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Outline

What is the spin tensor?
Why and when do we need the spin tensor in hydrodynamics?

Is hydrodynamics invariant under different choices of energy-momentum and
spin tensor?

Can we find observables which are sensitive to different choices of
energy-momentum and spin tensor?
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Canonical energy-momentum and spin tensors

Lagrangian = Poincaré symmetry = Noether's th. = Conservation laws

Conservation of energy and momentum:
Canonical energy-momentum tensor T2(x)

9, T (x) =0 J

Conservation of total angular momentum:
Canonical total angular momentum tensor ("orbital"+"spin")

T () = X T(x) = X T () + 8¢ (x)

NI (x) = 0 = NS (x) = T (x) — TH(x) J
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Pseudo-gauge transformations

Total energy-momentum and angular momentum must be fixed
pr = /d3zA TV (x)  Jv = /d3ZA I (x)

Densities are not uniquely defined
—> Pseudo-gauge transformations:
(F. W. Hehl, Rep. Mat. Phys. 9, 55 (1976))

T/ (x) = T (x) + 305 [®2 1 (x) + 87 (x) + &1 ()|

§/)\,;u/ _ §/\,;J,V(X) _ a\)/\,p,u(x)

Leave P* and J*¥ invariant )

Belinfante’s case (®* #¥(x) = §é\’W(X))
TE () = T20) + 305 [S2 7 () + S8 (x) + 5¢ ()]

Sy (x) =0
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» Dirac Lagrangian

£0x) = S0 D Bx) — mi()P(x)

» Canonical case
T2 (x) = 20(x)7" D" D(x) - g L(x)
S21(x) = LN + o))

with o = J[3#,7"]
» Belinfante case

T80 = R0 T 447 T — gL (x)

Syt (x) =0
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Local equilibrium - Belinfante

Maximization of entropy
S = —tr(pg log &)

Constraints on energy, momentum and charge
nutr [ﬁB ?g”(x)] =, T (x),  ntr [Z)\B:i\”(x)] = nuj"(x)

n* - vector orthogonal to hypersurface *
Density operator

po =g |- [ (T 008,00 - 0T )]

B - Lagrange multiplier for conservation of energy and momentum
¢ - Lagrange multiplier for conservation of charge

Do we need a constraint for the conservation of total angular momentum? )

mute [pe T ()] = matr (e (O 5700 = x* T4 )| = madp™ ()

No, it is redundant (it follows from constraint on energy and momentum) )
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» Density operator must be stationary

0, (T8 80 = ") = TH"(@uy) = (07" =0

» Global equilibrium conditions

¢ = constant
8u/6V ol 81/5# =0
By = by + Qx>
€2, = constant
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Local equilibrium - Canonical

Maximization of entropy
S = —tr(pc log pc)

Constraints on energy, momentum and charge

mate [fe TE00] = mTe (0, e 5] (9)] = mg ()

Spin tensor = Constraint on total angular momentum

nutr <ﬁc JA‘C"'/\V> = nutr [ﬁc (XA ?é“’ —x" ?é” + Sé“”’)} = n‘LJé'A"
Density operator

pc =

exp {_ /z d¥,, (?g”(x)by(x)—%jg’/\u(x)ﬂkv(x) - C(x)f“(x))]
o9 | [[dm, (Feb0 8,60~ 352 (9 ) = 0P () )

Nl= NI+~

Q. - (Antisymmetric) Lagrange multiplier for conservation
of total angular momentum
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Global equilibrium - Canonical

Asymmetric EM tensor 'T'é“’ = '/I\'g“’ + 'T'j\“’ with '/I\'é“’ = ?;’“ '/[\'/f“” = _'T'X“
Density operator must be stationary

1= v 1= v 1 U Av 1~ v
S T8 (OuBu+0uBu)+5Th (3u5u—3u5u)—§(8u5’é’A )QAV—ESE“A (0ur) =0

Global equilibrium conditions:

¢ = constant
Q,, = constant
auﬂu"'auﬁp, = 0

Dy = 7%(8}1,/81/ — duB,) thermal vorticity
ﬁy = bu arF QV)xX/\

We used 9,54 = —2T2"
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» Consequences on some measurable quantities?

tr(pg O) = tr(pc 0)?

Question: Is pg = pc? J
In global equilibrium yes!
In local equilibrium in general not
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Local equilibrium - Canonical vs Belinfante

Start with Canonical
~ 1 . 1,0 -
pc = exp [*/ dx, (Tg By — ES‘CLA Qi — CJH)]
b3

PS to Belinfante: TA" = TE + %ak(gé"”’ A A WAL |
Canonical density operator becomes

~ 1 =uv 1 < v 1 <. v CU )
pc =S exp {—/ dx,, (Tg By — E(QAV — @) SEN + §§Au <Sé’u + 5S¢t A) - CJM)]
T

. 1 1
with Ty = E(QVBA — Ox\Bv), & = E(avﬂ)\ + Or\Bv)
When is pc = pg?

. 1 / = uv -~
=—exp|— [ dZn, (T B, — " }
P =7 [ s t ( B ¢J )

1. B, is the same in both cases
2. Q, coincides with thermal vorticity, Qx, = @, = 3(0,8x — 9xBv)

3. 6)\1/ = %(auﬂ/\ + 8)\Bu) =0or §é,uu + §Z,HA =0

Equivalence in global equilibrium! J
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Polarization in relativistic heavy-ion collisions

Observable: single-particle polarization matrix

O(p)oo = tr(pa'(p)salp)sr),

Only p can depend on pseudo-gauge!

Local equilibrium: ©(p)c#©(p)s
Global equilibrium: ©(p)c=0(p)s
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Polarized neutral system - Physical meaning of Q,,

AW

a b

N—_"

a) Fluid at rest with constant temperature with particles and antiparticles
polarized in the same direction " = (1/T)(1,0) = w =0

Belinfante's “gauge” does not imply that polarization vanishes, but rather it is
locked to thermal vorticity

In the Canonical “gauge” one needs the spin potential to describe hydro
evolution, but only if spin density relaxes “slowly” to equilibrium

In general in local equilibrium Qy, #w\, = %(8,,6) —h\B)
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Hydrodynamics with spin tensor

11 equations of motion (5 usual hydro + 6 due to total angular
momentum conservation)

0T =0 9t S =TV T

11 unknowns
B* ¢ QM (6 additional independent components)

Different sets of TH”, SMH
— Different explicit forms of hydrodynamic EOM

QM and B* evolve separately J
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Summary

Local equilibrium or non-equilibrium thermodynamics is sensitive to
the choice of different sets of energy-momentum and spin tensors

Particle polarization may be sensitive to different choices of
energy-momentum and spin tensors

Hydrodynamics with spin tensor is needed if spin density relaxes
"slowly" to equilibrium

Hydrodynamics with spin tensor: 6 additional fields €, (spin
potential) to be evolved
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