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The baryon number probability distribution

The baryon number probability distribution

We consider a thermodynamical system, the probability
distribution reads

P(NB; T ,V , µB) =
Z(T ,V ,NB)
Z(T ,V , µB)

exp
(
µBNB

T

)
, (2.1)

where Z(T ,V ,NB) and Z(T ,V , µB) are the canonical and
grand canonical partition functions.
NB = Nq/3 with Nq ∈ Z is the net quark number.
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The baryon number probability distribution

Z(T ,V ,NB = Nq/3) =
1

2π

∫ 2π

0
dθe−iθNqZ(T ,V , eiθ). (2.2)

The canonical partition function can be deduced from the
grand canonical one Z(T ,V , µq) with an imaginary chemi-
cal potential, i.e, µq = iθT.

Z(T ,V , µq) = exp
(
−

V
T

Ω(T ,V , µq)
)
. (2.3)
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The low energy effective theory within the FRG approach

The low energy effective theory within the
FRG approach

The scale-dependent effective action for the low energy
effective model

Γk =

∫
x

{
Zq,kq̄

[
γµ∂µ − γ0(µq + igA0)

]
q +

1
2

Zφ,k(∂µφ)2

+ hk q̄
(
T0σ + iγ5T · π

)
q + Vk(ρ) − cσ + Vglue(L, L̄)

}
, (3.1)

∫
x

=
∫ 1/T

0
dx0

∫
d3x, φ = (σ,π) .
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The low energy effective theory within the FRG approach

To take into account the deconfinement information, we
include the temporal component of the gluon background
field A0 .

L(x) =
1

Nc
〈trP(x)〉 L̄(x) =

1
Nc
〈trP†(x)〉 (3.2)

with

P(x) = P exp
(
ig

∫ β

0
dτA0(x, τ)

)
. (3.3)
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The low energy effective theory within the FRG approach

The Wetterich equation reads

∂tΓk = −Tr
(
Gqq̄

k ∂tR
q
k

)
+

1
2

Tr
(
Gφφ

k ∂tR
φ

k

)
(3.4)

with t = ln(k/Λ) and Λ is the UV cutoff scale. We choose
the local potential approximation (LPA), i.e., Zq,k = Zφ,k = 1
and ∂thk = 0.
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The low energy effective theory within the FRG approach

The flow equation for the effective potential

∂tVk(ρ) =
k4

12π2

[ N2
f − 1√

1 + m̄2
π,k

(
1 + 2 nB(m̄2

π,k; T)
)

+
1√

1 + m̄2
σ,k

(
1 + 2 nB(m̄2

σ,k; T)
)

−
4NcNf√
1 + m̄2

q,k

(
1 − nf (m̄2

q,k; T , µq,L, L̄)

− n̄f (m̄2
q,k; T , µq,L, L̄)

)]
(3.5)
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The low energy effective theory within the FRG approach

Inserting µq = iθT, L = |L|eiφ, L̄ = |L|e−iφ, one obtains the
fermionic distribution functions

nf (m̄2
q,k; T , µq,L, L̄)

=
[
1 + 2|L|eEq,k/Te−i(θ+φ) + |L|e2Eq,k/Tei(φ−2θ)

]
/[

1 + 3|L|eEq,k/Te−i(θ+φ) + 3|L|e2Eq,k/Tei(φ−2θ)

+ e3Eq,k/Te−3iθ
]

(3.6)

n̄f (m̄2
q,k; T , µq,L, L̄) = n∗f (m̄2

q,k; T , µq,L, L̄) (3.7)
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The low energy effective theory within the FRG approach

The thermodynamic potential density is given by

Ω = Vk=0(ρ) − cσ + Vglue(L, L̄), (3.8)

Ω is invariant with the replacement θ → θ+ 2π
3 , the Roberge-

Weiss periodicity.
The modified Polyakov loop

L′ = |L|eiφ′ , and L̄′ = |L|e−iφ′ , (3.9)

with φ′ = φ + θ.
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The low energy effective theory within the FRG approach

The periodicity of the thermodynamic potential leads to

L′(θ) = L′(θ +
2π
3

), and L̄′(θ) = L̄′(θ +
2π
3

), (3.10)

Z(T ,V ,Nq) =
1

2π

∫ 2π
3

0
dθe−iθNqZ(T ,V , θ)

(
1 + e−i 2π

3 Nq + e−i 4π
3 Nq

)
(3.11)

The probability in a state with non-integer baryon numbers 
is zero, which shows the information of the color confine-
ment.
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Numerical results

Numerical results

We employ the Taylor expansion around the physical point
to solve the flow equation for the effective potential

Vk(ρ) =

N∑
n=0

λn,k

n!
(ρ − κk)n. (4.1)

In our calculations, the maximal order of the Taylor expan-
sion N is chosen to be N = 5.
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Numerical results
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Numerical results
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Numerical results

Cumulants of the baryon number distribution

The generalized susceptibilities

χB
n =

∂n

∂(µB/T)n

(
−

Ω

T4

)
. (4.2)

The baryon number distribution

χB
2 =

1
VT3 〈(δNB)2〉 ,

χB
4 =

1
VT3

(
〈(δNB)4〉 − 3〈(δNB)2〉2

)
, (4.3)
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Numerical results
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Numerical results
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Summary

The Roberge-Weiss periodicity directly results in that
only states of NB = N are possible, which is an indica-
tion of the color confinement from another viewpoint.
The baryon number probability distribution can be cal-
culated by imaginary chemical potential and the cum-
lants agree with the generalized susceptibilities method.
The periodicity is still there in the high temperature
regime.
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Summary

Thank you!
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