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Spin in Physics
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Spin in Relativistic HIC
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Spin Evolution - Massless

e Anomalous Hydrodynamics:

Son & Surowka PRL2009; Kharzeev & Yee PRD2011; Yee & Yin PRC2014; Yin & Liao PLB 2016;
Hongo, Y.Hirono & T. Hirono PLB2017; Gorbar, Rybalka & Shovkovy PRD2017 ... ... ... ...
eChiral Kinetic Theory:

Stephanov & Yin PRL2012; Chen, Pu, Q. Wang & X. Wang PRL2013, Son & Yamamoto PRD2013;
Manuel & Torres-Rincon PRD2014; Chen, Son & Stephanov PRL2015; Hidaka,Pu & Yang PRD 2017;
Mueller & Venugopalan PRD2018; Huang, Shi, Jiang, Liao & Zhuang PRD2018;

Gao, Liang, Q.Wang & X.Wang PRD2018; Lin & Shukla 1901.01528 ... ... ... ...

eRelevant talks in this meeting:

Apr.8 AM: C.Ko; S. Shi Apr.8 PM: X.Huang; V. Liu, A.K.Shukla
Apr.9 AM: N. Mueller; Y.Yin Apr. 10 PM: ). Xu
Apr.11 AM: S.Pu Apr. 11 PM: Shu Lin



Spin Evolution - Massive

eHydrodynamics with Spin:

Florkowski, Friman, Jaiswal & Speranza PRC2018; Becattini & Karpendo PRL2018;

Florkowski, Speranza & Becattini APPB2018;Becattini, Florkowski & Speranza PLB2019;
Hattori, Hongo, Huang, Matsuo & Taya 1901.06615 ... ... ... ...

eKinetic Theory with Spin:

Vasak, Gyulassy, Elze AP1987; Zhuang, Heinz AP1996; Fang, Pang, Q.Wang & X. Wang PRC2016;
Florkowski, Kumar, Ryblewski PRC2018; Weickgenannt, Sheng, Speranza & Wang 1902.06513;

Gao & Liang 1902.06510; Hattori, Hidaka & Yang 1903.01653; Wang, Guo, Shi & Zhuang
1903.03461 ... ... ... ...

eRelevant talks in this meeting:

Apr.8 PM: A.Huang; Z. Wang; X. Sheng Apr.9 AM: Y.Yin, L. Yang;

Apr. 11 AM: R. Ryblewski; H. Taya Apr. 12 AM: E. Speranza; A.Pazos; A. Kumar; M. Matsuo
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Wigner functions

Wigner matrix elements for spin-1/2 fermion in Abelian gauge field:

Woas(x,p) = <: f (§i§4e-ip'y%ﬂ (m n %) U (x +e- %)wa (m - %) :>

v
16 independent Wigner functions: gauge link

1 1
I

v v v v v
scalar  pseudo vector axial tensor

Physical meaning of different Wigner functions:

® 7  Mass density, particle number distribution function

® </,  space componhents: spin density, spin polarization vector
® 7,  Charge density and current density, current vector

® ./, space components: magnetic moment density

® Pseudo scalar density

Vasak, Gyulassy, Elze, Annals Phys. 1987;  Bialynicki-Birula, Gornicki, Rafelski PRD 1991



Wigner equations

Wigner equations in background field at O(#): v+ = a¢— oy

Vi, = 0 mF = phY,

16 Wigner functions e = 0 P — —;Vﬂ% 32 Wigner equations
pu? + %€uypgvyypa =0 mey, = ;Vﬂ,@ — ;elwpgpy,ffpa
(pu?v — v ¥) + %euupavpdg =0 mS = ; (VuPo — Vo) — uvpop’ 7

Choose .# and g7# as the independent fundamental components

Eleven of 32 provide the expressions of other components:

h
9 = g,
2m
1 . h v p 10
7/#, — Epuf — 2—?7126“1/ng P fo
1 h
S = ——¢ P oy % \V4 —V F
1% " pvpo P -+ 2 ( uPv Vp,u)

Vasak, Gyulassy, Elze Annals Phys. 1987; ArXiv:1902.06510 JHG and Liang



Transport or Constraint Equations

Five of 32 lead to coupled transport equation for % and " :

h N
VT = —p"(O5Fu)op "
p QmP ( hY uu) D
h ~
p-V, = Fﬂyg.@f}/ -+ %p”(af\jFW)aﬁﬁ

Five of 32 modify on-shell conditions :

1
(p2 — mz) F = ——szFMwM/V
i
(pz — m2> ), = —Rbpyﬁuy F
One of 32 provide a subsidiary condition: pud? = 0

All the rest 10 of the 32 Wigner equations are satisfied automatically !

4 independent Wigner functions, satisfy 4 on-shell conditions
1 is.# , 3arefrom 4-vector «/" 4 transport equations

Vasak, Gyulassy, Elze Annals Phys. 1987; ArXiv:1902.06510 JHG and Liang



Solve the constraint equations

Solve the modified on-shell conditions :

h

(’p2 - mz) F = —Epﬁﬁw,@{/”, F =194 (p2 — m2) F+ %F#Vp“%l“é’ (p2 — mz)
(P )it = LBz, | T |y 2 5?4 R B (37~ )

Introduce r and 4” as new independent Wigner functions.

Convenient to deal with transient EM field:

3;7 = (pQ - mQ) Ft i \ : ” i c/@f — 5(})2 . mZ) f’/
_,; s ok : Interaction = | ¢ > A
o, = 5(p —m)A \ i gy = 5(p —m)A}u
t<t, F¥=0 o <t<ty, FM%0 | t>t;, FF=0
t =t t=tf
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Unintegrated Kinetic Equations

Substitute the solution into the transport equations

h ~
7 = (0 - m) F —FBupt A8 - m?) p-VTF = Qip”(agfﬁw)a;‘%”,
T
. )
™

\

)

¥

p-V :.7:5 (p2 — mz) - %F“yp”Ayél (p2 — m2)

pMA,uJ 5 (p2 o m2) —

0

— %(afﬁw)aﬁ {p‘“‘fl”f? (P2 - mQ)] =

p-V -A,ud (p2 — m2) + %p”ﬁuyfé' (pz — m2)1 = Fu lA”cS (p2 — mQ) + %p,\fj“)‘ﬁ’ (p2 — mQ)]

—}—%(Bfﬁw)@? {p”]—“& (p2 — mz)] .

Unintegrated kinetic equations:

Manifest Lorentz Covariance !

Singular Dirac delta function |
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Particle:

Integrated Kinetic Equations

integrate py from 0 to +oo

Particle:

Integrated kinetic equations in 4-vector form:

hpt = ) 23N~ \AP| 4
pVF = o Fuwp*V\ — E2(5 Fu) 35| A"
iz
TLpV ~ -\
VA, = Fg, A" — ——— |F Vi —
p 1L 1% 2mE§ [ prpP Vo)
pt-A, = 0

B3 (0 By )| F

Integrated kinetic equations in 3-vector form:

p = (Epaﬁ)

p
=00 O

Vh = Vh- P

Ep

infegrate po from —co to O

— h — — — — — — — —
(Vi+3-¥)F = - (B+Ex0)(@ V+ENe V)~ (B-0)(-V+E, Vs Vp)i] - A
(vt+aﬁ),i Bx A-E®@- A - (B+Ex0)(@-V+ENg Vp)F

2mEy
T=p/Ey, Vi=&+E-Vy, V=Vi+BxV), A9

A

U -
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Simplified Version

Vector current and energy-momentum tensor at O (h):

g = /d4p“f/'“’, T = /d4pp””f/“

Covariant unintegrated kinetic equations for A* at 0(1):

h =~

h ~
+%(8W%ﬁ :

p-V [A,La (p? - m?) + ST - = Fu [A“(s (p? - m?) + %pyﬁﬂﬁfp%

U

p-V [AM(S (p2 — mz)] = FuwA"S (p2 - m2)

+

pud 8 (17~ m?) =

0

Inserting the solved A* into the transport equation for F

p-V {J-“é (v = m?) + %Fuvp”fl“' (v - mz)] N %(8%* w)Bp [pA%6 (p” = m?)
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Simplified Version

2 __ P : Spin polarization magnitude
. s = -1, pInp g
Define: % = Ps,

s : Spin polarization direction

Decoupled equations for p and s, :

B

Spin precession of a
charged particle

- —

-

p-V {P5 (p2 — mz)] =0,
p-V {sué (p2 — mQ)] = Fuus”o (p2 — mz) .

spin angular momentm

Rewrite the transport equations for 7 as:

unifarm magnetic fiald

DV [fa (p2 —m2 - zEpAE)] — %(agfﬁﬂf’)ag [ppsgpm (p2 —m? - zEpAE)]

hP

The effective interaction energy: AE=—5 — FPppsq
P
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CSE with mass correction

Chiral separation effect :
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Global equilibrium solution with constant Q,,,, & F,,

m

0 (u-p)

A, =0, F=
H 27?3{

eCwp—p)/T 4 1

0(—u-p)
e—(uwp—p)/T 4 q

o)y = %p”ﬁw}ﬁ’ (p2 - m2)

—

.Bu = uu/T

-qu = u.Bv - avﬂu

gt = / d*po/t = o B*

q 022—22‘/000dp(n_|_—n_), n

1

=T BT 11

. .. 7
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T
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Lin & Yang PRD2018
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2
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Quantum magnetization effect

Wigner function associated to spin magnetic moment density:

1 ,, h _
S = ——euvpep’ 7 + -5 (Vupy = Vupy) 7
. - . 1
Spin magnetic moment vector: M), = Qeumﬁ’“y/d%ﬁmﬁ

Global equilibrium solution with constant Q,, & F,

uv -

m

0 (u-p)

27T3 e(u-p—u)/T _|_ 1 6—(u-p—}u)/T _|_ 1

0(—u-p) ]

Quantum magnetization effect

A
M, = hBy — L w,
™m

Susceptibility:

Charge density:

d

K

o= 5 [ @wr? (ns —n-)
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Chiral Anomaly

Chiral anomaly:

2
&
oujt = —2mjs——=E - B
pJs J5 D2
Pseudo scalar Wigner function:
= D yng, Ay = 5 (02— m?) Ayt B 6 (%~ m?
@——%V ! = (p —m) H-I—%p L (p —m)
Integrate over momentum: jE = /d4pﬂ'“ J5 = /dd'Pa@
2m

| 1
Ouj = ——js + WCE - B = [a*d [F0,0( — m?)




Two specific solutions

. m
Free vacuum solution : A =10 F=—

473

No suppression at p — o and large momentum dominates

Global equilibrium solution at chiral limit:

F 1 0(u-p) 0(—u-p)

Ap=0 — =53 eCup—m)/T y 1 ' o=(up—w)/T 41

e "P/Tsuppression at p - o and small momentum dominates

o2

D72

Oujt = —2mjs——5E - B

more subtle reqularization

More general solution: { more tricky integration



Global Polarization Generation

) . . h e
Transient EM field process: Ay = 5 (57— m2) A+ P B 78 (12 — m?)

nteraction : fo_ B f_
dﬁ:é(f )«4’—0 j gf = s -m?) Al =7
t<t, FWW=0 n<t<q,FW¢0§ t>t;, FAV=0

t = ti t = tf
Evolution equation for spin polarization vector up to O(1):
near t; -
. L L oA
(Vi+7-V)A = Bx A-E@- 4) . =0
At =0 ot

No way to generate the polarization from a zero initial value !
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Global Polarization Generation

Evolution equation for spin vector up to O (h):

(vt+ﬁ-ﬁ)£ = BxA-E®@ A

= h
2mkEy

(B+EXD)E-V+ BNy V) F

neart; I L Alt)=0

0
ot

(B4 E x o)(

5V + BN V) F(L)

Polarization seed:

Turn off the background EM field:

EM field + inhomogeneous 7(:,)
4 _ 99
ot

Self-consistent background EM field:

Vasak, Gyulassy, Elze, Annals Phys. 1987

auFuy — jr/

—)

N Fuy = (Bujv — Ovjn)

Global polarization:  Vorticity — EM field — polarization

Production by scattering : Q. Wang’s Talk




Summary

e Relativistic quantum kinetic theory for particle with
spin-1/2 up to first order in 7 is derived from the
Wigner function formalism.

e Different spin effects such as chiral separate effect,
guantum magnetization effect, chiral anomaly, and
global polarization can arise from it automatically.

Thanks for your attention!
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