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Outline

I What is the spin tensor?

I Why and when do we need the spin tensor in hydrodynamics?

I Is hydrodynamics invariant under different choices of energy-momentum and
spin tensor?

I Can we find observables which are sensitive to different choices of
energy-momentum and spin tensor?
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Canonical energy-momentum and spin tensors

Lagrangian ⇒ Poincaré symmetry ⇒ Noether’s th. ⇒ Conservation laws

I Conservation of energy and momentum:
Canonical energy-momentum tensor T̂µν

C (x)

∂µT̂
µν
C (x) = 0

I Conservation of total angular momentum:
Canonical total angular momentum tensor ("orbital"+"spin")

Ĵλ,µνC (x) = xµT̂λν
C (x)− xνT̂λµ

C (x) + Ŝλ,µνC (x)

∂λĴ
λ,µν
C (x) = 0 =⇒ ∂λŜ

λ,µν
C (x) = T̂ νµ

C (x)− T̂µν
C (x)
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Pseudo-gauge transformations
I Total energy-momentum and angular momentum must be fixed

P̂µ =

∫
d3Σλ T̂

λµ(x) Ĵµν =

∫
d3Σλ Ĵ

λ, µν(x)

I Densities are not uniquely defined
=⇒ Pseudo-gauge transformations:
(F. W. Hehl, Rep. Mat. Phys. 9, 55 (1976))

T̂ ′µν(x) = T̂µν(x) + 1
2∂λ

[
Φ̂λ, µν(x) + Φ̂µ, νλ(x) + Φ̂ν, µλ(x)

]
Ŝ ′λ, µν = Ŝλ, µν(x)− Φ̂λ, µν(x)

Leave P̂µ and Ĵµν invariant

I Belinfante’s case (Φ̂λ, µν(x) = Ŝλ, µνC (x))

T̂µν
B (x) = T̂µν

C (x) + 1
2∂λ

[
Ŝλ, µνC (x) + Ŝµ, νλC (x) + Ŝν, µλC (x)

]
Ŝλ, µνB (x) = 0
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Example - Dirac theory

I Dirac Lagrangian

L(x) =
i

2
¯̂
ψ(x)γµ

←→
∂ µψ̂(x)−m

¯̂
ψ(x)ψ̂(x)

I Canonical case

T̂µν
C (x) =

i

2
¯̂
ψ(x)γµ

←→
∂ νψ̂(x)− gµνL(x)

Ŝλ, µνC (x) =
1
4

¯̂
ψ(x)(γλσµν + σµνγλ)ψ̂(x)

with σµν = i
2 [γµ, γν ]

I Belinfante case

T̂µν
B (x) =

i

4
¯̂
ψ(x)(γµ

←→
∂ ν + γν

←→
∂ µ)ψ̂(x)− gµνL(x)

Ŝλ, µνB (x) = 0
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Local equilibrium - Belinfante
I Maximization of entropy

S = −tr(ρ̂B log ρ̂B)

I Constraints on energy, momentum and charge

nµtr
[
ρ̂B T̂µν

B (x)
]

= nµT
µν
B (x), nµtr

[
ρ̂B ĵµ(x)

]
= nµj

µ(x)

nµ - vector orthogonal to hypersurface Σ
I Density operator

ρ̂B =
1
Z

exp
[
−
∫
Σ

dΣµ
(
T̂µν

B (x)βν(x)− ζ(x) ĵµ(x)
)]
,

βµ - Lagrange multiplier for conservation of energy and momentum
ζ - Lagrange multiplier for conservation of charge

Do we need a constraint for the conservation of total angular momentum?

nµtr
[
ρ̂B Ĵµ,λνB (x)

]
= nµtr

[
ρ̂B
(
xλT̂µν

B (x)− xνT̂µλ
B (x)

)]
= nµJ

µ,λν
B (x)

No, it is redundant (it follows from constraint on energy and momentum)
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Global equilibrium - Belinfante

I Density operator must be stationary

∂µ

(
T̂µν
B βν − ζ ĵµ

)
= T̂µν

B (∂µβν)− (∂µζ)ĵµ = 0

I Global equilibrium conditions

ζ = constant
∂µβν + ∂νβµ = 0

βν = bν + Ωνλx
λ

Ωµν = constant
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Local equilibrium - Canonical
I Maximization of entropy

S = −tr(ρ̂C log ρ̂C )

I Constraints on energy, momentum and charge

nµtr
[
ρ̂C T̂µν

C (x)
]

= nµT
µν
C (x), nµtr

[
ρ̂C ĵµ(x)

]
= nµj

µ(x)

Spin tensor =⇒ Constraint on total angular momentum

nµtr
(
ρ̂C Ĵµ,λνC

)
= nµtr

[
ρ̂C
(
xλT̂µν

C − xνT̂µλ
C + Sµ,λνC

)]
= nµJ

µ,λν
C

I Density operator

ρ̂C =
1
Z

exp
[
−
∫
Σ

dΣµ

(
T̂µν

C (x)bν(x)−1
2
Ĵµ,λνC (x)Ωλν(x)− ζ(x)ĵµ(x)

)]
=

1
Z

exp
[
−
∫
Σ

dΣµ

(
T̂C (x)µνβν(x)−1

2
Ŝµ,λνC (x)Ωλν(x)− ζ(x)ĵµ(x)

)]

Ωλν - (Antisymmetric) Lagrange multiplier for conservation
of total angular momentum
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Global equilibrium - Canonical

I Asymmetric EM tensor T̂µν
C = T̂µν

S + T̂µν
A with T̂µν

S = T̂ νµ
S , T̂µν

A = −T̂ νµ
A

I Density operator must be stationary

1
2
T̂µν

S (∂µβν+∂νβµ)+
1
2
T̂µν

A (∂µβν−∂νβµ)− 1
2

(∂µŜ
µ,λν
C )Ωλν−

1
2
Ŝµ,λνC (∂µΩλν) = 0

I Global equilibrium conditions:

ζ = constant
Ωµν = constant

∂µβν+∂νβµ = 0

Ωµν = −1
2

(∂µβν − ∂νβµ) thermal vorticity

βν = bν + Ωνλx
λ

We used ∂µŜµ,λνC = −2T̂λν
A
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Observables

I Consequences on some measurable quantities?

tr(ρ̂B Ô) = tr(ρ̂C Ô)?

Question: Is ρ̂B = ρ̂C?

In global equilibrium yes!
In local equilibrium in general not
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Local equilibrium - Canonical vs Belinfante
I Start with Canonical

ρ̂C =
1
Z

exp
[
−
∫
Σ

dΣµ

(
T̂µν

C βν −
1
2
Ŝµ,λνC Ωλν − ζ ĵµ

)]
I PS to Belinfante: T̂µν

B = T̂µν
C + 1

2∂λ(Ŝλ, µνC + Ŝµ, νλC + Ŝν, µλC ), Ŝλ, µνB = 0
I Canonical density operator becomes

ρ̂C =
1
Z

exp
[
−
∫
Σ

dΣµ

(
T̂µν

B βν −
1
2

(Ωλν −$λν)Ŝµ,λνC +
1
2
ξλν

(
Ŝλ,µνC + Ŝν,µλC

)
− ζ ĵµ

)]
with $λν ≡

1
2

(∂νβλ − ∂λβν), ξλν ≡
1
2

(∂νβλ + ∂λβν)

I When is ρC = ρB?

ρ̂B =
1
Z

exp
[
−
∫
Σ

dΣnµ
(
T̂µν

B βν − ζ ĵµ
)]

1. βµ is the same in both cases
2. Ωλν coincides with thermal vorticity, Ωλν = $λν ≡ 1

2 (∂νβλ − ∂λβν)

3. ξλν ≡ 1
2 (∂νβλ + ∂λβν) = 0 or Ŝλ,µνC + Ŝν,µλC = 0

Equivalence in global equilibrium!
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Polarization in relativistic heavy-ion collisions

I Observable: single-particle polarization matrix

Θ(p)σ,σ′ = tr(ρ̂ a†(p)σa(p)σ′),

Only ρ̂ can depend on pseudo-gauge!

I Local equilibrium: Θ(p)C 6=Θ(p)B
I Global equilibrium: Θ(p)C=Θ(p)B
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Polarized neutral system - Physical meaning of Ωµν

I a) Fluid at rest with constant temperature with particles and antiparticles
polarized in the same direction βµ = (1/T )(1, 0)⇒ $ = 0

Belinfante’s “gauge” does not imply that polarization vanishes, but rather it is
locked to thermal vorticity

In the Canonical “gauge” one needs the spin potential to describe hydro
evolution, but only if spin density relaxes “slowly” to equilibrium

I In general in local equilibrium Ωλν 6=$λν = 1
2 (∂νβλ − ∂λβν)
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Hydrodynamics with spin tensor

I 11 equations of motion (5 usual hydro + 6 due to total angular
momentum conservation)

∂µT
µν = 0 ∂µj

µ ∂λS
λ,µν = T νµ − Tµν

I 11 unknowns
βµ ζ Ωµν (6 additional independent components)

Different sets of Tµν , Sλ,µν

=⇒ Different explicit forms of hydrodynamic EOM

Ωµν and βµ evolve separately
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Summary

I Local equilibrium or non-equilibrium thermodynamics is sensitive to
the choice of different sets of energy-momentum and spin tensors

I Particle polarization may be sensitive to different choices of
energy-momentum and spin tensors

I Hydrodynamics with spin tensor is needed if spin density relaxes
"slowly" to equilibrium

I Hydrodynamics with spin tensor: 6 additional fields Ωµν (spin
potential) to be evolved
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