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𝒋 = 𝐶𝜇5𝑒𝑩
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Experimental signature of anomalous effect



Why are we excited about anomalous effect?

𝒋 = 𝐶𝜇5𝑒𝑩 𝒋 = 𝐶𝜇5𝜇𝝎

𝜇5 characterizes chiral imbalance, originates from topological fluctuations in QCD

𝜕𝜇𝑗5
𝜇
= −

𝑔2𝑁𝑓

8𝜋2
𝑡𝑟𝐺 ෨𝐺



Axial charge is stochastic
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𝜇5 effective chemical potential𝑁5 = 0, 𝑁5
2 ≠ 0

Chiral imbalance generated by fluctuation: 𝑁5 not a thermodynamic quantity

schematic behavior of 𝑁5

𝑁5 stochastic!



How should we quantify μ5
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initial generation

𝜇5 ≲ 100𝑀𝑒𝑉

further evolution: current studies assume 𝜕𝜇𝑗5
𝜇
= 0

Fukushima, Kharzeev, Warringa (2010)

Hirono, Hirano, Kharzeev (2014)

Jiang, Shi, Yin, Liao (2016), (2017)

Mace, Schlichting, Venugopalan (2016) 𝜕𝜇𝑗5
𝜇
= −

𝑞2𝑁𝑐
16𝜋2

𝐹 ෨𝐹 −
𝑔2𝑁𝑓

8𝜋2
𝑡𝑟𝐺 ෨𝐺 + 2𝑖𝑚 ത𝜓𝛾5𝜓

𝐹 ෨𝐹 = 0 in HIC

𝑡𝑟𝐺 ෨𝐺 and 2𝑖𝑚 ത𝜓𝛾5𝜓 can both change 𝑁5: fluctuation and dissipation exist at all stages!



Gluonic fluctuation and dissipation of 𝑁5 in 
equilibrium
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4Γ𝐶𝑆𝑉𝑡

∆𝑁5
2 𝜒𝑇𝑉

Generation 

(fluctuation)

Relaxation 

(dissipation)

ΓCS: rate of topological fluctuation (Chern-Simon diffusion)

𝜏𝐶𝑆 =
𝜒𝑇

2Γ𝐶𝑆
: relaxation time scale for 𝑁5

𝜕𝜇𝑗5
𝜇
= −

𝑔2𝑁𝑓

8𝜋2
𝑡𝑟𝐺 ෨𝐺 + 2𝑖𝑚 ത𝜓𝛾5𝜓

Arnold, Moore, Yaffe et al 90s

Rubakov, Shaposhinikov (1996)



What about fluctuation and dissipation from 
mass term?
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𝜕𝜇𝑗5
𝜇
= −

𝑔2𝑁𝑓

8𝜋2
𝑡𝑟𝐺 ෨𝐺 + 2𝑖𝑚 ത𝜓𝛾5𝜓

Power counting: 𝜔~𝑔𝑇

Im𝐺𝑅 ~
𝑖Γ𝑚𝑇

𝜔
, as 𝜔 → 0

Random walk behavior with

assume current mass: 𝑚~𝑔𝑇

𝑚𝑓: thermal mass

Hou, SL, PRD 2018

Guo, SL, PRD 2016



Quark fluctuation and dissipation of 𝑁5 in 
equilibrium
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t

4Γ𝑚𝑉𝑡

∆𝑁5
2 𝜒𝑇𝑉

Generation 

(fluctuation)

Relaxation 

(dissipation)

Γ𝑚: rate of mass diffusion

𝜏𝑚 =
𝜒𝑇

2Γ𝑚
: relaxation time scale for 𝑁5

𝜕𝜇𝑗5
𝜇
= −

𝑔2𝑁𝑓

8𝜋2
𝑡𝑟𝐺 ෨𝐺 + 2𝑖𝑚 ത𝜓𝛾5𝜓

Hou, SL, PRD 2018

Guo, SL, PRD 2016



Gluonic fluctuation vs Quark fluctuation 

weak coupling results

Moore, Tassler JHEP 2011

Hou, SL, PRD 2018

For 𝑇 = 350MeV and 𝛼𝑠 = 0.3, 𝛤𝐶𝑆 ≫ 𝛤𝑚 Gluonic fluctuation dominates

𝜏𝐶𝑆 =
𝜒𝑇

2𝑁𝑓
2Γ𝐶𝑆

≲ 0.8𝑓𝑚 𝑁5 relaxation significant

𝜏𝐶𝑆~
1

𝑁𝑓𝑇



Add Fluc/Diss to anomalous hydrodynamics

Hirono, Hirano, Kharzeev (2014)

Jiang, Shi, Yin, Liao (2016), (2017)

Talk by Shi

Fluctuation generates stochastic 𝑛5, dissipation drives 𝑛5 to equilibrium

Hydro: near equilibrium dynamics, use equilibrium fluc/diss in hydro



Stochastic hydrodynamics for 𝑛5

Iatrakis, SL, Yin, JHEP 2015

dissipation

𝜕𝑡𝑁5 = −
𝑁5
𝜏𝐶𝑆

topological fluctuation

thermal fluctuation

coupling to vector current:

Huang, Liao, Lin in preparation

Einstein relations



Topological noise vs Thermal noise

Topological noise 

within fluid cell

Thermal noise 

between fluid cells

unique to 𝑛5 exists for 𝑛5 and 𝑛



Example: axial charge dynamics in static fluid

Early time 𝑡 ≪ 𝜏𝐶𝑆

thermodynamic limit

𝐶𝑛𝑛 𝑡, 𝑥 ≡ 𝑛5 𝑡, 𝑥 − 𝑛5(0, 𝑥) [𝑛5 𝑡, 0 − 𝑛5(0,0)]

within cell across cells

𝐶𝑛𝑛 𝑡, 𝑥 = 𝜒𝑇[𝛿3 𝑥 −
1

8𝜋𝐷𝑡
3
2

𝑒
−
2𝑡
𝜏𝐶𝑆

−
𝑥 2

8𝐷𝑡]

𝐶𝑛𝑛 𝑡, 𝑥 = 4Γ𝐶𝑆𝑡𝛿
3 𝑥

Late time 𝑡 ≫ 𝜏𝐶𝑆 𝐶𝑛𝑛 𝑡, 𝑥 = 𝜒𝑇𝛿3 𝑥

random walk growth



Covariant stochastic hydrodynamics

Apply to Bjorken flow

SL, Yan, Liang, PRC 2018



𝑁5 dynamics in Bjorken: vanishing initial value 

Early time 𝜏0 ≪ 𝜏2 ≪ 𝜏𝐶𝑆0

Late time 𝜏0 ≪ 𝜏𝐶𝑆0 ≪ 𝜏2

thermodynamic limit

compared to ~ 𝑡 in static flow

𝜏2
2/3



𝑁5 dynamics in Bjorken: large initial value 

exponential decay of 

initial charge
growth of fluctuation

estimate of initial charge

two terms become comparable 𝜏2 ≃ 3.2fm for 70 − 80%

𝜏2 ≃ 6.3fm for 0 − 5%

Late time: thermodynamic limit, independent of initial condition

Jiang, Shi, Yin, Liao (2016)



Estimate of 𝜇5 from thermodynamic limit 

𝜇5 ~ 𝜏−1/3

Fluctuation significant in small volume



CME from 𝑛5 in thermodynamic limit

Axial charge induced electric charge dipole.

Cooper-Frye freezeout

B field uncertainty: talks by Ma, K. Xu



CME from stochastic hydrodynamics

Liang, SL, Yan, in preparation

• background from 𝑣12 from hydro

• background from momentum/charge conservation not included

• signal less than measured correlation

STAR, PRC (2010)
Au-Au 200GeV



𝑛5 dynamics in Bjorken: vanishing initial value

localized in 

rapidity

from diffusion

from topological 

fluctuation

can be used to calculate pseudo-rapidity dependence of CME signal



Summary&Outlook

• Axial charge dynamics includes fluctuation and dissipation. 

• Gluonic fluctuation (topological) >> quark fluctuation (mass)

• Stochastic hydrodynamics: near equilibrium hydrodynamics with 
equilibrium noises.

• Stochastic hydrodynamics in Bjorken flow: damping effect significant. Axial 
charge in thermodynamic limit may be a reasonable approximation for 
CME.

• More realistic stochastic hydrodynamics for axial/vector charge

• Fluctuations/dissipation away from equilibrium: applicable to hydro and 
possibly chiral kinetic theory



Thank you!



Choice of parameters in Bjorken flow

Moore and Tassler, JHEP (2011)

Damping time scale at initial 

temperature, comparable to QGP 

evolution time. Damping important!

𝜏𝐶𝑆 =
𝜒𝑇

2𝑁𝑓
2Γ𝐶𝑆

≲ 0.8𝑓𝑚



Sources of axial charge generation

Weyl Semi-metal

𝜕𝜇𝑗5
𝜇
= −

𝑞2𝑁𝑐
16𝜋2

𝐹 ෨𝐹 −
𝑔2𝑁𝑓

8𝜋2
𝑡𝑟𝐺 ෨𝐺 + 2𝑖𝑚 ത𝜓𝛾5𝜓

Li, Kharzeev et al 

Nature. Phys. (2016)



𝛾 correlator

𝑣12 background CME

𝑣12 background calculated from viscous hydro with 

fluctuating initial condition

CME calculated from stochastic hydrodynamics


