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Precisely measure SM properties
❖ Precisely measure SM properties, compare with SM predictions, looking for differences. 
❖ The differences can come for contributions from new particles.
❖ Giving a particular new theoretical model, the difference can be translated to the upper 

limits of the new theory. 
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Fig. 2 Left: pull comparison of the fit results with the direct measure-
ments in units of the experimental uncertainty. Right: determination
of MH excluding the direct MH measurements and all the sensitive

observables from the fit, except the one given. Note that the fit results
shown are not independent

sponding profile curves excluding in addition the new MH

measurements are shown (gray bands). The results from the
direct measurements for each variable are also indicated by
data points at !χ2 = 1.5 The inclusion of the direct mea-
surement of the Higgs-boson mass substantially improves
the precision of the fit predictions.

The fit indirectly determines the W mass (cf. Fig. 3—
bottom left, blue band) to be

MW = (80.3593 ± 0.0056mt ± 0.0026MZ ± 0.0018!αhad

± 0.0017αS ± 0.0002MH ± 0.0040theo) GeV

R0
b . As a compensation of the missing value of R0

ℓ we provide a value
for αS(M

2
Z). Since the fit results are independent of the exact αS value,

we use our fit result 0.1191 ± 0.0028 in this case.
5We show the aforementioned result of the Tevatron combination of
the direct top-mass measurements [12], the top pole mass derived
from the measured t t̄ cross section at the Tevatron (mt = 173.3 ±
2.8 GeV), assuming no new physics contributes to this cross-section
measurement [32], the direct top-mass measurement of ATLAS deter-
mined in 1.04 fb−1 of pp collisions at

√
s = 7 TeV (mt = 174.5 ±

2.4 GeV) [33], the direct top-mass measurement of CMS based on
5.0 fb−1 of 7 TeV data (mt = 173.5 ± 1.1 GeV) [34], the aforemen-
tioned W mass world average [10] and the LEP/SLD average of the
effective weak mixing angle (sin2 θℓ

eff = 0.23153 ± 0.00016) [9].

= (80.359 ± 0.011tot) GeV, (2)

which exceeds the experimental world average in precision.
The different uncertainty contributions originate from the
uncertainties in the input values of the fit as given in the
second column in Table 1. The dominant uncertainty is due
to the top quark mass. Due to the weak, logarithmic depen-
dence on MH the contribution from the uncertainty on the
Higgs mass is very small compared to the other sources of
uncertainty. Note that in the Rfit scheme [17, 18] the treat-
ment of the theoretical uncertainty as uniform likelihood
corresponds a linear addition of theoretical and experimen-
tal uncertainties. Quadratic addition would give a total un-
certainty in the MW prediction of 0.008.

The indirect determination of the effective weak mixing
angle (cf. Fig. 3—bottom right, blue band) gives

sin2 θℓ
eff = 0.231496 ± 0.000030mt ± 0.000015MZ

± 0.000035!αhad

±0.000010αS ± 0.000002MH ± 0.000047theo

= 0.23150 ± 0.00010tot, (3)

which is compatible and more precise than the average of
the LEP/SLD measurements [9]. The total uncertainty is

Pull plot of SM global fit

Under current plan, LHC will not go above 14 TeV.  SM precision measurements 
will also become more important programs at LHC!
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The W mass measurements
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❖ The Standard Model (SM) predicts a relationship 
between the W boson mass and other parameters of 
electroweak theory:

❖ Contributions to MW through radiative corrections ∆r.

MW =
q

⇡↵p
2GF

1
sin ✓W

p
1��r

�r / M2
t

�r / lnMH

W mass related to Top 
quark mass: 

W mass related to SM 
Higgs mass:

e.g.
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Figure 1
The one-loop contribution to the W boson mass from top and bottom quarks. Reproduced from Reference
20 with permission.
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Figure 2
Higgs one-loop contributions to the W boson mass. Reproduced from Reference 20 with permission.

squark weak doublet mass splitting, the larger the contribution to MW . Supersymmetric particles
can induce a total radiative correction to MW of several hundred megaelectronvolts (MeV) (16).

In the framework of the SM, precise measurements of Mtop and MW can be translated into
a constraint on the mass of the as-yet-unobserved Higgs boson. The experimental uncertainties
!Mtop and !MW contribute equally to the uncertainty !MH on the predicted Higgs mass if
!MW ≃ 0.006 ·!Mtop (17). The uncertainties from experimental determinations of the other pa-
rameters (17) and from higher order corrections (17) will not be a limiting factor in the foreseeable
future. The current combined Tevatron results on Mtop have an uncertainty !Mtop = 1.8 GeV
(18), which is expected to be further reduced as more data from Run II are analyzed. For this
!Mtop, the equivalent !MW for equal contribution to !MH would be !MW ≃ 11 MeV (17),
which is smaller than the current experimental error on MW by more than a factor of two; the
latter is therefore the limiting factor in precision tests and must be reduced.
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Figure 3
One-loop squark contributions to the W boson mass. Reproduced from Reference 20 with permission.
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Beyond SM, contribution from SUSY particles can 
induce a total radiative correction to MW of 100 to 
200 MeV.

❖ Precisely test the electroweek theory at the 
loop level.
❖ In case of SM, the precise W mass and top mass 

measurements can predict the SM Higgs boson mass. 
❖ By comparing the prediction and direct Higgs mass 

measurement, we can know how good is the SM 
prediction. If disagreement is big, we can infer 
contributions from theories beyond SM
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The W mass measurements
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Fig. 3 !χ2 profiles as a function of the Higgs mass (top left), the top
quark mass (top right), the W boson mass (bottom left) and the effec-
tive weak mixing angle (bottom right). The data points placed along
!χ2 = 1 represent direct measurements of the respective observable
and their ±1σ uncertainties. The gray (blue) bands show the results
when excluding (including) the new MH measurements from (in) the
fits. For the blue bands as a function of mt , MW and sin2 θℓ

eff the direct

measurements of the observable have been excluded from the fit in
addition (indirect determination). The solid black curves in the lower
plots represent the SM prediction for sin2 θℓ

eff and MW derived from
the minimal set of input measurements, as described in the text. In all
figures the solid (dotted) lines illustrate the fit results including (ignor-
ing) theoretical uncertainties in the fit (Color figure online)

dominated by that from !αhad and mt , while the contri-
bution from the uncertainty in MH is again very small.
Adding quadratically theoretical and experimental uncer-
tainties would lead to a total uncertainty in the sin2 θℓ

eff pre-
diction of 0.00007.

Finally, the top quark mass, cf. Fig. 3 (top right, blue
band), is indirectly determined to be

mt = 175.8 +2.7
−2.4 GeV, (4)

in agreement with the direct measurement and cross-section-
based determination (cf. Footnote 5).

The measured value of MH together with the fermion
masses, the strong coupling strength αS(M

2
Z) and the three

parameters defining the electroweak sector and its radiative
corrections (chosen here to be MZ , GF and !α

(5)
had(M

2
Z))

form a minimal set of parameters allowing one, for the first
time, to predict all the other SM parameters/observables.

A fit using only this minimal set of input measurements6

yields the SM predictions MW = 80.360 ± 0.011 GeV and
sin2 θℓ

eff = 0.23152 ± 0.00010. The !χ2 profile curves of
these predictions are shown by the solid black lines in Fig. 3
(bottom left) and (bottom right). The agreement in central
value and precision of these results with those from Eq. (2)
and (3) (cf. blue bands in the plots) illustrates the marginal
additional information provided by the other observables.

Figure 4 displays CL contours of scans with fixed values
of MW and mt , where the direct measurements of MW and
mt were excluded from the fit. The contours show agree-
ment between the direct measurements (green bands and
data point), the fit results using all data except the MW ,
mt and MH measurements (gray contour areas), and the
fit results using all data except the experimental MW and
mt measurements (blue contour areas). The observed agree-

6For αS(M
2
Z) we use the result from Table 1.

MeasuredPredicted
MH = 94 GeV + 25 GeV - 22  GeV MH = 125.7 GeV ± 0.4 GeV

Comparing SM predicted Higgs Mass 
with directly measured value.

A difference of ~1.3 sigma.

 [GeV]WM
80.32 80.33 80.34 80.35 80.36 80.37 80.38 80.39 80.4 80.41

2 χ
∆
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σ1

σ2

σ3 measurementWSM fit w/o M

 measurementsH and MWSM fit w/o M

SM fit with minimal input

 world average [arXiv:1204.0042]WM

G fitter SM

Sep 13

MW = 80356 MeV ± 8  MeV MW = 80385 MeV ± 15 MeV
Predicted Measured

A ~1.3 sigma difference between the two MW 

central values.

The difference can come from new particles interacting with the SM bosons (Higgs, W, Z).
Giving a particular new theoretical model, the difference can be translated to the upper limits of the new theory. 
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Current Results
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CDF [7] CDF [8] CDF [9] D0 [11–14] CDF [16] D0 [15] D0 [17]
4.4 pb−1 18.2 pb−1 84 pb−1 95 pb−1 2.2 fb−1 1.0 fb−1 4.3 fb−1

Mass and width
MW 79910 80410 80470 80483 80387 80400 80367
ΓW 2100 2064 2096 2062 2094 2099 2100
MW uncertainties
PDF 60 50 15 8 10 10 11
Rad. Corr. 10 20 5 12 4 7 7
ΓW 0.5 1.4 0.3 1.5 0.2 0.4 0.5
Total 390 181 89 84 19 43 26
MW corrections
∆Γ +1.2 -4.2 +0.6 -4.5 +0.3 +1.1 +1.2
PDF +20 -25 0 0 0 0 0
Fit Method -3.5 -3.5 -0.1 0 0 0 0
Total +17.7 -32.7 +0.5 -4.5 +0.3 +1.1 +1.2
MW (corrected) 79927.7 80377.3 80470.5 80478.5 80387.3 80401.8 80368.6

TABLE III: The inputs used in the MW combination. All entries are in MeV.

Measurement Relative weight in %
CDF [7] (4.4 pb−1) 0.1
CDF [8] (18.2 pb−1) 0.5
CDF [9] (84 pb−1) 1.9
D0 [11–14] (95 pb−1) 2.8
CDF [16] (2.2 fb−1) 60.3
D0 [15] (1.0 fb−1) 7.9
D0 [17] (4.3 fb−1) 26.5

TABLE IV: Relative weights of the contributions to the com-
bined Tevatron measurement of MW .

80200 80400 80600

Mass of the W Boson

 [MeV]WM

Measurement  [MeV]WM

CDF )-11988-1995 (107 pb  79±80432 

D0 )-11992-1995 (95 pb  83±80478 

CDF )-12002-2007 (2.2 fb  19±80387 

D0 )-12002-2009 (1.0+4.3 fb  23±80376 

Tevatron 2012  16±80387 

LEP  33±80376 
World Average  15±80385 

FIG. 1: The result from the Tevatron corresponds to the val-
ues in this Article (see Table III) which are corrected using
the same W boson width and PDF sets. The LEP result is
from Ref. [27]. The world average of the Tevatron and LEP
results, assuming no correlations between them, is also shown.

 [GeV]tm
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 [G
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]
W

M
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=50 GeV

HM
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HM
=600 GeV

HM

σ 1± Tevatron average kin
tm

σ 1± world average WM

=50 GeV

HM
=125.7
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=600 GeV

HM

68% and 95% CL fit contours 
 measurementst and mWw/o M

68% and 95% CL fit contours 
 measurementsH and Mt, mWw/o M
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Sep 12
FIG. 2: Contours of 68% and 95% C.L. obtained from scans
of fixed MW and mt [35]. The blue (grey) areas illustrated
the fit results when including (excluding) the recent MH mea-
surements [1]. The direct measurements of MW and mt are
always excluded in the fit. The horizontal and vertical bands
(green) indicate the most recent world average of MW in this
Article and the mt [4], respectively, with their uncertainties.

VIII. SUMMARY1

The latest precision measurements of MW performed2

at the CDF and D0 experiments, combined with pre-3

vious measurements by the Tevatron experiments, im-4

proves the uncertainty on the combined Tevatron MW to5

16 MeV. The combination of this measurement with the6

LEP average for MW reduces the uncertainty to 15 MeV.7

The improvements in the experimental precision on MW8

lead to tightened indirect constraints on the mass of the9

SM Higgs boson. The direct measurements of the mass10

of the Higgs boson at the LHC [1] agree, at the level11

of 1.3 standard deviations, with indirect constraints [35].12

This remarkable success of the standard model is shown13

in Fig. 2 from Ref. gfitter.14

The result is consistent with the SM expectation, compatible with the world average 
and competitive in precision to the currently leading measurements by CDF and D0 

Results

25

Including the new ATLAS results, the new world 
average should be around 80379 +- 12 MeV

[Not official, based on self-running the 
combination codes.]
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The CEPC efforts
❖ CEPC is an ideal instrument for EW precision measurements

❖ The goal for CEPC on W mass:
❖ To reduce the uncertainty to 3 MeV 
❖ Compared to the current 15 MeV (12 MeV) world average

!6

CEPC Pre-CDR 
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The CEPC efforts
❖ Two methods, following LEP experiences:

❖ Threshold scan:

❖ Measure the W mass by measuring the WW cross-section

❖ The cross-section is directly related to the W mass around WW 
threshold (~160 GeV)

❖ Direct measurements

❖ Directly reconstruct W boson decays: WW->lνqq, WW->qqqq

❖ Compare data to MC with known W mass and width to extract 
the results: 

❖  Unbinned maximum likelihood fits to the data.

!7

threshold scan

direct measure

√s = 240 GeV

t-channel neutrino exchange

P1: FQP

September 14, 2000 21:20 Annual Reviews AR115-06

PRECISION MEASUREMENTS OF THE W BOSON MASS 225

Figure 7 The tree-level diagrams for the process e+e− →W+W−: t-channel neutrino
exchange and s-channel γ and Z ∗ exchange.

3. MEASUREMENTS OF MW AT LEP

From 1989 through 1995, LEP at CERN provided e+e− collisions at center-
of-mass energies at or near the Z boson mass. Since 1996, LEP has been run-
ning at center-of-mass energies above the W pair production threshold,

√
s ≥

2 MW. LEP delivers beams to four experiments, ALEPH, DELPHI, L3, and OPAL.
While the LEP1 program afforded precision measurements of the Z boson mass,
the LEP2 program provides the opportunity to precisely measure the W boson
mass.6
At LEP2 energies, W bosons are predominantly produced in pairs through the

reaction e+e− →W+W−, whose tree-level diagrams are shown inFigure 7. EachW
subsequently decays either hadronically (qq) or leptonically (ℓν, ℓ = e, µ, or τ ).
There are three possible four-fermion final states, hadronic (W+W− → qqqq),
semileptonic (W+W− → qqℓν), and leptonic (W+W− → ℓνℓν), with branching
fractions of 46%, 44%, and 10%, respectively. The W+W− production cross
section varies from 3.8 pb at

√
s = 161 GeV to 17.4 pb at

√
s = 200 GeV. This

can be contrasted with the production cross sections for the dominant background
processes,7 σ (e +e− → Z/γ → qq) ∼ 100−150 pb, σ (e+e− → Weν) ∼ 0.6
pb, σ (e+e− → Z 0 e+e−) ∼ 2−3 pb, and σ (e+e− → Z/γZ/γ ) ∼ 0.5−1.5 pb,
where the spread accounts for variations over the range of LEP2 center-of-mass
energies (45). The algorithms used to select candidate events exploit the kinematic
properties unique to theW+W− final states. The selection algorithms are sensitive
to all possibleW+W− final states and obtain efficiencies of better than about 70%
with purities in excess of about 80%.

3.1 Measurement Techniques

There are two main methods available to measure MW at LEP2. The first ex-
ploits the fact that the W+W− production cross section is particularly sensitive to
MW in the threshold region near

√
s ≈ 2MW. Assuming standard-model couplings

and production mechanisms, a measure of the production cross section yields a

6 “LEP1” refers to data taken from 1989 through 1995, when the LEP collider operated at
about

√
s = MZ; “LEP2” refers to data taken from 1996 through 2000 at

√
s = 161− 205

GeV.
7Some of the cross sections given here include kinematic cuts that restrict the final-state
phase-space. These cuts are detailed in Reference 45.
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s-channel gamma/Z* exchange
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The threshold scan method
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The threshold scan method
❖ Threshold scan:
❖ Measure the W mass by measuring the WW cross-section
❖ The cross-section is directly related to the W mass around WW 

threshold (~160 GeV): 

❖ Precision is limited by data statistics:
❖ Other systematics such as hadronisation and fragmentation, radiative 

corrections, final state interactions are all negligible w.r.t. statistical 
uncert.   

❖ Require high beam energy precision : 0.5 MeV 

❖ Robust method, can achieve high precision, but: 
❖ Require dedicated runs at WW threshold. 

!9

�WW / � =
q

1� 4m2
W /s

β: velocity of W boost

√s : center of mass energy  

The cross-sections curves are 
significantly separated for different W 
mass values at the WW threshold 
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Data taking scheme
❖ Only measure W mass? Or both W mass and width? 
❖ Measure only the W mass:   One √s scan point is sufficient
❖ Measure both the W mass and W width:   At least 2 √s scan points 

❖ A detailed data taking scheme has been studied:
❖ Assuming:

❖ Evaluated up to 3 √s scan points
❖ Based on GENTLE package, including ISR, EW, QCD corrections.
❖ Considering both statistical uncert. and systematic uncert. (and their correlations).

!10
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Data taking scheme/Expected precision

!11

❖ A summary of the conclusions:
❖ Detailed studies are reported in dedicated report by Peixun.

Peixun Shen

Results:

Assuming:
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Direct reconstruction of MW 
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Direct reconstruction of MW 
❖ Direct measurements

❖ Directly reconstruct W boson decays: WW->lνqq, WW->qqqq

❖ Compare data to MC with known W mass and width to extract 
the results:  Unbinned maximum likelihood fits to the data.

❖ Do not need dedicated runs at WW threshold
❖ Measurements using ZH runs at √s = 240 GeV

❖ Big statistics:  100 fb-1 (vs. 3.2 ab-1 for WW threshold scan)
❖ Lower requirements on beam energy uncertainty

❖ But a much complicated analysis:
❖ A full reconstruction of the W boson
❖ All sorts of systematic uncertainties need to be counted and 

they are big!

!13

direct measure
√s = 240 GeV

CEPC Pre-CDR 
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Mass Reconstruction
❖ Reconstruct the W boson invariant mass directly 

from the W decay products
❖ For WW->lνqq
❖ A 2-jet pair, and a lepton + MET

❖ For WW->qqqq
❖ Complicated by combinatorial ambiguities of jet 

pairing from two W decays.
❖ W mass value can be used as an estimator to find 

the best combination
❖ Remaining wrong combinations treated as 

background (10 - 15% for LEP experiments)

!14

P1: FQP

September 14, 2000 21:20 Annual Reviews AR115-06

PRECISION MEASUREMENTS OF THE W BOSON MASS 235

Figure 11 Analysis of data
from theL3 experiment for the
W+W− → qqqq channel for
data taken at

√
s = 189 GeV.

data to Monte Carlo spectra corresponding to different values of MW. In addition
to its simplicity, this method has the advantage that all biases (from resolution,
ISR, selection, etc) are implicitly included in the Monte Carlo distributions. The
disadvantage of this method is that it may not make optimal use of all available
information. DELPHI employs a convolution technique, which makes use of addi-
tional information; in particular, events are weighted by the errors of the fit. The
convolution is limited in that it requires various approximations (e.g. the resolu-
tion is often assumed to be Gaussian) and often requires an a posteriori correction
because the fit procedure does not account for all biases, notably from ISR and
selection. As a cross check of the fitting procedure, all experiments fit the data
to a relativistic Breit-Wigner (with s-dependent width) plus background, which
also requires a posteriori corrections. Since the dominant systematic uncertainties
differ,MW is measured separately for the qqqq and the qqℓν samples. The results
are then combined, taking correlations into account, to yield an improved mea-
surement of MW. In the results given here, the standard-model relation between
MW and #W has been assumed (50).
Table 4 displays the results from each LEP experiment, using data collected at√
s = 172–189 GeV (47–49), for the qqℓν channel. Table 5 gives the results for

the qqqq channel.9 Also included is the combined result of all the measurements.

9These results are based in part on preliminary numbers for the data taken at
√
s = 189

GeV.
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Kinematic Fit
❖ Di-jet mass resolution is mainly determined by 

the precision of jet energy reconstruction.
❖ Kinematic constraints can substantially improve 

the mass resolution
❖ Energy and momentum conservation:
❖ with known CEPC center-of-mass energy
❖ total momentum equals zero

❖ LEP experiments show a 50% to 80% 
improvements of the di-jet mass resolution!

❖ before kin-fit: 8 - 9 GeV
❖ after kin-fit: 2.9 GeV for  lνqq; 1.7 GeV for qqqq

❖ For WW->qqqq:
❖ 4-C (constraints) fit: 
❖ both energy (1) and momentum (3) conservation
❖ yields two reco. masses (Mrec1, Mrec2)

❖ or 5-C fit:
❖ 4-C + requirement of Mrec1 =Mrec2

❖ yields one reco. mass
❖ For WW->lνqq:
❖ 2-C fit:
❖ because the neutrino from leptonic W decay 

removes 3 degrees of freedom.
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Extracting W mass and width
❖ Using reco. W boson invariant mass, two methods can be used to extract the W mass and width results: 
❖ Monte-Carlo reweighting and Convolution method. 

❖ Monte-Carlo reweighting (templates fit):
❖ Compare data W inv. mass spectrum to MC spectra (templates) corresponding to different values of true 

W mass. 
❖ Using a maximum likelihood method to find the best match ==> gives the W mass and width results.
❖ Very straight-forward to operate: 
❖ All systematic effects are implicitly included in the MC templates. 
❖ such as detector resolution, ISR, selection efficiency, etc.

❖ used by ALEPH, L3, OPAL, D0, CDF, ATLAS

!16
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Extracting W mass and width
❖ Convolution method (Sig.+bkg. lineshape fit):

❖ Construct signal PDF:

❖ where, S is the true mass distribution, ISR is radiation function, and R is the detector resolution function.
❖ Fit S+B function to the data spectrum to extract the W mass and width

❖ Easier to understand, but require various approximations/assumptions (e.g. resolution often assumed to be 
Gaussian), additional systematic due to choice of fitting function needs to be considered

❖ Used by DELPHI 

!17
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dependence on the underlying mW and �W values. For the final results, ALEPH and L3 apply a reweighting method, while
OPAL and DELPHI use a convolution technique. The OPAL collaboration also performs fits of an analytical description of the
Breit-W igner resonance curves and background shapes to data, in order to access systematic uncertainties of the mass and
width extraction method. Since the W -boson width, �W , depends on the mass mW , the SM dependence of �W on mW is
assumed when performing the fit to the data to determine mW . In fits for �W , both mW and �W are varied independently.
The mW values obtained in the two-parameter fits are consistent within the given uncertainty with the one-parameter fit
formW only. The methods used are described in the following.

Monte-Carlo reweighting. In the reweighting method, a multi-dimensional probability density is calculated using different
mass estimators. These estimators are the masses from the 5C and 4C kinematic fit in the qqqq channel, and those of
the 2C and 1C fit for qqe⌫e and qqµ⌫µ events. To further improve the sensitivity, ALEPH also includes the uncertainty
on the 5C and 2C masses. The qq⌧⌫⌧ sample contributes only with the rescaled hadronic mass. The probability densities
are determined from distributions of the corresponding multi-differential cross-sections, includingmW and �W dependent
signal predictions and background contributions. This is done either using binned distributions or a local sampling of the
phase-space density determined from Monte-Carlo simulations. Since the signal Monte-Carlo sample is generated with
pre-defined underlying W mass and width values, the mW and �W dependence is introduced by reweighting of Monte-
Carlo events. Each signal event is given a weight according to the ratio of the absolute values of the matrix element squared
for the e+e� ! W+W� ! f f̄ f f̄ (� ) process, calculated for the mW and �W values that are to be determined and for the
nominalmW and �W used in the simulation. The total likelihood functions of the different data samples are maximised with
respect tomW and �W . This method is applied for the final ALEPH and L3 results, and by the OPAL collaboration to evaluate
systematic uncertainties of the extraction method.

Convolution method. In this method, a probability density function is computed for each event, giving the probability that
this event, with a set of reconstructedmass estimatorsmi,rec (i = 1, . . . , n), originated from a sample with trueW mass and
width,mW and �W , of the following schematic form:

Ps(mW , �W ,mi,rec) = S(mW , �W ,mi, s0) ⌦ ISR(s0, s) ⌦ R(mi,mi,rec). (7.3)

In this expression, S(mW , �W ,mi, s0) is the true distribution of the mass estimators, folded with the radiator function
ISR(s0, s) and the detector resolution function, R(m,mrec), which is determined fromMonte-Carlo simulations and describes
the probability that an event of true mass estimator mi would be reconstructed with mass estimators mi,rec. The likelihood
for the data is then constructed as the product of fsPs(mW , �W ,mi,rec) + fbPb(mi,rec) over all events, where fs and fb are the
probabilities that the event originates from signal and background processes, respectively, and Pb(mi,rec) is a parametrisation
of the background distribution. The parameters of interest, mW and �W , are estimated by maximising the total likelihood.
In this approach, the resolution function may take account of the uncertainties in the reconstructed mass, which are likely
to vary from event to event, and thus better measured events are given greater weight. This procedure is used for the final
OPAL and DELPHI results.

7.3.4. Combination procedure
The maximum likelihood fits are performed for each of the data sets at the different centre-of-mass energies and for

each W -pair decay channel separately. Table 7.2 shows the final results on mW obtained by the four LEP experiments with
the direct reconstruction method in the W+W� ! qq`⌫` and W+W� ! qqqq final states. For the LEP combination, each
experiment individually combines the results of the three qq`⌫` channels. The OPAL collaboration also includes the `⌫``⌫`

measurements in these results. Input to the combination procedure are thus themW and�W central values and uncertainties
from the four LEP experiments in the qqqq (4q) and qq`⌫` + `⌫``⌫` (non-4q) final states for five centre-of-mass energy bins
corresponding to the five years of data taking. These inputs combine the data collected in 1996 at 172 GeV, in 1997 at
183 GeV, in 1998 at 189 GeV, in 1999 at 192–202 GeV, and in 2000 at 205–209 GeV.

The combination of the measurements is performed and the evaluation of the components of the total measurement
uncertainty is assessed using the Best Linear Unbiased Estimate (BLUE) technique [30]. In this way, statistical and
systematic uncertainties of each measurement are properly taken into account, including correlations between them. The
LEP combination procedure as described here is also applied to combine the measurements of each LEP experiment for
comparison with the combined measurement published by each experiment in Table 7.2. The observed differences are
mainly due to a different assessment of FSI uncertainties, which affects the fully hadronic channel, as discussed below. The
changes of the semi-leptonic results are due to systematic uncertainties correlated between the qqqq and qq`⌫` channels.

7.3.5. Overview of systematic uncertainties
There are several sources of systematic uncertainties affecting the measurements of mW and �W . Table 7.3 summarises

the systematic and statistical uncertainties on the W mass and width measurements evaluated for the combined LEP data
using the direct reconstruction method. For the W mass determination, the uncertainties are also given separately for the
qq`⌫` and qqqq final states, and for their combination. The main contributions are discussed in the following.
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dependence on the underlying mW and �W values. For the final results, ALEPH and L3 apply a reweighting method, while
OPAL and DELPHI use a convolution technique. The OPAL collaboration also performs fits of an analytical description of the
Breit-W igner resonance curves and background shapes to data, in order to access systematic uncertainties of the mass and
width extraction method. Since the W -boson width, �W , depends on the mass mW , the SM dependence of �W on mW is
assumed when performing the fit to the data to determine mW . In fits for �W , both mW and �W are varied independently.
The mW values obtained in the two-parameter fits are consistent within the given uncertainty with the one-parameter fit
formW only. The methods used are described in the following.

Monte-Carlo reweighting. In the reweighting method, a multi-dimensional probability density is calculated using different
mass estimators. These estimators are the masses from the 5C and 4C kinematic fit in the qqqq channel, and those of
the 2C and 1C fit for qqe⌫e and qqµ⌫µ events. To further improve the sensitivity, ALEPH also includes the uncertainty
on the 5C and 2C masses. The qq⌧⌫⌧ sample contributes only with the rescaled hadronic mass. The probability densities
are determined from distributions of the corresponding multi-differential cross-sections, includingmW and �W dependent
signal predictions and background contributions. This is done either using binned distributions or a local sampling of the
phase-space density determined from Monte-Carlo simulations. Since the signal Monte-Carlo sample is generated with
pre-defined underlying W mass and width values, the mW and �W dependence is introduced by reweighting of Monte-
Carlo events. Each signal event is given a weight according to the ratio of the absolute values of the matrix element squared
for the e+e� ! W+W� ! f f̄ f f̄ (� ) process, calculated for the mW and �W values that are to be determined and for the
nominalmW and �W used in the simulation. The total likelihood functions of the different data samples are maximised with
respect tomW and �W . This method is applied for the final ALEPH and L3 results, and by the OPAL collaboration to evaluate
systematic uncertainties of the extraction method.

Convolution method. In this method, a probability density function is computed for each event, giving the probability that
this event, with a set of reconstructedmass estimatorsmi,rec (i = 1, . . . , n), originated from a sample with trueW mass and
width,mW and �W , of the following schematic form:

Ps(mW , �W ,mi,rec) = S(mW , �W ,mi, s0) ⌦ ISR(s0, s) ⌦ R(mi,mi,rec). (7.3)

In this expression, S(mW , �W ,mi, s0) is the true distribution of the mass estimators, folded with the radiator function
ISR(s0, s) and the detector resolution function, R(m,mrec), which is determined fromMonte-Carlo simulations and describes
the probability that an event of true mass estimator mi would be reconstructed with mass estimators mi,rec. The likelihood
for the data is then constructed as the product of fsPs(mW , �W ,mi,rec) + fbPb(mi,rec) over all events, where fs and fb are the
probabilities that the event originates from signal and background processes, respectively, and Pb(mi,rec) is a parametrisation
of the background distribution. The parameters of interest, mW and �W , are estimated by maximising the total likelihood.
In this approach, the resolution function may take account of the uncertainties in the reconstructed mass, which are likely
to vary from event to event, and thus better measured events are given greater weight. This procedure is used for the final
OPAL and DELPHI results.

7.3.4. Combination procedure
The maximum likelihood fits are performed for each of the data sets at the different centre-of-mass energies and for

each W -pair decay channel separately. Table 7.2 shows the final results on mW obtained by the four LEP experiments with
the direct reconstruction method in the W+W� ! qq`⌫` and W+W� ! qqqq final states. For the LEP combination, each
experiment individually combines the results of the three qq`⌫` channels. The OPAL collaboration also includes the `⌫``⌫`

measurements in these results. Input to the combination procedure are thus themW and�W central values and uncertainties
from the four LEP experiments in the qqqq (4q) and qq`⌫` + `⌫``⌫` (non-4q) final states for five centre-of-mass energy bins
corresponding to the five years of data taking. These inputs combine the data collected in 1996 at 172 GeV, in 1997 at
183 GeV, in 1998 at 189 GeV, in 1999 at 192–202 GeV, and in 2000 at 205–209 GeV.

The combination of the measurements is performed and the evaluation of the components of the total measurement
uncertainty is assessed using the Best Linear Unbiased Estimate (BLUE) technique [30]. In this way, statistical and
systematic uncertainties of each measurement are properly taken into account, including correlations between them. The
LEP combination procedure as described here is also applied to combine the measurements of each LEP experiment for
comparison with the combined measurement published by each experiment in Table 7.2. The observed differences are
mainly due to a different assessment of FSI uncertainties, which affects the fully hadronic channel, as discussed below. The
changes of the semi-leptonic results are due to systematic uncertainties correlated between the qqqq and qq`⌫` channels.

7.3.5. Overview of systematic uncertainties
There are several sources of systematic uncertainties affecting the measurements of mW and �W . Table 7.3 summarises

the systematic and statistical uncertainties on the W mass and width measurements evaluated for the combined LEP data
using the direct reconstruction method. For the W mass determination, the uncertainties are also given separately for the
qq`⌫` and qqqq final states, and for their combination. The main contributions are discussed in the following.
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dependence on the underlying mW and �W values. For the final results, ALEPH and L3 apply a reweighting method, while
OPAL and DELPHI use a convolution technique. The OPAL collaboration also performs fits of an analytical description of the
Breit-W igner resonance curves and background shapes to data, in order to access systematic uncertainties of the mass and
width extraction method. Since the W -boson width, �W , depends on the mass mW , the SM dependence of �W on mW is
assumed when performing the fit to the data to determine mW . In fits for �W , both mW and �W are varied independently.
The mW values obtained in the two-parameter fits are consistent within the given uncertainty with the one-parameter fit
formW only. The methods used are described in the following.

Monte-Carlo reweighting. In the reweighting method, a multi-dimensional probability density is calculated using different
mass estimators. These estimators are the masses from the 5C and 4C kinematic fit in the qqqq channel, and those of
the 2C and 1C fit for qqe⌫e and qqµ⌫µ events. To further improve the sensitivity, ALEPH also includes the uncertainty
on the 5C and 2C masses. The qq⌧⌫⌧ sample contributes only with the rescaled hadronic mass. The probability densities
are determined from distributions of the corresponding multi-differential cross-sections, includingmW and �W dependent
signal predictions and background contributions. This is done either using binned distributions or a local sampling of the
phase-space density determined from Monte-Carlo simulations. Since the signal Monte-Carlo sample is generated with
pre-defined underlying W mass and width values, the mW and �W dependence is introduced by reweighting of Monte-
Carlo events. Each signal event is given a weight according to the ratio of the absolute values of the matrix element squared
for the e+e� ! W+W� ! f f̄ f f̄ (� ) process, calculated for the mW and �W values that are to be determined and for the
nominalmW and �W used in the simulation. The total likelihood functions of the different data samples are maximised with
respect tomW and �W . This method is applied for the final ALEPH and L3 results, and by the OPAL collaboration to evaluate
systematic uncertainties of the extraction method.

Convolution method. In this method, a probability density function is computed for each event, giving the probability that
this event, with a set of reconstructedmass estimatorsmi,rec (i = 1, . . . , n), originated from a sample with trueW mass and
width,mW and �W , of the following schematic form:

Ps(mW , �W ,mi,rec) = S(mW , �W ,mi, s0) ⌦ ISR(s0, s) ⌦ R(mi,mi,rec). (7.3)

In this expression, S(mW , �W ,mi, s0) is the true distribution of the mass estimators, folded with the radiator function
ISR(s0, s) and the detector resolution function, R(m,mrec), which is determined fromMonte-Carlo simulations and describes
the probability that an event of true mass estimator mi would be reconstructed with mass estimators mi,rec. The likelihood
for the data is then constructed as the product of fsPs(mW , �W ,mi,rec) + fbPb(mi,rec) over all events, where fs and fb are the
probabilities that the event originates from signal and background processes, respectively, and Pb(mi,rec) is a parametrisation
of the background distribution. The parameters of interest, mW and �W , are estimated by maximising the total likelihood.
In this approach, the resolution function may take account of the uncertainties in the reconstructed mass, which are likely
to vary from event to event, and thus better measured events are given greater weight. This procedure is used for the final
OPAL and DELPHI results.

7.3.4. Combination procedure
The maximum likelihood fits are performed for each of the data sets at the different centre-of-mass energies and for

each W -pair decay channel separately. Table 7.2 shows the final results on mW obtained by the four LEP experiments with
the direct reconstruction method in the W+W� ! qq`⌫` and W+W� ! qqqq final states. For the LEP combination, each
experiment individually combines the results of the three qq`⌫` channels. The OPAL collaboration also includes the `⌫``⌫`

measurements in these results. Input to the combination procedure are thus themW and�W central values and uncertainties
from the four LEP experiments in the qqqq (4q) and qq`⌫` + `⌫``⌫` (non-4q) final states for five centre-of-mass energy bins
corresponding to the five years of data taking. These inputs combine the data collected in 1996 at 172 GeV, in 1997 at
183 GeV, in 1998 at 189 GeV, in 1999 at 192–202 GeV, and in 2000 at 205–209 GeV.

The combination of the measurements is performed and the evaluation of the components of the total measurement
uncertainty is assessed using the Best Linear Unbiased Estimate (BLUE) technique [30]. In this way, statistical and
systematic uncertainties of each measurement are properly taken into account, including correlations between them. The
LEP combination procedure as described here is also applied to combine the measurements of each LEP experiment for
comparison with the combined measurement published by each experiment in Table 7.2. The observed differences are
mainly due to a different assessment of FSI uncertainties, which affects the fully hadronic channel, as discussed below. The
changes of the semi-leptonic results are due to systematic uncertainties correlated between the qqqq and qq`⌫` channels.

7.3.5. Overview of systematic uncertainties
There are several sources of systematic uncertainties affecting the measurements of mW and �W . Table 7.3 summarises

the systematic and statistical uncertainties on the W mass and width measurements evaluated for the combined LEP data
using the direct reconstruction method. For the W mass determination, the uncertainties are also given separately for the
qq`⌫` and qqqq final states, and for their combination. The main contributions are discussed in the following.
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Systematic Uncertainties
❖ The major systematic uncert. of a “typical” LEP experiment is 

shown on the right side. 
❖ ISR, fragmentation, four-fermion interference: 

❖ limited by MC statistics used to determine them.

❖ “Fit procedure” includes selection efficiencies and accepted 
backgrounds. 

❖ “Detector effects” (biggest for lνqq):
❖ energy scales, resolutions, modelings, etc. 

❖ Color-Reconnection and Bose-Einstein correlation (CR/BE), 
largest for qqqq:
❖ 4 quarks from 2 W can “talk” to each other: 1/ΓW << 1/λQCD 

❖ Differences from different theory models are quoted, and 
they are big.  ==> do we have better models nowadays?
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TABLE 6 Systematic uncertainties on MW from
direct reconstruction for a “typical” LEP experiment

Uncertainty (MeV)
Systematic qqℓν qqqq

Initial-state radiation 10 10
Four-fermion 10 10
Fragmentation 25 30
Detector effects 30 30
Fit procedure 20 20
Subtotal 46 49
Beam energy 17 17
CR/BE — 60

Total 49 79

Figure 12 Analysis of data from theOPAL experiment for data collected at
√
s = 189GeV.

The points are the data and the open histogram is the fit result. The non-WW background
contribution, as estimated from Monte Carlo, is shown as a hatched histogram.
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Systematic uncertainties on W mass from direct 
reconstruction for a “typical” LEP experiment
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Fig. 5 Profiles of !χ2 versus MH (top), MW (middle) and sin2θℓ
eff

(bottom). In blue the present result and in light blue, green and orange
the present, LHC and ILC/GigaZ scenarios, respectively, all using the
future fit setup (reproducing MH ≃ 125 GeV) with corresponding
uncertainties. The impact of the theoretical uncertainties is illustrated
by the width of the coloured curves. See Table 3 for the numerical results
of these fits

almost a factor of 3 at the ILC/GigaZ. Again the current and
expected future direct measurements are also indicated on
the figure, keeping the central value unchanged. No improve-
ment in the precision of the direct measurement is expected
from the LHC, leaving the direct measurement a factor 5
less precise than the indirect determination. Only within the
ILC/GigaZ scenario a similar precision between the predic-
tion and direct measurement can be achieved.
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Fig. 6 Fit constraints for the present and extrapolated future scenarios
compared to the direct measurements for the observable pairs MW ver-
sus mt (top) and MW versus sin2θℓ

eff (bottom). The direct measurements
are not included as input measurements in the fits. For the future sce-
narios the central values of the other input measurements are adjusted
to reproduce the SM with MH ≃ 125 GeV. The horizontal and verti-
cal bands indicate in blue today’s precision of the direct measurements
and in light green and orange the extrapolated precisions for the LHC
and ILC/GigaZ, respectively. The ellipses receive significant contribu-
tions from the theoretical uncertainties parametrised by δtheo MW and
δtheo sin2θ

f
eff . For better visibility the measurement ellipses correspond-

ing to two degrees of freedom are not drawn

Figure 6 shows the allowed areas obtained for fits with
fixed variable pairs MW versus mt (top) and MW versus
sin2θℓ

eff (bottom) in the three scenarios. The horizontal and
vertical bands display the 1σ ranges of the current direct mea-
surements (blue), as well as the LHC (green) and ILC/GigaZ
(orange) expectations in precision. A modest improvement in
precision is achieved for the LHC, represented by the green
ellipses, when confronting the direct measurements with the
SM predictions. A much stronger increase in precision and
sensitivity is obtained with the ILC/GigaZ (orange ellipses).

3.3 Impact of the individual uncertainties

Table 4 shows a breakdown of the predicted uncertainties
of various parameters as obtained from the reduced elec-
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Expectation in the future
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Future with CEPC contribution

MW = 80363 MeV ± 2  MeV 

MW = 80385 MeV ± 3 MeVPredicted

Measured + CEPC

❖ Borrow the figure from GFitter for 
LHC+ILC:

❖ Assume ILC gives similar 
improvements as CEPC on the 
“predicted values”

❖ Assume the directly measured 
central value does not change in 
the future

❖ A possible 4 to 5-sigma 
“bug” can be found in SM 
with the CEPC efforts!!! 
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