
from A. Freitas et al., arXiv:1804.10236 and references therein
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• Rf
V and Rf

A contain QCD and QED corrections:

•
QCD up to O(↵4

s) and QED up to O(↵2
) for massless fermions

•
mass corrections up to O(↵3

s)

• F f
V and F f

A contain EW and mixed EW-QCD and EW-QED

corrections

•
QCD up to O(↵4

s) and QED up to O(↵2
) for massless fermions

•
mass corrections up to O(↵3

s)
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•
numerical impacts of higher order contributions

�i [MeV] �e �⌫ �d �u �b �Z

Born 81.142 160.096 371.141 292.445 369.562 2420.19
O(↵) 2.273 6.174 9.717 5.799 3.857 60.22
O(↵↵s) 0.288 0.458 1.276 1.156 2.006 9.11
O(↵t↵2

s , ↵t↵3
s , ↵

2
t↵s, ↵3

t ) 0.038 0.059 0.191 0.170 0.190 1.20
O(N2

f↵
2
) 0.244 0.416 0.698 0.528 0.694 5.13

O(Nf↵2
) 0.120 0.185 0.493 0.494 0.144 3.04

O(↵2
bos) 0.017 0.019 0.059 0.058 0.167 0.51

Table 2: Contributions of different orders in perturbation theory to the partial and total Z widths. A fixed value of MW has been used as input, instead of Gµ. Nf

and N2
f refer to corrections with one and two closed fermion loops, respectively, whereas ↵2

bos denotes contributions without closed fermion loops. Furthermore,
↵t = y2t /(4⇡). In all rows the radiator functions RV,A with known contributions through O(↵4

s ), O(↵2
) and O(↵↵s) are included.

�Z [GeV] �0
had [nb]

Born 2.53601 41.6171
+ O(↵) 2.49770 41.4687
+ O(↵↵s) 2.49649 41.4758
+ O(↵t↵2

s , ↵t↵3
s , ↵

2
t↵s, ↵3

t ) 2.49560 41.4770
+ O(N2

f↵
2, Nf↵2

) 2.49441 41.4883
+ O(↵2

bos) 2.49475 41.4896

Table 3: Results for �Z and �0
had, with MW calculated from Gµ using the

same order of perturbation theory as indicated in each line. In all cases, the
complete radiator functions RV,A are included.

states. Instead, this information is captured in the form of vari-
ous branching ratios. The most relevant ones are

R` ⌘ �had/�`, Rc ⌘ �c/�had, Rb ⌘ �b/�had, (12)

where �` =
1
3 (�e+�µ+�⌧ ), and �had is the partial width into

hadronic final states, which at the parton level is equivalent toP
q �q (q = u, d, c, s, b).
In addition, the hadronic peak cross-section (11) is, to a

good approximation, defined as a ratio of partial widths and
the total Z width.

Numerical results for �0
had and the ratios in (12) are given

in Tab. 3 and Tab. 4, respectively, again broken down to dif-
ferent orders of radiative corrections. These quantities are less
sensitive to higher loop effects than �Z, since there is a partial
cancellation between the corrections in the numerators and de-
nominators of the ratios. Thus the influence of the new bosonic
corrections on all branching ratios R`, Rc, Rb and on �0

had is
about 0.02% or less, which is far below the current experimen-
tal errors: R` = 20.767 ± 0.025, Rc = 0.1721 ± 0.0030,
Rb = 0.21629 ± 0.00066, and �0

had = 41.541 ± 0.037 nb
[1]. However, these are at the level of sensitivity of proposed
measurements of Rb at future e+e� colliders [4–7]

4.3. Parameterization formulae

While the tables above only contain numbers for a single
benchmark point, the results for a range of input values can
be conveniently expressed in terms of simple parameterization

formulae. The coefficients of these formulae have been fitted
to the full calculation results on a grid that spans the currently
allowed experimental ranges for each input parameter. Here the
full calculation includes all higher-order corrections listed at the
beginning of section 4 for the partial widths, branching ratios
and the peak cross-sections, and with MW calculated from Gµ

to the same precision2. For all EWPOs reported here, the same
form of parameterization formula is utilized:

X = X0 + c1LH + c2�t + c3�↵s + c4�
2
↵s

+ c5�↵s�t + c6�↵ + c7�Z, (13)

LH = log

MH

125.7 GeV

, �t =

⇣ mt

173.2 GeV

⌘2

� 1,

�↵s =

↵s(MZ)

0.1184
� 1, �↵ =

�↵

0.059
� 1,

�Z =

MZ

91.1876 GeV

� 1.

As before, MH, MZ, mt and �↵ are defined in the on-shell
scheme, using the s-dependent width scheme for MZ (to match
the published experimental values), while ↵s is defined in the
MS scheme. The dependence on mb, mc and m⌧ is negligible
within the allowed ranges for these quantities.

The fit values of the coefficients for the different EWPOs
are given in Tab. 5. With these parameters, the formulae pro-
vide very good approximations to the full results within the
ranges MH = 125.1 ± 5.0 GeV, mt = 173.2 ± 4.0 GeV,
↵s = 0.1184 ± 0.0050, �↵ = 0.0590 ± 0.0005 and MZ =

91.1876± 0.0042 GeV, with maximal deviations as quoted in
the last column of Tab. 5. As can be seen from the latter, the
accuracies of the fit formulae are sufficient for the forseeable
future.

5. Error estimates

In addition to the dependence on the input parameters, the
accuracy of the results presented here is limited by unknown

2Fit formulae for the leptonic and bottom-quark asymmetries can be found
in Refs. [58, 60, 61].
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•
estimated theoretical uncertainties

�e,µ ⌧ 0.018 MeV �u,c 0.11 MeV R` 6 · 10�3

�⌫ 0.016 MeV �b 0.18 MeV Rc 5 · 10�5

�d,s 0.08 MeV �Z 0.4 MeV Rb 1 · 10�4

Table 6: Theory uncertainty estimates for the partial and total Z widths and
branching ratios from missing 3-loop and higher orders. See text for details.

The corresponding error estimates for the partial widths are
shown in Table 6. For the ratios (R`, Rc and Rb), the theory
uncertainty has been estimated from the partial widths using
simple Gaussian error propagation.

The theory uncertainty for the hadronic peak cross-section
is dominated by a non-factorizable contribution stemming from
the imaginary part of the Z-boson self-energy [46]. This non-
factorizable term does not receive any bosonic two-loop cor-
rections, so that its error estimate can be taken from Ref. [46]
without change:

�0
had : O(↵3

) ⇠ 3.7 pb, O(↵2↵s) ⇠ 4.2 pb. (16)

Adding these in quadrature leads to the overall uncertainty es-
timate of ��0

had ⇡ 6 pb.

6. Summary

In this work the bosonic two-loop electroweak corrections,
O(↵2

bos), to Z boson production and decay parameters are pre-
sented for the first time. These corrections are comparable in
size to the leading three-loop corrections ofO(↵t↵2

s ), O(↵t↵3
s ),

O(↵2
t↵s), O(↵3

t ). This is especially pronounced for �b, see
Tab. 2, and for �0

had, see Tab. 3. The bosonic corrections shift
the value of �Z by 0.51 MeV when using MW as input and
0.34 MeV when using Gµ are input, which is large from the
point of view of future colliders. The most ambitious FCC-ee
project predicts an accuracy of 0.1 MeV. Similarly, the bosonic
corrections are important for Rb, see Tab. 4. Due to the high ac-
curacy of the numerical loop integrations, the results obtained
here are stable enough even in the context of potential future
experimental precisions.

Updated theory error estimations are given, which are slightly
reduced due to the newly available full two-loop corrections.
We expect that the numerical integration methods used here can
be extended to compute the full three-loop corrections to Z-pole
EWPOs. For a more detailed discussion of future projections,
see Ref. [8, 9]. However, this is very demanding and needs
more effort and resources. Further, at this level of complexity
independent cross-checks by different groups, using indepen-
dent calculations and approaches, are welcome.

It should be noted that the O(↵2
bos) correction for the total

Z decay width appears to be relatively large compared to previ-
ous estimates based on the knowledge of the lower order result
O(↵bos). A similar observation concerns the bosonic two-loop
corrections to Ab. This means that all estimations at this level
of accuracy should be taken with a grain of salt. Therefore,
explicit calculations are important even for contributions that
were previously estimated to be subdominant.

At this point we should mention that we did not consider the
theoretical efforts needed to unfold the large QED corrections
from the measured real cross sections in the Z peak region and
to extract the EWPOs studied here in detail. For LEP, this was
based on tools such as the ZFITTER package [103–105] and
was discussed carefully e. g. in Refs. [1, 2, 106]. The correct
unfolding framework for extracting 2 ! 2 observables at ac-
curacies amounting to about 1/20 of the LEP era certainly has
to rely on the correct treatment of Laurent series for the Z line
shape as is discussed e. g. in [107–110].

The 1-loop corrections to the Z boson parameters were de-
termined in the 1980s [17]. Today, 33 years later, while the
present study finalizes the determination of the electroweak two-
loop corrections to the Z-boson parameters, we are already
faced with the need of more precision in the future.
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