄

2

M1A

m1 −m2

D1A,con

k
2
⊥ ;

[f1A]
λ=0
val. =−Nc

∫
dxd2k⊥

(2π)3

χ1A

x̄

2

M1A

M2
1A
x̄2 −m2

2 − k
2
⊥

x̄D1A,con

(x̄m1+xm2) ,

[f1A]
λ=±
val. =−Nc

∫
dxd2k⊥

(2π)3

χ1A

x̄

2

M1A

m1−m2

D1A,con

k
2
⊥ .
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Theoretical results for 3A:

[f3A]
λ=0
SLF =

√
Nc

∫
dxd2k⊥

(2π)3

ψp(x, k⊥)
√
x x̄

1
√

2M̂0

M̂2
0

2
√

2M0

2

M0

{
2k

2
⊥ + (m1 −m2)(x̄m1 − xm2)

−
(x̄m1 + xm2)[(x̄− x)k2

⊥ + x̄2m2
1 − x

2m2
2]

xx̄D3A,LF

}
,

[f3A]
λ=±
SLF =

√
Nc

∫
dxd2k⊥

(2π)3

ψp(x, k⊥)
√
x x̄

1
√

2M̂0

M̂2
0

2
√

2M0

2

M3A

[
k2
⊥ − 2x̄xk2

⊥ + (x̄m1 − xm2)2

2x̄x

−
k2
⊥(m1 −m2)

D3A,LF

]
;

[f3A]
λ=0
full =Nc

∫
dxd2k⊥

(2π)3

χ3A

x̄

2

M3A

{
xM

2
0 −m1(m1+m2)−

1 +
m1−m2

D3A,con

 (k
2
⊥ − 2B

(2)
1 )

}
,

[f3A]
λ=±
full =Nc

∫
dxd2k⊥

(2π)3

χ3A

x̄

2

M3A

xM2
0 −m1(m1+m2)−

1 +
m1−m2

D3A,con

 k2
⊥

 ;

[f3A]
λ=0
val. =Nc

∫
dxd2k⊥

(2π)3

χ3A

x̄

2

M3A

k2
⊥ + xx̄M

2
3A
−m1m2 −

M2
3A
x̄2 −m2

2 − k
2
⊥

x̄D3A,con

(x̄m1+xm2)

 ,
[f3A]

λ=±
val. =Nc

∫
dxd2k⊥

(2π)3

χ3A

x̄

2

M3A

 x̄M2
3A

+ xM2
0 − (m1+m2)2

2
−

1+
m1−m2

D3A,con

 k2
⊥

 .
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Numerical results: taking1A(qq̄), 3A(qq̄), 1A(cq̄) and 3A(cq̄) (b1(1235), a1(1260), D1(2420)

and D1(2430) ) as examples

[f1A(qq̄)
]λ=0
SLF [f1A(qq̄)

]λ=±
SLF [f1A(qq̄)

]λ=0
full [f1A(qq̄)

]λ=±
full

[f1A(qq̄)
]λ=0
val. [f1A(qq̄)

]λ=±
val.

type-I 0 0 0 0 −47.4 0

type-II 0 0 0 0 0 0

[f1A(cq̄)
]λ=0
SLF [f1A(cq̄)

]λ=±
SLF [f1A(cq̄)

]λ=0
full [f1A(cq̄)

]λ=±
full

[f1A(cq̄)
]λ=0
val. [f1A(cq̄)

]λ=±
val.

type-I −78.5 −84.6 −78.4 −84.6 −65.2 −84.6

type-II −78.5 −78.5 −78.5 −78.5 −78.5 −78.5

[f3A(qq̄)
]λ=0
SLF [f3A(qq̄)

]λ=±
SLF [f3A(qq̄)

]λ=0
full [f3A(qq̄)

]λ=±
full

[f3A(qq̄)
]λ=0
val. [f3A(qq̄)

]λ=±
val.

type-I 218.7 223.6 260.6 223.6 263.1 263.1

type-II 218.7 218.7 218.7 218.7 218.7 218.7

[f3A(cq̄)
]λ=0
SLF [f3A(cq̄)

]λ=±
SLF [f3A(cq̄)

]λ=0
full [f3A(cq̄)

]λ=±
full

[f3A(cq̄)
]λ=0
val. [f3A(cq̄)

]λ=±
val.

type-I 231.7 256.7 244.7 256.7 228.5 228.5

type-II 231.7 231.7 231.7 231.7 231.7 231.7

(i). Self-consistency problem also exists in 1A and 3A systems
(ii). 1A(qq̄) meson is not ideal for testing the self-consistency due to m1 = m2.

[f1A(qq̄)
]λ=±
val.,SLF,full, [f1A(qq̄)

]λ=0
full :∝ m1 −m2

[f1A(qq̄)
]λ=0
SLF : anti-symmetry under x↔ x̄.
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Self-consistence of CLF QM:

type-I
type- II
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(i) The violation of self-consistence is very small but non-zero in traditional
type-I scheme.

(ii) [fA]λ=0
full =̇ [fA]λ=±

full (type-II) due to
∫

dx∆
1(3)A
full = 0

Self-consistence of SLF QM:

type-I

type- II
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F

3
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qL

Self-consistency holds only in type-II scheme: [fA]λ=0
SLF =̇ [fA]λ=±

SLF (type-II)

Above findings are similar to the case of V meson.
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Relation between [fA]λ=0,±
SLF and [fA]λ=0,±

val. :

Taking type-II scheme and making some simplifications, we find that:

[f1(3)A]λ=0
SLF = [f1(3)A]λ=0

val. , [f1(3)A]λ=±
SLF = [f1(3)A]λ=±

val. , (type-II)

in which, only [f1A]λ=±
SLF = [f1A]λ=±

val. holds in the type-I scheme.

Zero-mode effects: [fA]z.m.

type-I

type- II

0.0 0.2 0.4 0.6 0.8 1.0
-0.3

-0.2
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0.0
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d@f1
A Hq

qLD z.m
.

l=
0 êdx type-I

type- II
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0.0
0.1
0.2
0.3

x

d@f3
A Hq

qLD z.m
.

l=
±
êdx

(i) [f1A]λ=±
z.m. = 0 (type-I and -II) , [f1A]λ=0

z.m. 6= 0 (type-I) −→ The existence or

absence of [f1A]z.m. depends on the choice of λ in type-I scheme.

(ii) [f3A]λ=0,±
z.m. 6= 0 (type-I) −→ Its contribution depends on the choice of λ .

(iii) [fA]λ=0,±
z.m. =̇0 (type-II) −→ [fA]λ=0

full =̇ [fA]λ=0
val. and [fA]λ=±

full =̇ [fA]λ=±
val.
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Combining the findings for the V and A mesons,

[Q]λ=0
SLF = [Q]λ=0

val. =̇ [Q]λ=0
full =̇ [Q]λ=±

full =̇ [Q]λ=±
val. = [Q]λ=±

SLF , (type-II)

where Q = fV , f1A and f3A, and the first and the last “=̇” should be replaced by
“=” for the 3A(qq̄) and 1A mesons, respectively.

Updated predictions for f1A and f3A (in unit of MeV)

fqq̄ fsq̄ fss̄ fcq̄ fcs̄

1A 0 −27± 1 0 −78± 2 −62± 2

3A 220± 1 219± 2 203± 2 231± 8 257± 8

fcc̄ fbq̄ fbs̄ fbc̄ fbb̄
1A 0 −95± 3 −88± 2 −86± 3 0

3A 250± 90 176± 6 180± 5 281± 7 353± 25
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5. Covariance of CLF QM: fV,A

Taking AV ≡ 〈0|q̄2γµq1|V (p)〉 as an example,

ÂµV = MV (εµfV + ωµgV ) ,

Note: covariance holds only when gV = 0.

Origin of violation:
After integrating out the k− component and taking into account the zero-mode
contributions (most of ω dependences are eliminated ), we can decompose ŜA
(integrand) as

ŜµV =4

{
2

(
1−

m1 +m2

DV,con

)
ω · ε
ω · p

pµB
(2)
1 + εµ [· · · ]

}
,

Second term: the physical contribution to fV
First term: the ω-dependent part

Case of λ = ±: the ω dependence vanishes due to ω · ε± = 0 −→ Covariant

Note that: λ = ± is not alway a “good choice” to avoid the covariance problem
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Case of λ = 0:
In order to separate the physical and unphysical contributions, we have to use
the identity

pµ
ε · ω
ω · p

= εµ −
ωµ

ω · p

(
ε · p− ε · ω

p2

ω · p

)
−

iλ

ω · p
εµναβωνεαpβ .

The third term: = 0

The first term: gives an additional contribution to fV that results in the
self-consistency problem;

The second term: the residual ω-dependent part that contributes to gV and
may violate the Lorentz covariance.

The problems of self-consistency and covariance of the CLF quark model
within the type-I scheme have the same origin!

Theoretical results

[gV ]λ=0 =
Nc

2

∫
dxd2k⊥
(2π)3

χV (x, k2
⊥)

x̄
4

(
1−

m1 +m2

DV,con

)
2

ω · p
B

(2)
1 ,

[g3A]λ=0 =
Nc

2

∫
dxd2k⊥
(2π)3

χ3A(x, k2
⊥)

x̄
4

(
1 +

m1 −m2

D3A,con

)
2

ω · p
B

(2)
1 ,

[g1A]λ=0 =
Nc

2

∫
dxd2k⊥
(2π)3

χ1A(x, k2
⊥)

x̄
4
m1 −m2

D1A,con

2

ω · p
B

(2)
1 ,
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Conditions for the covariance: [gV ] = [gA] = 0 =⇒

∫
dxd2k⊥

χM (x, k2
⊥)

x̄
B

(2)
1 = 0 ,

∫
dxd2k⊥

χM (x, k2
⊥)

x̄

B
(2)
1

DM,con
= 0 ,

which is much stricter than the one given by Jaus.

[gV,A] ∝ 1/p+: the size of covariance violation within the type-I scheme is in
fact out of control because p+ is reference-frame dependent.

Covariance is violated in the type-I scheme but can be recovered in the type-II
scheme.
In the rest frame (p+ = M),

[gV,A]
λ=0

= [fV,A]
λ=0
full − [fV,A]

λ=±
full =

∫
dx∆

V,A
full (x) ,

So,

[gρ,D∗, 1A(cq̄),
3A(qq̄),

3A(cq̄)
]λ=0 = (−40.2, −30.3, 6.2, 37.0, −12.0) MeV 6= 0 , (type-I)

[gρ,D∗, 1A(cq̄),
3A(qq̄),

3A(cq̄)
]λ=0= 0 , (type-II)

The problems of self-consistency and covariance of the CLF quark model can be
“resolved” simultaneously within the type-II scheme.
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The type-I and -II schemes are consistent with each other in the heavy quark limit.

M ∼ mQ � mq̄
x ∼ mQ/M and x̄ ∼ mq/M =⇒ M0 →M

f(g)V,A are dominated by |k⊥| . 1 GeV

————————————————–

Some comments and conclusions for the form factors:

FP→V ,V→V,... (B
(2)
1 , B

(3)
3 ,...) in CLF QM also suffer from the self-consistency

and covariance problems, which can be “resolved” within type-II scheme.

For all of the form factors of P → P , P → V , V → V ... transitions,

[Q]SLF = [Q]val. =̇ [Q]full , (type-II)

Zero-mode contributions vanish numerically! (Two viewpoints for the SLF QM)

λ = ± is not alway a good choice to avoid the covariance problem. An example
is P → V transition.

All of the form factors, for instance a−(q2), are in fact calculable in the SLF
QM after taking M →M0, and also
satisfy the relation given above.
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6. Brief summary

In the traditional SLF and CLF QMs ( type-I scheme),fV,1A,3A suffer from the
self-consistency and covariance problems.

In the CLF QMs, the self-consistency and covariance problems can be resolved
simultaneously by taking type-II correspondence.

The zero-mode contributions exist only formally but vanish numerically (type-II).

For the decay constants of spin-1 systems,

[Q]λ=0
SLF = [Q]λ=0

val. =̇ [Q]λ=0
full =̇ [Q]λ=±

full =̇ [Q]λ=±
val. = [Q]λ=±

SLF ; (type-II)

For the form factors,

[Q]SLF = [Q]val. =̇ [Q]full , (type-II)

The two schemes are consistent with each other in the heavy-quark limit.
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Thank you !
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