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Outline:  

 1. Introduction 

 2. Chiral EFT in finite box 

 3. Fits to the lattice energy levels  

    and physical predictions 

 4. Summary 
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Introduction 
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First glance from PDG 
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0 2317* ( ) :sD a hot topic at B-Factory 

Top 3 
@BaBar 

Top 20 
@Belle 

Top 6 
@CLEO 

Continuing efforts from 
LHCb, Belle-II, 
PANDA,…  

and also  Lattice QCD  
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Theoretical interpretations 
recent reviews:  H.X.Chen, et al., Rept.Prog.Phys.2017;  F.K.Guo, et al., Rev.Mod.Phys.2018  

•       state:   Y.B.Dai, et al., PRD2003 ; S.Narison, PLB2005; 

  E. van Beveren, et al., PRL 2003; Z.G.Wang, PRD2006 …… 

cs

•Hadronic molecular state:   T.Barnes, et al.,  PRD’03; 
F.K.Guo, et al., PLB’06; Altenbuchinger, et al., PRD’14; Du, et al., 
1712.07957; Albaladejo, et al. EPJC’18 …  

•Four-quark state:  H.Y.Cheng, et al.,  PRD 2003;  K. Terasaki, 
PRD2003; L.Maiani et.al., PRD2005; M.Bracco, et al., 
PLB2005;  …… 
•Mixing of molecular and four-quark states:   
  T. Browder, et al., PLB2004;…… 
• …… 
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D*
0(2400): two-pole structure ? 

[Albaladejo,Fernandez-Soler,F.K.Guo,Nieves, PLB'17] 

Absent in PDG! 

The above results are predicted from other channels with different 
quantum numbers.  

Direct Exp measurements, like phase shifts & inelasticities, are not 
available at present!   

Any concrete confirmation about the resonance structures in D-pi, 
D-eta, Ds-Kbar coupled channel scattering?   

[ZHG,Meissner,Yao, PRD'15] 
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Yes, Lattice QCD can help ! 
[Moir, et al., JHEP'16] 

Eigenenergies 
in finite box 

Length of 
finite box 
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Luscher's Approach:   

connect the discrete spectra in finite box to the scattering amplitudes 
in the infinite volume 

Elastic scattering case:  

Phase shifts 
Luscher's  Zeta function 
( function of L,  parameter free) 

• For the elastic case, one has the one-to-one 
correspondance between the phase shifts and 
energy levels.  
•  The one-to-one correspondance will be lost 
in the inelastic case.  

[Luscher, NPB‘91] 
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Kinematical 
factor 

K matrix:  
polynomial + pole 
terms 

Luscher's finite-volume 
functions (complex objects) 

• Free parameters in K matrix are determined by the finite-volume 
spectra.  Then one can determine amplitudes in infinite volume.  
• K matrix does not automatically respect the QCD symmetries, 
such as the chiral symmetry.  It could be problematic for chiral 
extrapolation.  

A widely used approach in the inelastic scattering case:   

Luscher function +  K matrix  

[He,Feng,Liu,JHEP’05]  [Wilson,Briceno,Dudek,Edwards,Thomas, PRD‘15] 
[Lang,Leskovec,Mohler,Prelovsek,Woloshyn, PRD’14] [Fu,PRD’12] 
[Gockeler,Horsley,Lage,Meissner,Rakow,Rusetksy,Schierholz,Zanotti,PRD’12] …… 
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Our approach:   
Step 1: Put chiral perturbation theory (ChPT) in finite volume.  

Step 2: The free parameters in ChPT, which are indepdent of 
quark masses and volumes,  are fitted to the finite-volume energy 
levels obtained at (un)physical quark masses. 

Step 3: Perform the chiral extrapolation and give the predictions 
in infinite volume with physical quark masses, including phase 
shifts, inelasticities, resonance poles, etc.    

I will show some results for the D-pi, D-eta and Ds-Kbar scattering.   
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NLO ChPT with heavy-light mesons [F.K.Guo,et al.,PLB’08] 

 Theoretical framework 

with 
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D(s) and light pseudoscalar meson scattering amplitudes 
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Unitarization: Algebraic approximation of N/D  (a variant version 

of K-matrix)  

• Unitarity condition:  

• N(s):  given by the partial wave chiral amplitudes 

• The s-channel unitariy is exact. The crossed-channel dyanmics 

is included in a perturbative manner.    

[Oller,Oset, PRD‘99] 
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 Finite-volume effects  

Two types of finite volume dependence of scattering amplitudes:   
 

• Exponentially suppressed type ∝ exp(-mpL) :   s, t, u channels  
 

•  Power suppressed type ∝ 1/L3  :  only s channel                  

 We ignore the exponentially suppressed terms, indicating 

that finite-volume effects only enter through s channel.    

I.e.  We only consider the finite-volume corrections for  G(s).         
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Sharp momentum cutoff to regularize G(s)         

 G(s) in a finite box of length L with periodic boundary condition         

Finite-volume correction ∆G         [Doring, Meissner, Oset, Rusetsky, EPJA11] 
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 Lorentz invariance is lost in finite box. One needs to work out the 
explicit form of the loops when boosting from one frame to another.  

CM quantities 

Impose on-shell condition 

G function in the moving frame  

Finite-volume correction ∆GMV:   

Finite-volume effects in the moving frames 

[Doring, Meissner, Oset, Rusetsky, EPJA12] 
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Mixing of different partial waves in finite volume 

The mixing is absent in 
the infinite volume: 

The mixing appears in finite-volume case, due to the absence of the 
general orthogonal conditions.  
Finite-volume correction to G function:   

To determine the energy levels in different frames with only S and P waves:  

A1
+  (0,0,0) : 

T1
- (0,0,0): 

A1 (0,0,1): 

Final expression for the G function:   

...... [ZHG,Liu,Meissner,Oller,Rusetsky, to appear]  
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[Moir,Peardon,Ryan,Thomas, Wilson, JHEP'16]  

[ZHG,Liu,Meissner,Oller,Rusetsky, to appear]  

Reprduction of the lattice energy levels  
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[Moir,Peardon,Ryan,Thomas, Wilson, JHEP'16]  

[Lang,Leskovec,Mohler,Prelovsek,Woloshyn,PRD'14]   

Reprduction of the lattice energy levels  
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Reproduction of scattering lengths  

[L.Liu,Orginos,F.K.Guo,Meissner, PRD'13]  
[Lang,Leskovec,Mohler,Prelovsek,Woloshyn,PRD'14]   
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Prediction of the physical phase shifts and inelasticities  

[ZHG,Liu,Meissner,Oller,Rusetsky, to appear]  
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Prediction of the physical scattering amplitudes 

[ZHG,Liu,Meissner,Oller,Rusetsky, to appear]  
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Summary 

• The chiral approach illustrated in this talk provides an 
efficient way  to study the finite-volume energy levels.   

谢谢大家! 

• Similar study in the D-pi, D-eta and Ds-Kbar is in progress. 

• It can build a bridge to connect the lattice eigenenergies in 
finite box obtained at unphysical masses with the physical 
observables, such as phase shifts, inelasticities, at physical meson 
masses.  

• We have successfully applied this approach to the pi-eta, K-
Kbar and pi-eta' coupled-channel scattering. 
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Chiral Lagrangian for pseudo-Goldstone with UA(1) anomaly  

Leads to a 
massive η0 

η’ 

η 

K 

π 

θ 

2 2 22
3', , , ArcsinNc : Km m m m mπ πη η θ

 
→ → − → − 

 
→∞

2 2 2
0 1 / , , .KM Nc m m Constπ→ →
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Pole trajectories with varying mπ 

(S,I)=(0,1/2) channel  Hanhart, et al., PLB14  

f0(500)/σ f0(500)/σ 

[ ZHG,Meissner, Yao, PRD'15 ] 
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Nc trajectories for D*
s0(2317) [ ZHG,Meissner,Yao, PRD'15 ] 

Physical 
point 
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