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Motivation

* More Chiral Effects: novel electronic properties

Dirac and Weyl Semi-metals pseudo-chiral effects
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e Son & Surowka (2009) st = sul — %I/“ + Dw" + DpB*,
* entropy conserving contributions
(from symmetries)

e Landau and Lifshitz would have

0,T" = F"*jy, 0,j* =CE"B,

allowed one to write this down

The real challenges:
e “No mean Chiral Effects in QCD”

* Hydrodynamic Fluctuations
Crossley, Glorioso, Liu JHEP 1709 (2017) 095; Glorioso, Son (2018), arXiv:1811.04879

* Dissipative corrections and anomalies

Derive anomalous hydrodynamics from QFT!
Effective action approach
)
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e Phase space and internal symmetries?

fle,p)  — 777

e Berry CKT:
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e Justify the Berry origin of the anomaly?

Fujikawa & Deguchi 2005, arXiv:1709.08181,
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* Microscopic to macroscopic:

— fluctuations and collision terms
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* semi-classical phase space: Truncated Wigner Approximation

review: Polkovnikov 2009
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Spin and color as Grassmann coordinates

e color WX(z, P\ \T)
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I'[A, B] = I'[4] +/d4

e spectrum contains fermionic zero modes
(contribution to initial density matrix)

62
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detailed derivation: arxiv:1702.01233 or arxiv:1901.10492 in real-time formulation
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4. Chiral Kinetic Theory

e practical approach to CKT:
color and spin, via moments

f(z, P), f*(z, P)S,(z, P), 8,(z, P), and 34 (z, P)

exact spin structure
fa(z, P,Q,5)
= fa(z,P,Q) |i%,(z, P,Q)S" v, — %emﬁv“smsmm

polarized

unpolarized

exact color structure
f(x7 P? Q)
= f(z,P)[1+

singlet

2
ARd?

dachaQch} 4+ 2fa(SC, P)Qa

octet
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4. Chiral Kinetic Theory

e practical approach to CKT:
color and spin, via moments

f(z, P), f*(z, P)S,(z, P), 8,(z, P), and 34 (z, P)

exact spin structure
fa(z, P,Q,5)
~ 4. PQ) [i,(2. P.Q

polarized

1

St v, — éewagv“S”aSﬁ)‘vA

unpolarized

|

exact color structure
f(x7 P? Q)
2
= f(z, P)[1+ -d*°QQ"Q°] + 2 f(x, P)Q*
. Ard
singlet octet

* many body generalization Pauli- 1 . r o) -9 re gesv 0, P, Q)

Lubanski vector (BMT equation)
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4. Chiral Kinetic Theory

e practical approach to CKT:

f(z, P), f*(z, P)S,(z, P), 8,(z, P), and 34 (z, P)

color and spin, via moments

exact spin structure
fa(z, P,Q,5)
— fA(xv P7 Q) [ZZM(x7 P7 Q)

polarized

1

SHY g EGMVQBUMSVQS/B)\UA] — f(;c7 P) [1 +

exact color structure

f('r7 P? Q)
2
Apd?

dachaQch} 4+ 2fa<$7 P)Qa

octet

unpolarized singlet

* many body generalization Pauli- 1 . r o) -9 re gesv 0, P, Q)

Lubanski vector (BMT equation)

e currents etc generalized
phase space averages

PO v

29 a,a8 Ma
-+ EZQ(QZ,P,Q)F ’ BQ V3 Uy,

(T8 (@) = ¢ / d*PdS ¢ [P + S"d,] f(x, P, S)

12




4. Chiral Kinetic Theory

e practical approach to CKT:

] ) f(z, P), f*(z, P)S,(z, P), 8,(z, P), and 34 (z, P)
color and spin, via moments

exact spin structure exact color structure
fA(:C,P,Q,S) f('r7P7Q)
. v Z ro 2 aoc a C a a
:fA(CCaP?Q) [ZZ,A%,P,Q)S“ Uy — ge,uuocﬁv'us Sﬁ)\vk] :f(SL',P) [1+ ARde ’ Q QbQ ] +2f (SE,P)Q
polarized unpolarized singlet ' octet

* many body generalization Pauli- 1 . o) - 9 pa Qo (2, P,Q)
Lubanski vector (BMT equation) r

29 0.8 Aa
+ ﬁza(x,P, Q)F“*P Qg v,

e currents etc generalized

Jt (x))=e [ d*PdSe[P" +S"d,] f(x, P, S
phase space averages J1/r(@)) / P+ A )

* anomaly: axial current requires ‘proper
derivation’ from worldlines in TWA

12
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4. Chiral Kinetic Theory

C(t,t/) p— <NCS(t) Ncs(t/)>

* typical scale ~ g2T

—> average distributions

* From Liouville to Boltzmann

flz,P,Q) = (f(z, P,Q)) +gdf(x,P,Q)

e Collision terms

polarized/unpolarized

By

polarized/unpolarized

13
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4. Chiral Kinetic Theory

C(t,t/) p— <NCS(t) Ncs(t/)>

* typical scale ~ g2T /
—> average distributions v S
= = '\S
* From Liouville to Boltzmann £

flz,P,Q) = (f(z, P,Q)) +gdf(x,P,Q)

o COI I iSion te rms polarized/unpolarized K

polarized/unpolarized

e Simpler: (no spin) from world- v D;’[A] /" (x,v) = —mb Fjy(2)v’v’ + £ (w, v)

lines: Bodeker’s transport + Ng*Tlog (%) / %i"ﬂv,v’)J"’*J’(a:,v’>

13 NM, R. Venugopalan in preparation



Summary

Worldline approach ab-initio:
Compute (!) kinetic theory from QFT

Closed Grassmann for internal symmetries

Generalized Quantum Phase Space, measure,
Wigner distribution, Liouville equation

Chiral anomaly manifest

May be useful to constrain
anomalous hydrodynamics

14



Backup: structure of phase space: color
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- Color bilinears Q" = A[t¢ )\
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Backup: structure of phase space: color

- Color bilinears Q" = Nt% A4

{Qa,Q } _ )\T[ta,tb])\ _ ,L-fachc

« Color measure

[aa=0 fa.P) = [ dQf(.P.Q).
[aaq =0, F@pP) = [dQQ fz.P.Q),
[iQqra = 5o, e P) = [ dQQUQ (e Q).
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Backup: structure of phase space: color

- Color bilinears Q" = At \a
{Qa’ Qb} _ )\T[ta’ tb])\ _ ifachc

« Color measure

[ia=o. fa.P) = [ dQf(.P.Q).
[aaq =0, faP)= [dQQ f(z.P.Q).
JRCLR R e P) = [ dQQUQ (e Q).
LR ARdabC (@, P) = [ dQQUQMQf(x, P.Q)

* One unique form of phase space distribution

2

ARd2 dachaQch} + 2fa(33, P)Qa

f(z,P,Q) = f(z,P)|1+

15 d2 — dabcdabc — NE — 4



Backup: anomaly

* naive approach: phase space average

(T (@) = e / d*PdS [P + S",] f(x, P, S)
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r o

(T (@) = e / d*PdS e [P + 5#,] f(
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Backup: anomaly

* naive approach: phase space average 9S/idA,

(T8 (@) = ¢ / d'PAS [P+ 50, f(x, P.5)

S
i
ZL/R

— +pr/2pY

e chiral current...

(JE (@) = (Ja(@)) — (Ji(@)) = e / P e #voB P, S (2, P) f(z, P)
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Backup: anomaly

* naive approach: phase space average 9S/idA,

(T (@) = e / d'PdSe[P*+ 570, f(x, P.S)

S
i
2L/R

— +pH /2P

e chiral current...

(JE (@) = (Ja(@)) — (Ji(@)) = e / P e #voB P, S (2, P) f(z, P)

... Is classically conserved. What is missing?
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Backup: anomaly

* derivation from worldline SK path integral

I'[A, B] Etr/d4 +d4x_d4¢+d4¢ CAB Z’ z; ,w /DxDp/D¢/D6DXQzSc[AB
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Backup: anomaly

e derivation from worldline SK path integral

z; Y,
['|A, B| = tr /d4fﬁjd4x;d4¢jd4¢; CA’B(in,SCi_,wj,%_) /Dxppfﬂw/DepxeiSC[A’B]
z v

g

variational axial-vector gauge field

e linear order in axial-vector field B

OI'[A, B]
0B, (y) ‘B:OB“(y)

I'[A, B] = T'[A] +/d4y

e Linear term: chiral current

o) vr
)I'|A, B .
[ ) ]) — tr/d4:€jd4w;d4¢jd4wz— CA’B(xjaxi_7¢i+7¢i_) /D%DP/DTp/DGDX ’L(SSC[A,B] eiSC[A]
0B, (y) 1B=0 5B, (1)
z pr
T, (o

—|— 5CA,B(CU:_7:EZ_7¢Z+7¢’L_> /Dxpp/pw/DEDXGiSC[A’B] |
0B, (y) B=0
+
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Backup: anomaly

e derivation from worldline SK path integral

T; (U
LA, B| =tr / dafdie; d'fdh T ¢V (e 0 0r) / DxDp / D) / DeDyeiSclAB]
+

. P
<

variational axial-vector gauge field

e linear order in axial-vector field B

OI'[A, B]
4 0B, (y) ‘BzOBM(y)

HAE=NM+/¢

e Linear term: chiral current

T, Uy
oA, B .
[ ’ ]) — tr/d‘lxjd‘lw;d‘led‘lwz— CA’B(xj7x;7¢j7¢7;_) /DCBDp/DZp/DGDX ’L(SSC[A,B] eiSC[A]
) e ) 5B, (y)
T, (7
+ 5CA,B<CE;L’:E;’¢Z+’%_> /Da:Dp/Dw/DeDXeiSc[A,B] |
0B, (y) B=0
/ Y 7 T

.

initial density matrix (“spectrum 17
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Backup: anomaly

e we computed second term already in arxiv:1702.01233 (*)

( = C(O) 4 C(l)

i) = {0, By (Z:) }o "
x 0(xf — ;) o( —9y),

CAlaf, oy vt ] 0 ¢ =219 [6B<
0 Cile a0 )]

(*) by analytic continuation. We did not realize then it cdéld be written in SK form / density matrix




Backup: anomaly

e we computed second term already in arxiv:1702.01233 (*)

( = C(O) 4 C(l)

{auv BV(@)}%/@ZM}

Al ey o 07] 0 ¢ =21y [0,B,(7;) —
( ) x 8z — 7)o —by),

0 il 07 ]

* it gives the well known anomaly relation

2

(OuJE (y)) = —871’ L EM (y)

(*) by analytic continuation. We did not realize then it cdéld be written in SK form / density matrix




Backup: anomaly and (in-)compressibility
of semi-classical phase space

* Liouville’s equation implies incompressibility
of (semi-classical) phase space

d 0 . 0 . () : () ()
0= —Wl(r. P.. )\ \T): ity — +P,— + + Ay — )\T
dr ( < b 0 ()1) H ()L 1 ())\ ()\

)H(z.]’.c'./\./\f)

V5

H

e canonical phase space variables: phase space incompressible
at this order (reverse not true)

e higher orders: Moyal equation, quantum phase

space compressible | x oM sin [A] WX = (WX Hw} +O(2)

dr

e compressibility on semi-classical level: understand
as Jacobian to semi-classical phase space measure

Does this have to do QM?EMMS with the anomaly?
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Backup: anomaly and (in-)compressibility
of semi-classical phase space

Does this have to do anything with the anomaly?

 Xiao, Shi, Niu make this semi-classical % — %6%(5) Ckx Q(p),
effective theory “many body” hp = eB(x) — ei x B(x) |
* compressibility of classical phase space Ay~ AV
T 1+eB-Q

o different interpretations of the same equations

® d3 eB - Q
Ne = e 1+ 7

. Berry CKT valid
. near fermi surface

not in interior of
fermi sphere
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Backup: anomaly and (in-)compressibility
of semi-classical phase space

Does this have to do anything with the anomaly?

 Xiao, Shi, Niu make this semi-classical x=19P) 0 p),
] h Op
effective theory “many body” hp = eB(x) — ei x B(x) |
* compressibility of classical phase space Ay = AV
T 1+eB-Q

o different interpretations of the same equations

Fod3p eB - Q
e — 1
" /(%)3[+ h ]

. Berry CKT valid
. near fermi surface

Xiao, Shi, Niu

- electrons in magnetic Bloch bands
not in interior of - electron number (per band) is conserved
fermi sphere - chemical potential is time dependent

(fermi volume changes in B field)
“conserved charge defines chemical potential”
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Backup: anomaly and (in-)compressibility
of semi-classical phase space

Does this have to do anything with the anomaly?

 Xiao, Shi, Niu make this semi-classical x=19P) 0 p),

- h 0
effective theory “many body” hp — eE(XI;_ eir x B(x) |

* compressibility of classical phase space AV,

AV =
1+eB-Q
o different interpretations of the same equations

od3p eB - Q
e — 1
" /(%)3[+ h ]

. Berry CKT valid
. near fermi surface

Xiao, Shi, Niu
Ber KT ’ ’
- ¢ rVl\,/ec| fermions - electrons in magnetic Bloch bands
not in interior of " 012/ L/R particles - electron number (per band) is conserved

fermi sphere - chemical potential is time dependent

(fermi volume changes in B field)

“conserved charge defines chemical potential”

- Nno gnomaly

- chemical potential is constant
- particle number changes (=anomaly)
“chemical potential deﬁnésdon-conserved charge”



