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Can Nonrelativistic QCD Explain the °°¤ ! ´c

Transition Form Factor Data?

Next-to-next-to-leading-order QCD corrections
to Âc0;2 ! °°

Next-to-next-to-leading-order QCD corrections
to hadronic width of pseudoscalar quarkonium
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A Brief Introduction
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Forces in Nature :

Strong Force: Quantum Chromodynamics 
- QCD

Electroweak Force: Electro-Weak theory 

- EW

Standard Model (SM) = QCD + EW
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QCD & Factorization
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Confinement
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Confinement
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Asymptotic Freedom
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Asymptotic Freedom
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Factorization:
Factorization: to separate “short-distance” 

and “long-distance” 、“high-energy” and 
“low-energy” effects.

 Non-perturbative Part: “long-distance”、
“low-energy” effects, due to confinement.

 Perturbative Part: “short-distance”、“high-
energy” effects,  due to asymptotic freedom.
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Quarkonium & NRQCD

20



Heavy Quarkonium

21



22



NRQCD Factorization:

NRQCD

pNRQCD

QCD
This scale separation is 
usually referred to as 
NRQCD Factorization 
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Recent Works
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NRQCD Status:
Nowadays, NRQCD becomes an important 

approach to tackle various quarkonium
production and decay processes.

Large Corrections @NLO.

Zhang   et.al.

Campbell   et.al.
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Motivation
Status @NNLO
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Motivation
Status @NNLO
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Motivation:
1st S-wave Production: °°

¤ ! ´c
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Motivation:
1st P-wave Decay: Âc0;2 ! °°
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Motivation:
1st Inclusive Decay: ´c ! Light Hadrons
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Motivation:
1st Inclusive Decay: ´c ! Light Hadrons
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1. R. Barbieri, E. d'Emilio, G. Curci and E. Remiddi,

Nucl. Phys. B 154, 535 (1979).

2. K. Hagiwara, C. B. Kim and T. Yoshino, Nucl. Phys.

B 177, 461 (1981).

40 Years Elapsed from NLO to NNLO

Another ??? Years to NNNLO ?



Basic Procedures:
1. Feynman Diagrams & Amplitudes

2. Color- & Spin-Traces

² FeynArts - Mathematica Package

http://www.feynarts.de

² QGRAF - Fortran Program

http://c¯f.ist.utl.pt/~paulo/qgraf.html

² FeynCalc - Mathematica Package

https://github.com/FeynCalc

² FeynCalc/FormLink - Mathematica Package

https://github.com/FormLink
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Basic Procedures:
3. Partial Fragmentation & IBP Reduction

4. Master Integrals - Numerical

² APart - Mathematica Package

https://github.com/F-Feng

² FIRE - Mathematica Program & C++version

http://science.sander.su

² FIESTA - Mathematica Package

http://science.sander.su

² CubPack - Fortran Code

http://nines.cs.kuleuven.be/software/cubpack/
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1st Production Process
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Form Factor

NRQCD Factorization
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Form Factor

NRQCD Factorization

h´c(p)jJ
¹j°(k; ")i= ie2²¹º½¾"ºq½k¾F(Q2)

F (Q2) = C(Q; m;¹R;¹¤)
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p

m
+O(v2)

Long Distance Matrix Element
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Form Factor

NRQCD Factorization
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Short Distance Coefficient
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Form Factor

NRQCD Factorization

Form Factor Ratio
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Perturbative Expansion

C(Q;m;¹R;¹¤) = C(0)(Q;m)
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Result @LO

Result @NLO
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Numerical Result @NNLO
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Confront the BaBar Data
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Confront the BaBar Data
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Confront the BaBar Data
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Confront the BaBar Data
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1st Inclusive Process
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Roughly 1700 3-loop forward-scattering diagrams 
Cutkosky rule is imposed 52
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more than 10σ discrepancy！
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Br( b́ ! °°) = (4:8§0:1)£10¡5



Summary
Investigated NNLO QCD corrections 

to                                                                       .

Observe significant NNLO corrections. 
Alarming discrepancy with the existing 
measurements.

Perturbative expansion seems to have poor 
convergence behavior for Charmonium.

Perturbative expansion bears much better 
behavior for Bottomonium.
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°°¤! ć;Âc0;2 !°°; ć !Light Hadrons



Thanks for your attention!
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Basic Procedures:

1. Feynman Diagrams & Amplitudes

2. Trace & Contraction

3. Partial Fragmentation & IBP Reduction

4. Master Integrals – Numerical

5. Other Processing – Plots etc.
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Basic Procedures:
1. Feynman Diagrams & Amplitudes

² FeynArts - Mathematica Package

http://www.feynarts.de

² QGRAF - Fortran Program

http://c¯f.ist.utl.pt/~paulo/qgraf.html

² ¢ ¢ ¢
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
2. Trace & Contraction

² FeynCalc - Mathematica Package

https://github.com/FeynCalc

² FORM - C Program (tFROM, parFORM)

https://github.com/vermaseren/form

² FeynCalc/FormLink - Combined

https://github.com/FormLink

² ¢ ¢ ¢
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Basic Procedures:
2. Trace & Contraction
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Basic Procedures:
2. Trace & Contraction
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Basic Procedures:
3. Partial Fragmentation & IBP Reduction

² APart - Mathematica Package

https://github.com/F-Feng

² FIRE - Mathematica Program & C++ version

http://science.sander.su

² AIR - Maple Program

https://www.phys.ethz.ch/~pheno/air/

² Reduze - C Program (MPI)

https://reduze.hepforge.org

² ¢ ¢ ¢ 73



Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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 Integrate By Part (IBP) [JHEP 0810, 107 (2008)]
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ther quadratic or linear with respect to the loop momenta ki of the graph.

Irreducible polynomials in the numerator can be represented as denominators

raised to negative powers.
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Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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Apart function in Mathemaitca



Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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Apart Package:



Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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F [l;m;n] =
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Basic Procedures:
4. Master Integrals - Numerical

² FIESTA - Mathematica Package

http://science.sander.su

² SecDec - Mathematica/Python Package

http://secdec.hepforge.org

² CubPack - Fortran Code

http://nines.cs.kuleuven.be/software/cubpack/

² Cuba - Fortran/C Code

http://www.feynarts.de/cuba/

² MPI-supported ¢ ¢ ¢ 78



Basic Procedures:
4. Master Integrals - Numerical
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Basic Procedures:
4. Master Integrals - Numerical
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Basic Procedures:
4. Master Integrals - Numerical
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Sector Decomposition



Basic Procedures:
4. Master Integrals - Numerical
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Sector Decomposition

SecDec 2.0



Basic Procedures:
4. Master Integrals - Numerical

83

² Prepare Database

Sector decomposion done with FIESTA

² Extract Sectors

Expression in each sector exported to

Fortran format

² Numerical Integration

Run Fortran code using di®erent numer-

ical integration routines

² Combine Sector Results



Basic Procedures:
4. Master Integrals - Numerical

84

² Long-Double Precision (18 » 19 digits)

Fortran native: REAL(KIND=10)

² Quadruple Precision (33 » 36 digits)

Fortran native: REAL(KIND=16)

² Double-Quadruple Precision (» 66 digits)

http://www.davidhbailey.com/dhbsoftware/

² Arbitrarily High Numeric Precision

http://www.davidhbailey.com/dhbsoftware/

Float Precision



5. Other Processing – Plots etc.
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Basic Procedures:
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1. Feynman Diagrams & Amplitudes

2. Trace & Contraction

3. Partial Fragmentation & IBP Reduction

4. Master Integrals – Numerical

5. Other Processing – Plots etc.
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