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BACKGROUND 
‣ QCD topology & magnetic field

Chiral Magnetic Effect

Quantum Transport



 QCD topology & magnetic field

Mysterious QCD

Topologically nontrivial gluon field configurations 

Confinement, Chiral symmetry breaking, Hadronization

UA(1) anomaly, Strong CP problem

Magnetic field in heavy ion collision

Particle production

   Phase structure (MC, IMC)

   Transport property (CME, CMW, CSE…)

Graphene, Dirac (Weyl) semimental 10  Gauss  5

Compact stars 10 ~ 10  Gauss  10 16

Heavy ion collision 10 ~ 10  Gauss (eB ~         )  6m2
⇡

18 19

✓ -vacuum , non-perturbative



Chiral Magnetic Effect

~JCME =
e2

2⇡2
µA

~B

Chiral Magnetic Effect (CME)

Chiral charge density
T-even: non-dissipative, topological protected

Electric current along B

Realize in systems with chiral fermion and B field
Condensed mater system ~E · ~B Heavy Ion Collision QCD ⇥QED
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Quantum Transportation
CME in heavy ion collision

              
      

Highly dynamical, inhomogeneous

              
      non-equilibrium


 nature 

µA = @t✓               
      

Finite mass

Transpot local equilibrium — Relativistic hydrodynamics & Triangle anomaly

Non-equilibrium  — Chiral Kinetic Theory & Berry curvature

Modify CKT framework — non-Abel berry curvature

Finite mass: 

Dissipation rate — for hydrodynamical modeling

Is there still CME when quark has mass ?

Dynamical fluctuation of chiral imbalance

Covariant Wigner function 

Equal-time Wigner function 
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‣ Covariant to Equal-time

Equal-time equations

Constraint & Transport Equation

‣Equal-time Spin Components



Covariant to Equal-time

L =  ̄
⇣
i�µ(@µ + ieAµ)�m

⌘
 � 1

4
Fµ⌫Fµ⌫

u, d quark moving in external EM field 

Covariant equation of Wigner operator


�µ

✓
⇧µ +

1

2
i~Dµ

◆
�m

�
Ŵ4(x, p) = 0

Dµ(x, p) = @µ � e

Z 1/2

�1/2
dsFµ⌫(x� i~s@p)@⌫

p

⇧µ(x, p) = pµ � ie~
Z 1/2

�1/2
dssFµ⌫(x� i~s@p)@⌫

p

Physical components are equal-time components

Equal-time transport equation

Equal-time constraint equation

W (x, ~p) =

Z
dp0W (x, p)�0

W (1)(x, ~p) =

Z
dp0 p0W (x, p)�0W (x, ~p) =

Z
dp0W (x, p)�0

W (1)(x, ~p) =

Z
dp0 p0W (x, p)�0

f(x, ~p) ! W (x, ~p)

Covariant to equal-time

Mix between 0th & 1st moment 

Off-shell

Agrees only in classical limit

W (x, ~p) =

Z
dp0W (x, p)�0

W (1)(x, ~p) =

Z
dp0 p0W (x, p)�0

W (x, ~p) =

Z
dp0W (x, p)�0

W (1)(x, ~p) =

Z
dp0 p0W (x, p)�0

Spin decomposition — 16 components 

W =
1

4
[f0 + �5f1 � i�0�5f2 + �0f3 + �5�0� · g0 + �0� · g1 � i� · g2 � �5� · g3]
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Expand all 16 constraint 

  + 16 transport equation by order of ~

On-shell (quasi-particle)  

——   Classical transport equation  @ 0th

Quantum effects           

——   Quantum transport equation @ 0th+1st

From  4+4

To     16+16

~(Dtf0 +D · g1) = 0

~(Dtf1 +D · g0) = � 2mf2

~Dtf2 � 2⇧ · g3 = 2mf1

~Dtf3 � 2⇧ · g2 = 0

~(Dtg0 +Df1)� 2⇧⇥ g1 = 0

~(Dtg1 +Df0)� 2⇧⇥ g0 = � 2mg2

~(Dtg2 �D⇥ g3) + 2⇧f3 = 2mg1

~(Dtg3 +D⇥ g2) + 2⇧f2 = 0
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0

Z
dp0p0V0 �⇧ · g1 +⇧0f0 = mf3

Z
dp0p0A0 +⇧ · g0 �⇧0f1 = 0

Z
dp0p0P +

1

2
~D · g3 +⇧0f2 = 0

Z
dp0p0F � 1

2
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0

Equal-time equations
1) Two groups coupled by mass

4) Only with on-shell condition           , 


   moments reduce to       

p0 = ±Ep
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3) Equal-time components         


   coupled to 1st moment  

{fi,gi}
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2) Field strength instead of

5) With off-shell effect, all moments are


   independent, and form a hierarchy.     

Semi-classical Expansion
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Expand all 16 constraint 

  + 16 transport equation by order of ~

On-shell (quasi-particle)  

——   Classical transport equation  @ 0th

Quantum effects           

——   Quantum transport equation @ 0th+1st

From  4+4

To     16+16
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: number density : spin density
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 Classical: decoupled
   Effective collision terms from spin interaction with EM field

No self-interaction — collisionless

 Quantum level: coupled

   Effective collision terms from spin interaction with EM field

   Fist order part — same structure

Number density modified by spin interaction with EM

Can be solved order by order 7/9
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 Classical: decoupled
   Effective collision terms from spin interaction with EM field

No self-interaction — collisionless

 Quantum level: coupled

   Effective collision terms from spin interaction with EM field

   Fist order part — same structure

0
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Number density modified by spin interaction with EM

Can be solved order by order 7/9



  Solution for CME

‣ Chiral component

‣Chiral Components



Chiral components
m=0: Axial and Vector still coupled! Decouple by introducing chiral component!

Jµ
� =

1

2
(V µ � �Aµ)

f� = f0 + �f1

~g� = ~g1 + �~g0 = G[f�]

m: All coupled! Yet still introduce the same combination.  

Small m limit: Taylor expansion, keep to the first order of m 

~g� = ~g1 + �~g0 = F [f�,m~g3]
<latexit sha1_base64="KPXdK9Sl5VjAtPKB1Aj/XrsS+B8="></latexit><latexit sha1_base64="KPXdK9Sl5VjAtPKB1Aj/XrsS+B8="></latexit><latexit sha1_base64="KPXdK9Sl5VjAtPKB1Aj/XrsS+B8="></latexit><latexit sha1_base64="KPXdK9Sl5VjAtPKB1Aj/XrsS+B8="></latexit>

1. Same structure + effective collision (m, E, B, spin)

2. E : mass effect  @ classical  + quantum


3. B : mass effect @ quantum              solvable

~̇x =
1p
G

⇣
~vp + ~(~vp ·~b) ~B + ~ ~E ⇥~b

⌘

~̇p =
1p
G

⇣
~vp ⇥ ~B + ~E + ~( ~E · ~B)~b

⌘               
      

~b = �
p̂

2p2

✏p = p(1� ~ ~B ·~b)
~vp = rp✏p = p̂(1 + 2~~b · ~B)� ~(p̂ ·~b) ~B

@tf
±
� + ẋ ·rf±

� + ṗ ·rpf
±
� = �m

F1[g
±
3 ]p
G

+ ~mF2[g
(0)±
3 ]p
G

<latexit sha1_base64="uJaOHgvfC8TS4nDzRP0zl/bfHAk="></latexit><latexit sha1_base64="uJaOHgvfC8TS4nDzRP0zl/bfHAk="></latexit><latexit sha1_base64="uJaOHgvfC8TS4nDzRP0zl/bfHAk="></latexit><latexit sha1_base64="uJaOHgvfC8TS4nDzRP0zl/bfHAk="></latexit>

�m
F1[E,g±

3 ]p
G

+ ~mF2[E,B,g(0)±
3 ]p

G
<latexit sha1_base64="Vt3e1aJRnppT5AtkM1orj2iSsh8="></latexit><latexit sha1_base64="Vt3e1aJRnppT5AtkM1orj2iSsh8="></latexit><latexit sha1_base64="Vt3e1aJRnppT5AtkM1orj2iSsh8="></latexit><latexit sha1_base64="Vt3e1aJRnppT5AtkM1orj2iSsh8="></latexit>
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CME & Solution

EoM
~̇x =

p̂p
G

⇣
1 + 2Q~~b · ~B

⌘

~̇p =
1p
G
Q p̂⇥ ~B

Berry curvature ~b = �
p̂

2p2

Phase space factor
p
G = 1 +Q~~b · ~B

Small mass (high T): same structure + effective collisions 

Mass correction is small — quantum level 

1st order, inhomogeneous
m~p
G
(~p ·r)�±(~x, ~p, t)

@tf
±
� + ~̇x ·rf±

� + ~̇p ·rpf
±
� = m~ 1

2
p
Gp4

(~p ·r)( ~B · ~g(0)±3 )

Analytical solvable: first solve collision, then transport
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SUMMARY 
1. Finite mass: Transport equation of spin components 

2.  Small mass:  Mass correction to CME is small
Analyticalyl solvable

On going: solving mass in transport equation…

Quantum off-shell effects
Numerically solvable



Mass 
Correction


to CKT
Thank you !
2019.04.08


