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Motivation

Global angular momentum J ~ 10*% (RHIC Au-Au 200 GeV, b=2.5 fm) [F. Becattini, F.
Piccinini and J. Rizzo, Phys. Rev. C77, 024906 (2008)].

Global rotation of the matter created in the non-central collisions can induce spin
polarization, similarly to magnetomechanical Barnett effect and Einstein and de
Haas effect.

Emerging particles are expected to be globally polarized with their spins on
average pointing along the system angular momentum.

spectators—__

participants
before collision after collision

Figure: Geometry of a non-central heavy ion collision
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Global A polarization in RHIC experiment

The average polarization Py (where H = A or A) from 20 — 50% central Au+Au

collisions [L. Adamczyk et al. (STAR), Nature 548 (2017) 62-65, arXiv:1701.06657 [nucl-ex]].

Figure: The average polarization versus collision energy
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Present hydrodynamical prescription used to describe the spin polarization
of particles at freeze-out makes use of equality between the thermal vorticity
and spin polarization tensor.

[F. Becattini, I. Karpenko, M. Lisa, |. Upsal, S. Voloshin, Phys. Rev. C 95, 054902 (2017)]

— Talk by F. Becattini

It has problem in explaining the correct quadrupole structure of longitudinal
spin polarization.

One of the reasons may be that in global equilibrium thermal vorticity is not same
as spin polarization tensor.

Note that the fact that thermal vorticity and spin polarization are same in global
equilibrium holds if energy-momentum tensor T#” is asymmetric.
[D. Zubarev, Nonequilibrium Statistical Thermodynamics (Springer, 1974)]

— Talk by E. Speranza

A natural framework for dealing simultaneously with spin polarization and vorticity
would be relativistic hydrodynamics of polarized fluids.
[Wojciech Florkowski, Bengt Friman, Amaresh Jaiswal, Enrico Speranza, Phys. Rev. C97, 041901 (2018)]

Avdhesh Kumar (IFJ PAN) April 12,2019 4/29



In this talk

1. Using the equilibrium distribution functions for particles of spin 1/2 as an input
to the Wigner function and its semi-classical expansion we show how a kinetic
approach can lead us to the fact that in global equilibrium thermal vorticity and
spin polarization tensors are constant, however, not necessarily equal (5, and w,.
are independent).

2. A procedure to construct the hydrodynamic framework that can deal with the
spin polarization phenomena.

3. We use relativistic hydrodynamics with spin to determine the space-time
evolution of the spin polarization in a boost-invariant and transversely
homogeneous background.

4. In our approach we use the forms of the energy-momentum and spin tensors
proposed by de Groot, van Leeuwen, and van Weert.
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Global and local equilibrium — spinless particles

Boltzmann equation

P 0.f(x, p) = C[f(x, p)]
4 T

1. Satisfied exactly for free streaming.

2. Satisfied in global equilibrium:
For free streamimg = 0
via some constraint equations on the hydrodynamic pa-
Global equilbrium = 0
rameters (u, T, uy,) used to specify the form of feq(x, p).

Local equailibrium = 0
3. Does not vanish in the local thermodynamic equilib-

rium:

constraints on the hydrodynamic parameters are found
by adding further assumptions (for instance momentum
moments, [ dPp,,...f(x, p), yielding the conservation

laws for energy and momentum etc)
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Global equilibrium and the Killing equation
The equilibrium distribution function has the form
fea(x,p) = exp[§(x) = Bu(x)p"]  with By = uu(x)/T(x) &= pu(x)/T(x).
It satisfies the LHS of Boltzmann equation i.e. p*9,.f.q(x, p) = 0 via,
P00+ PP DB = PO+ 30D (OB + Dufl) = O
One arrives at constraints

a#f =0
0.8, + 9,6, =0 Killing equation
giving
& = constant

Bu(x) = /32 + wﬂ,,x” with 52 = const, wfw = —wgu = constant.

Thermal vorticity is given by
1 _ .0
T =~ (OuBy — OuBu)= Wy -
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Global and local thermodynamic equilibrium - particles with spin

The treatment of the collisionless kinetic equation for the Wigner function W(x, k)
that includes spin degrees of freedom has many features in common with the
simple spinless system discussed above.

Wigner function depends on 3,,, parameter £ = 4% and spin polarization tensor w;,...
We can distinguish four rather than two different types of equilibrium.

1. global equilibrium — 3, field is a Killing vector, w,, = w,, = const, in
addition ¢ = const.

2. extended global equilibrium — 3, field is a Killing vector, w,, = const,

wuy = const, but @, # wy. , in addition £ = const.

3. local equilibrium — 3, field is not a Killing vector but we still have

wpr (X) = @ (X), £ = &(X).

4. extended local equilibrium — g, field is not a Killing vector and

wu (X) # @ (X), & = &(X).
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Spin dependent phase space distribution functions
We take f5(x, p) and fs (x, p) [F. Becattini et al. Annals Phys. 338 (2013) 32]
1 _ - 1 _ -
f(x.P) = =B ()X Us(p), s (x,P) = — 5 Us(P)X vi(p).
m is the (anti)particle mass, while u,(p) and v(p) are Dirac bispinors.

Xj: = exp [:l:.f(X) - BLL(X)pu] Mi7 Mi = exp I:i%wuzl(x)zﬂy} :

o BH(x) = u(x)/T(x) and &(x) = p(x)/ T(x), with 11(x) being the chemical potential.
e The quantity w,. (x) is the spin polarization tensor, while ©* = (i/4)[y",~"].

Spin polarization tensor w,,,, satisfies the two conditions [Wojciech Florkowski, Bengt Friman,
Amaresh Jaiswal, Enrico Speranza, Phys. Rev. D 97, 116017 (2018)]

. - 1
ww'” >0, wLo"” =0, where &' = Eewaﬂwaﬁ

M* = cosh(¢) + sinzhc(() W XM

(¢ is defined by the expression

C—g—l 1 WMV
ST T2V

Q plays a role of the spin chemical potential.
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Equilibrium Wigner Functions

The equilibrium Wigner functions

[S. de Groot, W. van Leeuwen, and C. van Weert, Relativistic Kinetic Theory: Principles and Applications (1980)]

2 .
Wil k)= 3 3 [ Pk~ p)u ()T (P)E (x, ).

r,s=1

- 1 e
Walk == 3 [ dPs i+ o) ()7 (P}t (x.p).
The Wigner functions WZ (x, k), being four-by-four matrices satisfying the relations
ng(x, k) = yoweiq(x, k)t~o, can always be expanded in terms of the 16 independent
generators of the Clifford algebra

[D. Vasak, M. Gyulassy, H. T. Elze, Annals of Physics, 173, 462 (1987)]
[P. Zhuang, U. Hienz, Annals of physics, 245, 311 (1996)]

[Jian-Hua Gao, Zuo-Tang Liang, Shi Pu, Qun Wang, Xin-Nian Wang, PRL 109, 232301 (2012)]
[Ren-hong Fang, Long-gang Pang, Qun Wang, and Xin-nian Wang Phys. Rev. C 94, 024904 (2016)]

+
Weq

1 / L 4 LV
() = 5 [Fealx k) + s Paq(x, ) 9" Viq (X, k) 987" A (6 K) + 83 4 (X, )]

Any other Wigner function
WE(x, k) = }1 [FE0 k) + 5P (6, k) + V(X k) 4767 Ak (x, k) + E ST (x, )]
The total Wigner function
W(x, k) = WH(x, k) + W™ (x, k).
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Semi-classical expansion
The Wigner function satisfies the equation of the form
(K" — m)W(x, k) = 0; K" :ku%aﬂ.

The above equation holds in global equilibrium (similar to the case of spin-less particles where p* 8,,feq = 0) and should give the
constraints on hydrodynamic variables ., T, u* and wy, ..

The real parts: The imaginary parts:

k*V,, —mF =0, hO*V,, =0,

LorA, +mP =0, kM A, =0,

k,F — 20"S,, —mv, =0, 20,F + k'S, =0,

— 19, P+ kPS5 +mA, =0, k,P+ 5078, =0,

L (0uVe — 0uV) — €uvask® AP —mS,, =0, (ku Vo — ko Vo) + Bepnapd™ AP = 0.
Solutions in the form

X=X ppx™ L p2x® o X e {F, PV, Ay, Sur}

[D. Vasak, M. Gyulassy, H. T. Elze, Annals of Physics, 173, 462 (1987)]
[P. Zhuang, U. Hienz, Annals of physics, 245, 311 (1996)]
[Ren-hong Fang, Long-gang Pang, Qun Wang, and Xin-nian Wang Phys. Rev. C 94, 024904 (2016)]

In the NLO in # one gets,
K" 0, Foy(x, k) = 0.

K" Al (X, k) = 0, kK, Alg)(x, k) = 0.

Avdhesh Kumar (IFJ PAN) April 12, 2019 11/29



Taking
FO = Foq. PO =0,
VO = Vequr A = Aeq i,
S[(J(.)l)l = SCq,uu-
We can get:

K" 0 Foq(x, k) = 0,

Ki8, Aly(x, k) = 0, Kk, A% (x, k) = 0.

These equations will be exactly fulfilled if,

Oufu(X) +0uBu(x) = 0 (Killing equation)
wuy = constant
&= % = constant.

Solution to the Killing equation
Bu(x) = B +wi,x",  Bo=constant, wl, =~} (8.6, — 0uBu) = @, =constant

o |t does not constrain the spin polarization tensor w,,,, to be equal to thermal vorticity
Wy
=-Case of extended global equilibrium
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|
Obtaining the conservation laws from the kinetic equations
Charge conservation:
/d4kk“8u]-'eq(x, K)=0 = 8,Nlw(x)=0.
Energy-momentum conservation:
/ AR Dy Fog(x, k) =0 = 8, TAV (%) = 0.

Spin conservation:

/or‘*kwénknk*aA A (6 K) =0 = 0\SN{Y(x) =0
Conservation of total angular momentum

9, P(x) =0, I (x) =~ (x)

Total angular momentum is the sum of orbital and spin parts:

J,l‘n,s(x) _ L,l‘ms(x) + S“'WH(X),

L;A.aﬁ(x) — x© T“‘B(x) RV T,M(X)’
Conservation of energy momentum and total angular momentum implies

8, T" (x) =0, OAJ)\"W(X) =0 = OASA"W(X) — TVH(x) — T (x).
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GLW expressions for charge current, energy-momentum tensor and
Spin tensor

Charge current:
N® = nU% n=4sinh(€)ne(T) =2 (e5 - e’g) ny(T).

Energy-momentum tensor:

Tétw = (e+P)UU° —Pg™”
Energy density and pressure is given by,
e = 4cosh(§)ew)(T) P =4 cosh(&) Puoy(T).

The quantities ny(T), e)(T) and P)(T) are number density, energy density and
pressure of spinless and neutral Boltzmann particles at temperature and are given by
following expreesions

n(o)( T) = — Ts Kg (m)

ZLT 72 [3k () + ik ().
T ney(T

)-
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GLW expressions for charge current, energy-momentum tensor and
Spin tensor

Spin tensor:
The GLW spin tensor is given by

a, By o By 2C05h(£) a3~
SG',‘?W = cosh(&)ney(T)U WP+ TSAGIC\V

Here, w®7 is the spin polarization tensor.
The auxiliary tensor Sx5, is defined as

Saln, = AUCUUPLL 4 B (U[ﬂAaW{; + U 4 U‘SA”‘“’M{;),

m? m?
B=—T(c(T)+Poy(T), A=T [35(0)(T) n <3+ ?> P(U)(T)] = =3B+ o)1),
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NLO corrections in 4 and canonical energy-momentum tensor

1 1 1 1 v
P = — 5 0" Aca v = ~ 50" Sea
1
M '
S = 2m
The canonical forms of the energy-momentum tensor T/, can be obtained directly
from the Dirac Lagrangian by applying the Noether theorem

(OuVeay — OuVeq,u)

T (x) = / d*k k“V*(x, k)

[F. Becattini, V. Chandra, L. Del Zanna, and E. Grossi, Annals Phys. 338 (2013) 32-49, arXiv:1303.3431]
[Ren-hong Fang, Long-gang Pang, Qun Wang, and Xin-nian Wang Phys. Rev. C 94, 024904 (2016)]

Writing V*(x, k) up to first order we can get,
Tean(X) = T&Lw(X) + 6 Tean(x)
where
ST (x) = _% / kK" a2 (x, K) = —0r L (x).
The canonical energy-momentum tensor is exactly conserved
OuTean(x) = 0.

It is interesting to observe that the conservation laws for T47y, (x) and T4 (x) are
consistent, since 9, 6 T45(x) = 0.
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Canonical spin tenor

The canonical form of spin tensor is [F. Becattini, V. Chandra, L. Del Zanna, and E. Grossi, Annals

Phys. 338 (2013) 32-49].

X, pv

D) = Z/'d“ktr[{a"",y*}W(x, 0] = gﬁ“*”‘ /d“kAN(x,k)

For equilibrium it is enough to consider A, (x, k) = A%(x, k) = Aeq, (X, k), therefore

SXB(x)

hoauw 4 hw o\ X v A
can EEN " /d K Acq,r (X, k) = g (u W' + Ut + U w ”)

— S)\,}Ll/ +s/_b,1/)\

N
ctw + SeLw + S

GLW?
One can show

ONSUHY (x) = THE — THY = —0x S + O Stk # 0.
If we define,

AV QH AV VA
@ = SGLW - SG.LVV7
we can write

S)\,MV _ Q\pv q,%;w
can GLW I

TH = TH G+ %aA (@M 4+ o o),
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Boost-invariant flow

Basis for transversely homogeneous longitudinal expansion

ue = 1 (¢,0,0,2) = (coshn,0,0,sinhn),
T
X* = (0,1,0,0),
YO = (O 07 170) ’
z¢ = 1 (2,0,0,t) = (sinhn,0,0,coshn) .
T
Here 7 = v/2 — 22 is the longitudinal proper time, while n = 1 In((t + 2)/(t — 2)) is the
space-time rapidity. U-U=1
XX = Y. Y =22 = -1,
X-U = Y U=2Z-U=0
XY = Y. Z=27-X=0
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Spin Polarization tensor:

The spin polarization tensor w,.,, is antisymmetric and can be decomposed in terms of
four-vectors " and w*,

Wy

a B
K«;LUV — Ry Up + E;waﬁU w,

k-U = 0, w-U=0.
Using above conditions we can write
oY 1 aB
Ky = wpaUY, w,= 5 Cnapy u.
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Boost-invariant flow and spin polarization tensor

One can introduce the following representation of the vectors " and w"

K,O( = C,{XX”‘FCNYYQ‘i'CnZZaf

OJG = CwXX(Y+CwYYa+CwZZQ~
Here, the scalar coefficients C,.x, C.v, C.z, Cux, Coy, and C,z are functions of the
proper time 7 only.
It is important to note that due to the orthogonality connditions x- U =0, w-U =0,
there are no terms proportional U*.
The following boost-invariant expression for the spin polarization tensor w,, can be
obtained by using above decomposition of vectors x* and w*,

Wpr = C,»;Z(Z;L (A U},L) + CHX(X/,L u -X U/,L) + Cr: Y( Y;L u-v. U/,L)
+€/l,ua,3Ua(CwZZﬁ + Cu.))()({j + CwY Ys)

In the plane z = 0 we find

0 C,.g X Cm Y CNZ

w _ | —rx 0 —Lbwz CwY

—

a —Lky CwZ 0 —LwX
74 —LwYy CwX 0
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Boost-invariant form of fluid dynamics with spin

H . . n
Charge conservation: A+ T o
T
Energy-momentum conservation:
. e+ P)
€+ =0
T
Spin conservation:
£(r) 0 0 0 0 0 Cr.x Q4(7) 0 0 0 0 0 Cr.x
0 £(7) 0 0 0 0 C.y 0 Q4(7) 0 0 0 0 Cy
0 0 L£(T) 0 0 0 C.z| | © 0 Qy(7) 0 0 0 C.z
0 0 0 P(r) 0 0 Cux 0 0 0 Rq(7) 0 0 Curx
0 0 0 0 P(r) 0 Coy 0 0 0 0 Ry (7) 0 Coy
0 0 0 0 0 P(r)l e,z 0 0 0 0 0 Ro(m) LC, 7
L(T) A 1A A 2B
) = — — Ay — Ag,
17572 3 Ay = c(n(o)——z),
Pir) = A m
p A s (A —3B)
) ) A 1A 1A 2 = (A= ,
() = —<A1—*A2—A3+4—**2—**3) m
2 T 2 7 2cB
A = -
) ) A 1A A 3 2
Qo(r) = *(A1**A2*A3+f1*7f2*f3>7 m
2 7 T
) A4 1 4 C = cosh(&).
R1(7) = — A1+ T - ET ’ Initial baryon chemical potential xq = 800 MeV,
initial temperature Ty = 155 MeV. The particle mass,
Ro(r) _ _ A1 + ﬂ . m :. 11?6 MeV. The initial proper time is 7 = 1 fm
T and final time T =10 fm.
Cix0 = Crz0 = Cuxo = Cuzo = 0-1-
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Numerical Solutions

o

4
E3 P ol
$ 2 —
E )
8

o

2 4 6 8 10
[fm]

Figure: Proper-time dependence of T divided by its initial
value Ty and the ratio of baryon chemical potential 1. and
temperature T rescaled by the initial ratio 1/ Tp.
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Spin polarization of particles at freeze-out

The average spin polarization is given by
E, dnp(p
P

() = E, d/\f;)

where for GLW form of spin tensor, total Pauli-Lubanski (PL) vector for particles with
momentum p is given by,

an,(p) cosh(§) —Bp ~ B
6 g = (eﬂsm/ﬂ P e PP, 000
while,
d./\/( ) 4cosh _
Ep d*p = /A): ,DA o

We can carry out the integration very eaS|Iy by assuming that freeze-out takes place at
a constant value of the proper time , in this case
AY, = U)\dXd}/TdT].
We can parametrize of the particle four-momentum p* in terms of the transverse mass
mr and rapidity yp,
p* = (mrcosh(¥p), Px, Py, Mr sinh(yp))
AY,\p* = my cosh (yp, — 1) dxdyrdn.

Avdhesh Kumar (IFJ PAN) April 12, 2019 23/29



|
Boost to local rest frame (LRF) of the particle

In the local rest frame of the particle, polarization vector (r};) can be obtained by using
the canonical boost [E. Leader, “Spin in Particle Physics,” Cambridge University Press (2001)]

Ep _bx _ Py _ bz
m m m m
- % 1+ appﬁ apPxPy apPxPz

P
- H‘V apPyPx 1+ 'lpﬁf/ appPyPz

apPzPx appzPy 1+ app%

where, vp = p/Ep and ap = 1/(m(Ep + m)).

. 1
) 8mky (frr)

~ m
Here, iy = —F.
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Ko (7 p h c c . R X
: O(mTMZ(mTEn)TCZ;%;;;;X(m B ooty +2C,,zpy Ky (1) — (Ko (1) +Kp (7)) Cxmr)

inh N N o
((rmmeBB ) (Ko (7)o (7)) (Cpxby = Cooya) +2Czmrky (7)) +

Ko (7 u h C, C - - N
(oo () oo oy (PPt CuvPy) e, ok (ing) — (Ko (n7) +Ko (ior) Cymr)
h N N
(= (SR ) (Ko (7) + Kp (7)) (Cxby — Cpypx) +2Cuzmrky (ny))
A

7)) sinh(yp) (Coy xPx+Coy v Py) )
mT cosh(yp)+m
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Approximate expression for spin polarization

We consider particles with y, = 0.
Mass of the A hyperon is much larger than temperature i.e., mr > 1.
In this case, we may use the approximation (K (fr) + Kz (fhr)) /Ky (Mr) = 2.

0
Px(CywxPx+CyyPy)
; % + CrzPy — Cuxmr
(m) -
. 4m Py (CyxPx+Cy v Py)
o ~ CrzPx = Coymr

— (Crxpy — CuyPx) — Cozmr

(m*) = ((x*), (n*%), (7*%)) = ((m), (my), (7)),

If we write coefficient functions C as,

C.
C.

(CnXa CNY7 CHZ)?
(Cwa CwY7 CwZ)~

We can write,

() =~ 4o |[ECo P O B Ep

where, p = (px, py, 0
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Spin angular momentum of the fire cylinder

v X, pv X, pv
su = / AS SAY = / dxdy Tdn Un Sy 4 . ,
N
+npc/2 \\ao I ! o
2 SN v Y
=7nRT dn UxSGTw - N Dot
v RNNRY 1
—nFc/2 S\ L7
b
‘\\/
/
\\ /
\ /
SiC = 27RPr A.Cexsinh(nrc/2), \ i
SEC = 2nRPr A.C.ysinh(nrc/2), i
FC 2 Al
Sozm = mRTACiznpc, U/
z
Sfac = —27R*r AiCux sinh(nrc/2),
S = 2nRPr A4Cuysinh(nrc/2),
S;cm — xR’ A\ Cuzrc. Figure: Hypersurface of the boost invariant

fire-cylinder.

If spin angular momentum is in the direction of total angular momentum we must have,
C. =(0,0,0), and C., = (0, C.,y,0).
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Momentum dependence of polarization

() () ()
| (/
\ / ~-003
-0.04 |
2 | 005 3 g’g
1) ‘ ‘ 006 & o4
< - 007 & 5
| \ -0.08 0
| | -0.09
| |
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0 2 4 -4 -2 0 2 4
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Figure: Components of the PRF mean polarization three-vector of A’s. The results obtained with the initial
conditions po = 800 MeV, Ty = 155 MeV, C,. o = (0.0,0,0.0), and C,, o = (0.0,0.1,0.0) for y, = 0.
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Summary

1. We have discussed about the Wigner function (constructed from the local
equilibrium phase space distribution functions for spin-1/2) and it's spinor
decomposition.

2. We have found, in contrast to many earlier claims found in the literature, Wigner
function approach does not imply a direct relation between the thermal vorticity
and spin polarization, except for the fact that the two should be constant in global
equilibrium.

3. We have also outlined procedures to formulate hydrodynamics with spin from
the kinetic equations derived from Wigner function.

4. Using the simple transversely homogeneous longitudinal expansion we show
that GLW formulation of hydrodynamics with spin can be used to determine the
spin polarization observed in heavy ion collisions.

5. Numerical results obtained by us can not be compared with the experimental
results [This is because we have a simple 1+0 dimensional expansion].

Outlook: Study of the polarization to a more realistic scenario i.e. for 3+1 dimensional
expansion (Work in progress).

Note: With full 3+1 dimensional simulation of hydrodynamics with spin we hope to
resolve the sign problem (sign of quadrupole structure of spin polarization).
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Polarization using the thermal vorticity model

o R(P)
__ 0001 0.04
gﬁ i Au+Au \sy = 200 GeV 3 0.03
=) r 10%-60% 9
§ 0.000s|- 0.02
=~ i m > 1 0.01
of - 0 0 0.00
: Eﬁ\ ii /%/ -1 -0.01
-0.0005} *A - -0.02
[ YA STAR Preliminary -3 -0.03
L. L I 1 _4 '004
0001 1 2 3 -4-3-2-10 12 3 4
-, rac] b, [GeV]
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Conservation laws

"Conservation laws of the currents are associated with the microscopic symmetries of
the system (Noether’s theorem)"

Internal symmetries:

Conservation of charge (baryon number, electric charge)

9.N"(x)=0, 1 equation

Poincaré symmetry:
Conservation of energy and momentum

9,T"(x)=0, 4 equations
Conservation of total angular momentum
9, 0" P (x) =0,  JI"*F(x)=—-J"F(x)  6equations
Total angular momentum is the sum of orbital and spin parts:
JoP(x) = 10 (x) + 87 (x),
Lof(x) = x* T2 (x) — x° T (x),
Conservation of energy momentum and total angular momentum implies
DT (X) =0, IV (x) =0,= SV (x) = T"*(x) — T""(x) # 0.

Thus spin tensor S**?(x) is in general not conserved.
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Rotation and Polarization

Barnett Effect

S. J. Barnett, Rev. Mod. Phys. 7, 129 (1935)

Figure: Mechanical rotation of an
unmagnetized metallic object induces
magnetization, an effective magnetic
field emerges.
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Einstein-de Haas Effect

A. Einstein and W. de Haas, Deutsche Physikalische

Gesellschaft, Verhandlungen 17, 152 (1915)
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Figure: Application of magnetic field on an

unmagnetized metallic object induces
magnetization, body start rotating

(mechanical angular momentum emerges)
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Connection between spin polarization and thermal vorticity

The density operator [D. Zubarev, Nonequilibrium Statistical Thermodynamics (Springer, 1974); F. Becattini, Phys. Rev.
Lett. 108, 244502 (2012)],

~ F-puv 1~ [eY N
)= e |~ [ 200 (7700800 — 3 (s - W ()€ |
a®x,, is an element of a space-like, three-dimensional hypersurface ¥,,. We can take it as, d®*s,, = (dV,0,0,0).

The operators TH¥ (x), J* P (x) and N*(x) are the energy-momentum, angular momentum and charge operators
respectively.

In global thermodynamic equilibrium the operator p(t) should be independent of time.
0 (70000 = 30 (s () ~ (0 )
A 1na N
= T (%) (Bubu (%)) = 5" % (%) (uwap(x)) = N*(x)8,6(x) = 0.
From above equation we can conclude that w.g = wgﬂ, ¢ =¢° But

For asymmetric energy momentum tensor, b, = b.
For symmetric energy momentum tensor, b, = b2 + 5w?,x”.
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Global equilibrium; particle with spin

Total angular momentum
JoB(x) = 1P (x) + 8% (x).

Using above equation, we can write two cases discussed above can be expressed by a
single form of the density operator

pra = o |- [ 00 (P00 - 38 Wuke - W) |

For asymmetric energy-momentum tensor 8,,(x) = b, + w%. x7.
B.(x) is a Killing vector, w,.y = w5, = @y
global equilibrium

For symmetric energy-momentum tensor 3, (x) = bY + (6w, + wd. )x7.
B,.(x) is again a Killing vector, w,, = w,, # @ (= dwh, + w’,).
extended global equilibrium
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Local thermodynamic equilibrium; particle with spin

We define the statistical operator for local equilibrium by the same form as

= |- [ 200 (P7008.00 - 38" )as) - W00 ) |.

We allow for arbitrary form of 3, (x) [not a killing vector] and ¢ = £(x) and two cases for
Wy

Wpy = Wyp-

local equilibrium

Wy 7 Wy

extended local equilibrium
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