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A Brief Introduction
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Forces in Nature :

® Strong Force: Quantum Chromodynamics
- QCD

® Electroweak Force: Electro-Weak theory
- EW

® Standard Model (SM) = QCD + EW
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QCD & Factorization



Neutron Proton

Quantum
Chromodynamics
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Proton
Nuclear Few- = T
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Confinement

& high-energy
electron on
collision course with ..

.. a quark, confined
in the proton,
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Confinement

newly
minted

Figure —-1.5: Inseparability of quarks and antiquarks in spite of investing ever more energy




Quark confinement
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Asymptotic Freedom
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Asymptotic Freedom

In QCD and the Standard Model
the beta function is indeed




Factorization:

® Factorization: to separate

b

and “ S 7 and
¢ ” effects.
F= QH-+-..
® Part: “long-distance”.

“low-energy” etfects, due to confinement.

® Part: “short-distance”. “high-
energy’ effects, due to asymptotic freedom.



QCD factorization

— ex. hadron production
In proton collisions
* pp—hX

da'= Zjdx jdx Idz f Cx, p\lf, (x,, i)D" (z,, ) dSS, (x, Py, x,P,, P, [ 7, 1t)

(l oC

f.(x,, 10, f,(x,, ) parton distribution function (PDF)

: : long distance term
D, (z,, 1) fragmentation function (FF)

do:, (x,P,,x,P,,P,/z.,u) partonic cross section short distance term

M factorization scale — boundary between short and long distance
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Quarkonium & NRQCD



Heavy Quarkonium
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NRQCD Factorization:

A\
m — QCD
____________________________________________ ILL
mu— NRQCD
____________________________________________ /i/
mu® - M '
pNRQCD (v°)

—

This scale separation is
usually referred to as

—

0.3 Charmonium

. 0.1 Bottomonium
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Recent Works



NRQCD Status:

® Nowadays, NRQCD becomes an important
approach to tackle various quarkonium
production and decay processes.

® Large Corrections @NLO.

€+ 1L e — J/w -+ Ne /C A 18—21 Zhang et.al.

p+p— J/w + X K ~ 9 Campbell et.al.



Motivation
® Status @NNLO

L(J/¢ — ) = F<0>{1____
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Motivation
® Status @NNLO
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Motivation:

® 15t S-wave

TABLE III. The Q7 interval and the weighted average Q2 value (Q?), the e*e™ — et e 1,
cross section multiplied by B(n, — KK7) [do/dQ*(Q?)], and the normalized yy* — 7,
transition form factor (|F(Q?)/F(0)|). The statistical and systematic errors are quoted separately
for the cross section, but are combined in quadrature for the form factor. Only Q?-dependent
systematic errors are quoted; the Q*-independent error is 6.6% for the cross section and 4.3% for
the form factor.

0? interval (GeV?) 07 (GeV?) do/dQ*(Q?) (fb/GeV?) |F(Q%)/F(0)|

2-3 2.49 18.7*42* 038 0.740 = 0.085
34 3.49 10.6 2.1 0.8 0.680 = 0.073
4-5 4.49 6.62 = 1.18 = 0.19 0.629 = 0.057
5-6 5.49 4.00 = 0.80 £ 0.10 0.555 = 0.056
68 6.96 3.00 £ 0.43 £ 0.17 0.563 = 0.043
8-10 8.97 1.58 = 0.30 = 0.08 0.490 = 0.049
10-12 10.97 0.72 £ 0.17 £ 0.05 0.385 = 0.048
12-15 13.44 0.55 £0.13 £0.03 0.395 = 0.047
15-20 17.35 0.34 = 0.07 £ 0.01 0.385 = 0.038
20-30 24.53 0.084 = 0.026 = 0.004 0.261 = 0.041
30-50 38.68 0.019 = 0.009 = 0.001 0.204 = 0.049 .,




Motivation:

= 0.027

@ 15t Decay: X2 — 7Y
T (xe0) = (2.33 £0.20 £ 0.13 £ 0.17) keV
R = o) _ 901 40,020 +0.013 -
FW(XcO)
[5°02) _ . 00.+.0.02  0.02

fors = =22
2 T2 (x)




Motivation:
® 15t Decay: n. — Light Hadrons

1. R. Barbieri, E. d’Emilio G Curci and E. Remiddi,
Nucl. Phys. B 154, 535 (1979),

2. K. Hagiwara, C. B. Kim and T. Yeshine, Nucl. Phys.
B 177, 461 (1981).



Motivation:

® 15t Inclusive Decay: n. — Light Hadrons

1. R. Barbieri, E. d’ \ ~Curci and E. Remiddi,
Nucl. Phys. B 154, 535 1‘
S
2. K. Hagiwara, C. B. Kim and %1 o, Nucl. Phys.
B 177, 461 (1981).

40 Years Elapsed from NLO to NNLO

(4102 HJd )

Another ??? Years to NNNLO ?

32



Basic Procedures:

1. Feynman Diagrams & Amplitudes

o - MATHEMATICA Package
http://www.feynarts.de

o - FORTRAN Program
http:/ /cfif.ist.utl.pt / ‘paulo/qgraf.html

2. Color- & Spin-Traces

o - MATHEMATICA Package
https://github.com /FeynCalc

o / - MATHEMATICA Package
https://github.com /FormLink



Basic Procedures:
3. Partial Fragmentation & IBP Reduction

° - MATHEMATICA Package
https://github.com /F-Feng

o - MATHEMATICA Program & G+ version
http://science.sander.su

4. Master Integrals - Numerical

o - MATHEMATICA Package
http:/ /science.sander.su

o - FORTRAN Code
http://nines.cs.kuleuven.be/software /cubpack/



1st Production Process



i\? ? % “light by light”
I.O NLO

NNLO

FIG. 1: Sample Feynman diagrams for v*y — CE(IS{(]I)).
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® Form Factor
(ne(p)| Ty (k, €)) = ie’e™ P e qoke F(QF)

® NRQCD Factorization

(nel¥Tx(1a)]0) |
\/m |

F(Q*) = C(Q,m, jiR, p1a) O(v°)



kK .

YY —7 Te -

® Form Factor
(ne(p)| Ty (k, €)) = ie’e™ P e qoke F(QF)

® NRQCD Factorization

F(Q%) = C(Q, m, g, O(v?)

Long Distance Matrix Element




VY e

® Form Factor

()| (K, €)) = ie*e" e, gk F(Q)

® NRQCD Factorization

el x(1a)]0) |

F(QQ) — C(QammuRmuA)

Short Distance Coefficient

/m

O(v?)



kK .

YY —7 Te -

® Form Factor
(ne(p)| Ty (k, €)) = ie’e™ P e qoke F(QF)

® NRQCD Factorization

(¥ x(1a)|0)
\/m |

F(Q*) = C(Q,m, jiR, p1a) O(v°)

® Form Factor Ratio
F(QQ) - C(Qa m, UR, :uA) , O(UZ)
F(O) C(Oa m, ,U}z, :u./\)




VY e

® Perturbative Expansion

C(Q,m, g, i) = CO(Q,m)d 1+ Cp 28 (1))

e {50 QQTm CpfO(r) — 1205 (CF+ %)
xIn > 4 f<2>(7>} + O(ai)},
QQ

where 7 = =<5
m



VY e

® Result @LO ,
COQm) = o
v QZ 4 4m2
® Result @NLO
2
(1) (3—7) 20+97 7(8437), 447
0 =S 1 A2t V2

2
T T 2—T T
3 tanh ; | tanh 4
+\/4—|—7‘ . \/4—|—7’ 4—|—T(an \/44—7)

T . 2+ T
L12
2(4 4+ 1) ( 9 )




%
VY = e
® Numerical Result @NNLO

T 1 5 10 25 50
£la) | -59.420(6) -61.242(6) -61.721(7) -61.843(8) -61.553(8)
2 | 049(4)  —048(5) —1.09(5) —2.12(6) —3.10(6)

B 0.65(3)i  —0.72(4)i  —0.71(4)i  —0.69(4)i —0.68(4)i

)i
e -59 636(6) -61.278(6) -61.716(7) -61.864(8) -61.668(8)

@ | 0.8(1) —5.6(2) —94(2) —15.3(2) —20.3(2)
- —1244(8) —13.5(2)i —13.8(2)i —14.0(2)i —14.1(2)i

fr(fg) (1) and flﬁ) (1) at some typical values of .
The first two rows for n. and the last two for 7,
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® Confront the BaBar Data

o
o
S
4
S,
g
o
e
=

20 30
Q’ (GeV?)

FIG. 26. The yy* — m_ transition form factor normalized to
F(0) (points with error bars). The solid curve shows the fit to Eq.

(22). The dotted curve shows the leading order pQCD prediction
from Ref. [3].
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® Confront the BaBar Data




VY e

® Confront the BaBar Data




VY e

® Confront the BaBar Data

\/Q2 1 m2

I <y < 2/

{1R, MR}Central = \/Q2 +m?




1st Tnclusive Process



n. — Light Hadrons :

0 — L) = 7220 10,5

Gh(MSo)

ma

(M| P1 (150) 7e) + O(USF)



n. — Light Hadrons
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n. — Light Hadrons
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n. — Light Hadrons
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FIG. 1: Representative cut Feynman diagrams responsible
for the quark reaction cE(l.S'é”] — CE(l.S',E,”] through NNLO
in «xs. L'he vertical dashed line denotes the Cutkosky cut.




n. — Light Hadrons :

. 2 2 2
Jo = fo- 3% In? 'LLRQ | <ﬁ1 + ﬁof1> IL,ang

16 dm
CACF ,u
2 2 A
— C In
s ( “ 2 > m2
fo = —0.799(13)N2 — 7.4412(5)n N, — 3.6482(2) N,

+0.37581(3)n? + 0.56165(5)n, + 32.131(5)
ny 0.67105(3)  9.9475(2)
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n. — Light Hadrons :




n. — Light Hadrons :

PDG Data




n. — Light Hadrons

8a? Qg 2
o2
2 MR 52 2y s
—|—7T2 4.341n 2 + 22.751n — 1m? + 78.8| + 2.24(v >nc?}
o2 12
Br(n, — vv) = 5o 1 — ? [3 83 1n L& 4m + 13. 11]
S b

2 2

36712 B 1 20301 PB4 855

2 4mb 4mb

n 1.91<v2>%%}

7T 70



n. — Light Hadrons :

more than 100 discrepancy !

vNNLO

PDG Data




n. — Light Hadrons :

Br(n, — 47) = (48 40.1) x 1077

VNNLO




Summary

® Investigated NNLO QCD corrections

to , Xc0,2 = VY,

Observe significant NNLO corrections.
Alarming discrepancy with the existing
measurements.

® Perturbative expansion seems to have poor
convergence behavior for Charmonium.

® Perturbative expansion bears much better
behavior for Bottomonium.



Thanks for your attention!
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Basic Procedures:

1. Feynman Diagrams & Amplitudes

2. Trace & Contraction

3. Partial Fragmentation & IBP Reduction
4. Master Integrals — Numerical

5. Other Processing — Plots etc.



Basic Procedures:

1. Feynman Diagrams & Amplitudes

o - MATHEMATICA Package
http://www.feynarts.de

o - FORTRAN Program
http://cfif.ist.utl.pt / paulo/qgraf.html



Basic Procedures:

1. Feynman Diagrams & Amplitudes

qgraf-3.14

Load Package

output='out';

style="math.sty';

model="sm.mod";

in=C[pl],Cbar[p2];

out=g[k1],g[k2];

loops=2;

loop_momentum=q;

Q g Ru n options=notadpole,onshell;

true=vsum[QCD,6,6];

HAmp = QgRun[" true=vsum[QED,0,0];

<< Qgraf’

LoadFeynRules["sm"];

output="out';

style="math.sty';

model="sm.mod'; 24P —— 7+ 17— ——— 5N+ 2C+ 17C-

in=C[pl],Cbar[p2]; 169V ——— 3A142 4A27
out=g[kl],g[k2];
loops=2;

loop_momentum=q; _ 4A3 0 diagrams
options=notadpole,onshell; 3A2 472 ——— 23 diagrams
true=vsum[QCD,6,6]; 304 471 ——— 244 diagrams
e .
true=vsum[QED,0,0]; 346 1122 diagrams

"1s total = 1389 diagrams




Basic Procedures:

1. Feyvnman Diagrams & Amplitudes

[ NON math.sty

6a

math.sty ; No Selection

1 <prologue>
2 (% QGraf Output in Mathematica Style By F.Feng *)
3
4 <diagram>
5
6 Amp[[<diagram_index>]]:= Hold[[(<sign><symmetry_factor>)x*
7 <in_loop>InField[[<field>, <field_index>, <momentum>] ]x*
8 <end>
9 <back><out_loop>OutField[[<field>,<field_index>, <momentum>]]x*
10 <end>
11 <back><propagator_loop>Propagator[[
12 <back>Field[[<field>,<field_index>11],
13 <back>Field[[<dual-field>,<dual-field_index>1],
14 <back><momentum> ] ]*
15 <end>
16 <back><vertex_loop>Vertex[[
17 <back><ray_loop>Field[[<field>,<field_index>,<momentum>11],
16 <back><end><back>]]1x*
19 <end><back><back>]];
21 <epilogue>
22
<exit>

65
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Basic Procedures:
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Basic Procedures:
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Basic Procedures:

1. Feynman Diagrams & Amplitudes

[ NON ) i# Example.nb

HAmp[ [342]]

(gg Scit ci2 Ocil1 cit2 Oci3 cid Ocis ci6 Oci cis &~
G112 314 iSTi6 oli7 18
(1153 (—k1 - 2 q11im2) 4 g2 (1] 4 lil) 4 G2l (g1 _ jq13))
(51215 (2 1 — k2lim) 4 gliStimd (1 _ q112) 4 g2 (_yp _ q715))

(5121 (2 k1 +2 g1 — 21%) +
g8 (LK1 - gl — q2112) + g2 (k1 — g1 +2 q2))
ColorLine(Tgi11.Tcis -Tei7 » {p2, p1}) SpinLine(
Yy (k1 -p2 +ql —q2) + mc).y".(me +y- (pl - q2) 5", {p2, p1}))/
(q1* q2° (k1 +q1)* (k2 - q1)* (-k1 - q1 +q2)*((p1 - g2)* - mc?)
(k1 -p2+ql -q2)* —mc?))

Jeim2 cil ci3 Jeid ci8 ci12 Seimd ci2 cis

68
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Basic Procedures:

1. Feynman Diagrams & Amplitudes

[ NON ) i# Example.nb

HAmp[ [342]]

(gg Scit ci2 Ocil1 cit2 Oci3 cid Ocis ci6 Oci cis &~
G112 314 iSTi6 oli7 18
(1153 (—k1 - 2 q11im2) 4 g2 (1] 4 lil) 4 G2l (g1 _ jq13))
(51215 (2 1 — k2lim) 4 gliStimd (1 _ q112) 4 g2 (_yp _ q715))

(5121 (2 k1 +2 g1 — 21%) +
g8 (LK1 - gl — q2112) + g2 (k1 — g1 +2 q2))
ColorLine(7ci11 -Tci6 -Tci7, {P2, p1}) SpinLine
Yy (y- (k1 -p2 +ql —q2) + mc).y".(mec +y- (p1 - q2) ", {p2, p1}))/
(q1* q2° (k1 +q1)* (k2 - q1)* (-k1 - q1 +q2)*((p1 - g2)* - mc?)
(k1 -p2+ql -q2)* —mc?))

Jeim2 cil ci3 Jeid ci8 ci12 Seimd ci2 cis

69
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Basic Procedures:
2. Trace & Contraction

o - MATHEMATICA Package
https://github.com /FeynCalc

o - C Program ( : )
https://github.com/vermaseren /form

o - Combined
https://github.com /FormLink



Basic Procedures:

2. Trace & Contraction

| NON | i Untitled-1

<< FeynCalcFormLink"®

exp = DiracTrace[GAD[u]. (GSD[pl + p2] +m) .GAD[v] . (GSD[k1l + k2] + m) GSD[pl, p2, k1, k2]]
(FVD[pl + k1, p] FVD[p2 + k2, v] + MTD[u, v])

(8" + (k1 +p1*) (k2 + p2") tr((y - p1) (¥ - P2) (- kD) .(y - K2) ¥ (m + y- (p1 + p2)).y" (y- (k1 + k2) + m))

FeynCalcFormLink[exp] // Factor

Symbols D,m;

Dimension D;

Vectors kl1,k2,pl,p2;

AutoDeclare Index lor;

Format Mathematica;

AutoDeclare Symbol str;

L 1trl =
(g_(1,lorl)*(m*gi_(1)+g_(1,pl)+g_(1,p2))*g_(1,lor2)*(m*gi_(1)+g_(1,k1l)+g_(1,k2))*g_(1,pl)*g_(1,p2)*g_(1,kl)*g
_(1,k2));

tracen,l;

.sort;

L resFL = (strl*(d_(lorl,lor2)+(kl(lorl)+pl(lorl))*(k2(lor2)+p2(lor2))));
id strl=1ltrl;

.sort;|

contract 0;

.sort;

#call put("%E", resFL)

.end

~
=N

125% »



Basic Procedures:

2. Trace & Contraction

| NON | i Untitled-1

Piping the script to FORM and running FORM

Time needed by FORM : 0.006 seconds. FORM finished. Got the result back to Mathematica as a string.
Start translation to Mathematica / FeynCalc syntax

Total wall clock time used: 0.15 seconds. Translation to Mathematica and FeynCalc finished.

4(2k1-p2k2-p1®>m? +2k1-k2pl-p2° m* + Dk1-p2k2-pl m® + 2k1-k2k1-p2k2-pl m* - Dk1.pl k2-p2m”* - 2k1-k2k1-pl k2. p2 m* -
2k1-plk2-plk2-p2m? —k1-p2k2? p12 m® + 2k1-k2% pl-p2m® + Dk1-K2pl-p2m? + 4k1-k2k1-p2pl-p2m® - k12 k2% pl-p2m?® +
2k1-k2k2-pl pl-p2m? + 2k1-p2k2-pl pl-p2m? - 2k12k2-p2pl-p2m? — 2k1-pl k2-p2pl-p2m? - 2k1-k2k1-p1 p2? m* +
k12k2-p1p2° m? —k1-k2p1? p2> m? —4k1-p2*> k2-p12 =2 Dkl -p2k2-p1? + 2k1? k1 -p2k2-p1? + 4k1-p2k2-p1® -4 k1 -p1> k2-p2% +
2Dk1-plk2-p22 - 2k1%kl-p1k2-p2® —4kl-plk2-p2® + 4k1-k2% p1-p2% + 2k1% k1 -k2pl -p2% + 2k1-k2k2? p1-p2? -
2Dk1.-p22k2-pl —4kl-k2kl1.p22k2.pl +4k1-p2>k2.pl —2Dkl1-plkl-p2k2.pl — 4kl -k2kl-plkl-p2k2.pl +4kl-plkl-p2k2.-pl +
2Dkl1-pl1?k2-p2+4kl-k2kl-p1°k2-p2 - 4k1-p1®k2.p2+ 2Dkl -pl kl-p2k2-p2 + 4k1-k2kl-plkl -p2k2.p2 —
4k1-plkl-p2k2-p2+2Dkl-plk2-plk2-p2—2k1*kl-plk2-plk2-p2 - 4kl-plk2-plk2-p2-2Dkl-p2k2-plk2-p2 +
2k12k1-p2k2-p1k2-p2 + 8k1-plk1-p2k2-pl1k2-p2 + 4k1-p2k2.-plk2-p2 + 4k1-k2k1-p2> p1% —2k1-pl k2-p2? p1% +
4k1-k2%k1-p2pl®> +2Dkl1-k2k1-p2pl® —4kl-k2kl-p2pl1? + 2k1-p22 k2% p1® + Dk1-p2k2% p1% — k12 k1-p2 k2? p1% +
2k1-k2k1-p2k2% p1% —2k1-p2k2% p1% + 2k1-p22k2-pl p1? +k1-p2k22k2-pl p1? - Dk1?k2-p2 p1% + 2k12k2-p2p1% -
2k12k1-k2k2-p2p1? - 2k12k1-p2k2-p2 p12 - 2k1-pl k1-p2k2-p2p1% k12 k22 k2. p2 p12 - k1-p1 k22 k2-p2 p1? +
2k1-p2k2-plk2-p2pl1? —4k1-k2%k1-plpl-p2-2Dk1-k2kl-plpl-p2+4kl-k2kl-plpl-p2+4kl-k2>k1-p2pl-p2 +
2Dk1-k2kl-p2pl-p2-4kl-k2kl-p2pl-p2—8kl-k2k1-plkl-p2pl-p2+2k1®kl-pl k2% pl-p2+2Dkl1-p2k2% pl-p2 +
4k1-k2k1-p2k2? pl-p2 - 4kl-plkl-p2k2?pl-p2-4kl-p2k2? pl-p2-2Dkl-k2k2-plpl-p2+2k1®kl -k2k2-pl pl-p2 +
4k1-k2k2-plpl-p2+2k1%kl-p2k2-pl pl-p2+2kl-p2k22k2-pl pl-p2-2Dk1?k2-p2pl - p2 + 4k1? k2-p2pl-p2 —
2Dk1-k2k2-p2pl-p2-2k12k1-k2k2-p2pl-p2 + 4k1-k2k2-p2pl-p2 + 2k12 k1-pl k2-p2pl-p2 - 2k12 k22 k2-p2pl-p2 —

n

72
125% »



Basic Procedures:

3. Partial Fragmentation & IBP Reduction

o - MATHEMATICA Package
https://github.com /F-Feng

o - MATHEMATICA Program & C++4 version
http://science.sander.su

O - MAPLE Program
https://www.phys.ethz.ch/ pheno/air/

. - C Program (MPT)
https://reduze.hepforge.org



Basic Procedures:
3. Partial Fragmentation & IBP Reduction

® Integrate By Part (IBP) [JHEP 0810, 107 (2008)]
ddk’l ddkh
F(alv ) )
E{ - Ep
where k;, ¢ = 1,--- ,h, are loop momenta and the denominators FE, are ei-
ther or with respect to the loop momenta k; of the graph.

Irreducible polynomials in the numerator can be represented as denominators
raised to negative powers.

® Basicidea:

0 D
dy, gdp, ... J W
/ /d k1d® ko o [Ei”lE%"] 0

® List of equations:

ZO%F(CH +b;1, 0,0, + b)) =0




Basic Procedures:
3. Partial Fragmentation & IBP Reduction

Apart function in MATHEMAITCA

1
in[1= Apart [ {

x-a) (x-b) (x-c)
1 1 1

Out[i= —< - - - - - il - - -
(@a—blb—c)ix—5) l(a—-c)lc=b)l(x—¢c) (a—-blla—c)ix—a)

1

i Apart | e T Ty
1 4

o (a+x)(3x-8b)(2b+y) (a+x)(3x-8b)(3x+4y)




Basic Procedures:

3. Partial Fragmentation & IBP Reduction

APART Package:

1= << CalcExt Apart’

1
- b) (x-c)

1 1 1
- =l = =

ozl — +
- la-dlla-c) (a—b)(b-c) (a—c)(c—b)

|ﬁa=$ﬂpart[{xﬁ_a}{x ’ {R}]

1
Inf3]:= art[ X ]
SAD (x+2) (v:2D) (3xsdy) ¥
1 poee) Bl rssrereess)
(a+x) (2 b+y) " (a+x)} (3 x+4 ¥) (2b5+¥) (3 x+4 ¥)
Out[3}= —
- 3a+85b 3a+85b 3a+85b

]
'

]

]

.

]

]

.

]

u



Basic Procedures:

3. Partial Fragmentation & IBP Reduction

Fmnl= | ke kw
) @m)A (m? — k2 =2k - py — p?)™(—m? + k2 + 2k - pa +p3)"

1= << HighEnergyPhysics fo ]
2= << FIRE S ]

3= Replacement = [pl2 - m® . pQE - m® s Pl p2 - SP[pl, p2] };
Internal = {k};
External = {pl, p2};
Propagators = []-: pr2, -2k pl - k? + m” - plzlr 2k p2+ k? - m” + pﬂz};
PrepareIBP|[] ;
startinglist = {IBP[k, k], IBP[k, pl], IBP[k, p2]} /. Replacement;

Prepare|[] ;|

infi0}= Burn[] ; ]
= FI{-1, 1, 2}] ]

(d-2)G({0,0.1H (4-2)G({0, 1,0 1 :
Out[11E ~ ) G40, 0. 17 + - ) Gi0. 1. 0F +— (4 -d)G({0, 1, 1}) 77

8 (m* —pl-p2) g (m* —pl-p2) 4



Basic Procedures:

4. Master Integrals - Numerical

o - MATHEMATICA Package
http://science.sander.su

o - MATHEMATICA /PYTHON Package
http://secdec.hepforge.org

. - FORTRAN Code
http://nines.cs.kuleuven.be/software/cubpack/

o - FORTRAN/C Code
http://www.feynarts.de/cuba/

o -supported - - -



Basic Procedures:

4. Master Integrals - Numerical

1 1
I = / dx/ dys "y (z+ (1 —2)y)"?
0 0

N /01 . /01 dy $_1—aey—bs(x + (1 . $)y)_1 [Q(x — y) + (9(3/ - x)}




Basic Procedures:

4. Master Integrals - Numerical

/d:z:/ dy x 1% —x)y) "

/ d:z:/ dy ¢ —x)y) " [9(:1: —y) +0(y — )

1
/dxa:_l(+b)/tb 1+ 1 — a:t
0
1
/dyy_]L (a-tb)e / t1-a t
0



Basic Procedures:

4. Master Integrals - Numerical

Deformation of the integration contour




Basic Procedures:

4. Master Integrals - Numerical




Basic Procedures:

4. Master Integrals - Numerical

Sector decomposion done with FIESTA

®
Expression in each sector exported to
FORTRAN format

Run FORTRAN code using different numer-
ical integration routines



Basic Procedures:

4. Master Integrals - Numerical

° (18 ~ 19 digits)
Fortran native:

° (33 ~ 36 digits)
Fortran native:

o (~ 66 digits)
http://www.davidhbailey.com/dhbsoftware/

°
http://www.davidhbailey.com/dhbsoftware /



Basic Procedures:

5 Other Processmg Plots etc.

#| Plots-v2.nb

ICALI_JL,LCL VLWV J’ tJ.TIJ.TU U-J’ _.I.UI’ l J.’ UIJ

1]

Export[FileNameloin[{NotebookDirectory[], "Tex", "draft", "Gmc.eps"}], %];

40 —
T~ PDG Data
30 =
=
[<b}
S 20p.
=
]
T
= of
_10_
1.0

Bottom-Gamma

Show[bGammaPlot, Graphics[{
Text[Style["PDG Data", Blue], {10.4, 17}, {-1, 0}],

, {Thickness[0.003], Line[{{6.3, -5}, {7.3, -5}}]}, Text[Style["NNLO"], {7.5, -5}, {-1, 0}]
, {Dashed, Thickness[0.003], Line[{{6.3, -10}, {7.3, -10}}1}, 85

100% »
T T T T OB



Basic Procedures:

1. Feynman Diagrams & Amplitudes

2. Trace & Contraction

3. Partial Fragmentation & IBP Reduction
4. Master Integrals — Numerical

5. Other Processing — Plots etc.



