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Basic facts about the top quark
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Short lifetime ⌧ ⇠ 5⇥ 10�25 s
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Decays before hadronization: pQCD dominates!

Strong Yukawa coupling yt ⇠ 1
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Fermion mass origin

Hierarchy problem

Vacuum stability

mt ⇡ 173 GeV
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Top quark pair production

Main production mechanism for top quarks 

Test of the Standard Model at the energy frontier 

Possible signals of new physics 

Major background to many searches
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

may be improved upon by more precise determinations of the parton distribution functions

in view of recent and upcoming data from HERA and LHC, the former requires the cal-

culation of perturbative corrections at next-to-next-to-leading order (NNLO) in QCD. By

approximating these corrections with the fixed-order expansion of the NLL prediction, one

finds [17] a projected NNLO scale uncertainty of 3%, which is below the parton distribution

uncertainty, and in line with the anticipated experimental error.

The calculation of the full NNLO corrections to the top quark pair production cross

section requires three types of ingredients: two-loop matrix elements for qq̄ → tt̄ and

gg → tt̄, one-loop matrix elements for hadronic production of tt̄+(1 parton) and tree-level

matrix elements for hadronic production of tt̄+(2 partons). The latter two ingredients

were computed previously in the context of the NLO corrections to tt̄+jet production [10].

They contribute to the tt̄ production cross section through configurations where up to two

final state partons can be unresolved (collinear or soft), and their implementation thus may

require further developments of subtraction techniques at NNLO.

Both two-loop matrix elements were computed analytically in the small-mass expansion

limit s, |t|, |u| ≫ m2 in [20,21], starting from the previously known massless two-loop matrix

elements for qq̄ → q′q̄′ [22] and gg → qq̄ [23]. An exact numerical representation of the

two-loop matrix element qq̄ → tt̄ has been obtained very recently [24]. It is the aim of the

present paper to compute all two-loop contributions to qq̄ → tt̄ arising from closed fermion

loops in a compact analytic form, which provide a first independent validation of the recent

results of [20,24], allow for a fast numerical evaluation, and permit the analytical study of

the behavior of the top quark production cross section at threshold.

This paper is structured as follows. In Section 2, we define our notation and kinematical

conventions. Sections 3 and 4 describe the details of the calculation of the two-loop integrals

and of the renormalization of the amplitudes. The results are presented and discussed

in Section 5. We enclose two appendices describing the special functions used in our

calculation and documenting the newly computed master integrals.

2. Notation and Conventions

We consider the scattering process

q(p1) + q(p2) −→ t(p3) + t(p4) , (2.1)

– 2 –
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Figure 1: Tree-level amplitude. Massive quarks are indicated by a thick line.

heavy-quark loop were evaluated in [25], while the two-loop diagrams contributing to the

leading color coefficient were evaluated in [26]. In both cases, the results obtained retain the

full dependence on the top-quark mass and on the kinematic invariants; they agree with

the numerical results of [24]. Having analytical results available has several advantages

over a purely numerical representation. Besides their considerably shorter evaluation time,

the analytical results also allow for an expansion in different kinematical limits (threshold,

high energy).

In the present paper, an analytical expression for the two-loop diagrams contribut-

ing to the leading color coefficient in the gluon-fusion channel is derived. We carry out

the calculation by employing the technique based on the Laporta algorithm [27] and the

differential equation method [28], already used in [25, 26]. The calculation of the leading

color coefficient in the gluon fusion does not require the calculation of any new master

integrals beyond the ones obtained in the two previous works, such that we do not discuss

the calculational method in full detail. The interested reader can find in [25,26] a detailed

description of the techniques employed.

The paper is organized as follows: in Section 2, we introduce our notation and conven-

tions; in Section 3, we summarize the most relevant features of our calculational method.

Section 4 describes the UV renormalization of the bare amplitude. The resulting two-loop

amplitude contributions are described in Section 5, where we also provide numerical val-

ues in some benchmark points, and discuss the expansion in the threshold limit. Finally,

Section 6 contains our conclusions.

2. Notation and Conventions

We consider the scattering process

g(p1) + g(p2) −→ t(p3) + t̄(p4) , (2.1)

in Euclidean kinematics, where p2i = 0 for i = 1, 2 and p2j = −m2 for j = 3, 4. The

Mandelstam variables are defined as follows

s = − (p1 + p2)
2 , t = − (p1 − p3)

2 , u = − (p1 − p4)
2 . (2.2)

Conservation of momentum implies that s+ t+ u = 2m2.

The squared matrix element (summed over spin and color), calculated in d = 4 − 2ε

dimensions, can be expanded in powers of the strong coupling constant αS as follows:

∑

|M|2(s, t,m, ε) = 16π2α2
S

[

A0 +
(αs

π

)

A1 +
(αs

π

)2
A2 +O

(

α3
s

)

]

. (2.3)

– 2 –

A standard candle for the LHC and future colliders



State-of-the-art predictions
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Figure 4. Results for the absolute (left) and normalized (right) top-pair invariant mass distribu-
tion at the LHC with

p
s = 13 TeV. In all cases the ratio is to the NNLO result with µf = HT /4.

The uncertainty bands are obtained through scale variations as described at the beginning of sec-
tion 5 and in eqs. (5.1) and (5.2).

eq. (2.5). All pieces of that equation must be evaluated at a common µf , which is also cho-

sen as µf = HT /4 by default. In addition, we draw on the analysis of the previous section

and use µh = HT /2 and µs = HT /N̄ by default, as well as µdh = mt and µds = mt/N̄ . In

both the NNLO and the NNLO+NNLL0 results, the bands in figure 4 represent perturba-

tive uncertainties estimated through scale variations. For the NNLO calculation, we obtain

the bands by keeping the factorization and renormalization scales equal and varying them

up and down by a factor of two. For the NNLO+NNLL0 calculation, both the factorization

scales and the resummation scales are independently varied in the interval [µi,0/2, 2µi,0],

where i 2 {f, h, s, dh, ds} and the subscript “0” denotes the default value of that scale as

previously specified. To determine the upper and lower uncertainties �O+ and �O� for

the cross section O in a given bin, one first evaluates

�O+
i = max{O(i = 1/2, i = 1, i = 2)} � Ō ,

�O�
i = min{O(i = 1/2, i = 1, i = 2)} � Ō , (5.1)

for each scale i, where i = µi/µi,0 and Ō denotes the value of the cross section as given by

eq. (2.5) in that bin using the default scale choices. For example, O(f = 2) means each

term in eq. (2.5) is evaluated at µf = 2µf,0, with all other scales set to their default value.

The upper (lower) uncertainty bands are then given by Ō +�O+ (Ō � �O�), where

�O± =

sX

i

�
�O±

i

�2
, (5.2)

so that this method amounts to adding the uncertainties from independent scale variations

in quadrature.5

5While we have used correlated µr = µf variations in the NNLO piece of the calculation, we have

– 27 –
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Figure 6. Results for the absolute (left) and normalized (right) pT,avt distributions at the LHC
with

p
s = 13 TeV. In all cases the ratio is to the NNLO result with µf = mT /2. Uncertainty

bands are obtained in complete analogy to those in figure 4.

results (with which resummation is matched) have been calculated using the definition

d�

dpT,avt
=

1

2

✓
d�

dpT,t
+

d�

dpT,t̄

◆
, (5.3)

where pT,t (pT,t̄) denotes the transverse momentum of the top (anti-top) quark, and we

have labeled the distributions in figure 6 accordingly. The pT distribution is calculated

using the scale choice µf = mT /2 (where mT refers to the transverse mass of either the

top or anti-top quark depending on the distribution under consideration), which is favored

by the study [24]. The resummed results use µh = mT and µs = 2mT /N̄ by default, as

justified in the previous section. The bands refer to perturbative uncertainties estimated

through scale variations using the same procedure as for the Mtt̄ distribution above. We

see that the NNLO+NNLL0 result is consistent with the NNLO one. On the other hand,

we show in appendix A that upgrading matching with fixed-order from NLO+NNLL0 to

NNLO+NNLL0 is an important e↵ect for the pT distributions, especially in reducing the

scale uncertainties in the high pT region. This is an important fact to keep in mind when

using NLO-based Monte Carlo event generators to model pT distributions.

Finally, in figure 7 we show results for the total cross section, obtained in several

di↵erent ways. The NNLO and NNLO+NNLL0 results with µf = HT /4 are obtained by

integrating the top-pair invariant mass distribution in figure 4, while those with µf = mT /2

are obtained by integrating the pT distribution in figure 6. In these results with dynam-

ical scales, perturbative uncertainties are estimated through the same procedure of scale

variations used for the distributions, and are displayed as error bars in figure 7. These are

compared to the “standard” results for the total cross section, which are calculated using

fixed scales with µf = µr = mt by default. We obtain them from the Top++ program [74],

which implements both the NNLO results from [28] as well as a soft-gluon resummation

in the absolute threshold production limit �t ! 0 [75]. In these fixed scale results, pertur-

– 29 –
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Combined with NLO electroweak corrections
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Figure 5: The state-of-the-art theoretical predictions for top pair Mtt and pT,avt dis-
tributions combine NNLO+NNLL0 in QCD with NLO in EW.

In Fig. 5 we show predictions for the Mtt and pT,avt distributions including both QCD
and electroweak corrections. Note that both the EW corrections and the resumma-
tion e↵ects tend to soften the spectrums compared to the pure NNLO results. The
combination of these two contributions thereby leads to a significant reduction of the
di↵erential cross sections in the boosted regime.

5 Summary

In this talk we have covered a number of recent developments related to the joint
resummation of soft and small-mass logarithms in top quark pair production and the
combination of these predictions with fixed order calculations at (N)NLO. The main
e↵ect of the resummation is to stabilize the dependence of the predictions on the choice
of the factorization scale. It also shows that by carefully choosing the scales in the
NNLO calculation, the higher order corrections are under good control. In section 3
we discussed the extension of our results to cover the rapidity distribution of the
tt-system, Ytt and the average rapidity distribution of the top/anti-top quark, yavt.
These observables can be used to constrain the gluon PDF in the future. Finally, we
have presented for the first time the combination of our NNLO+NNLL0 predictions
in QCD with NLO EW corrections using the multiplicative approach. This is the
first time that such a combination, which represents state-of-the-art precision in the
Standard Model for top-quark pair di↵erential cross sections, has appeared in the
literature.
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Figure 8. Cross sections obtained for two sample bins, Mtt̄ = [380� 420]GeV (upper plot)

and Mtt̄ = [2500 � 3000]GeV (lower plot). The default value of µf is indicated explicitly,

and the error bars represent perturbative uncertainties estimated through scale variations as

described at the beginning of section 5 and in eqs. (5.1) and (5.2).

the NNLO+NNLL0 results compared to the NLO+NNLL0 ones. This is an indication

that the high-pT region is more sensitive to hard radiation than the high-Mtt̄ region.

We have given some qualitative explanations for why this should be the case when

discussing the RT distribution in section 4.1. Numerically, we have found that the

NLO results for the high-pT region of the distribution are quite sensitive to both the

qg channel and the RT > 1 region, in a strongly µf -dependent fashion. Soft-gluon

resummation cannot stabilize such µf dependence, which explains the importance of

matching to NNLO in fixed order.

The uncertainties associated with each of the distributions presented here result

from a combination of the uncertainties generated from the variation of each scale in

accordance with eqs. (5.1) and (5.2). It is interesting to decompose the source of these

uncertainty bands in terms of the contributions which arise from varying the factor-
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NNLL’ resummation stabilizes scale 
ambiguity compared to NNLO
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Figure 8. Cross sections obtained for two sample bins, Mtt̄ = [380� 420]GeV (upper plot)

and Mtt̄ = [2500 � 3000]GeV (lower plot). The default value of µf is indicated explicitly,

and the error bars represent perturbative uncertainties estimated through scale variations as

described at the beginning of section 5 and in eqs. (5.1) and (5.2).

the NNLO+NNLL0 results compared to the NLO+NNLL0 ones. This is an indication

that the high-pT region is more sensitive to hard radiation than the high-Mtt̄ region.

We have given some qualitative explanations for why this should be the case when

discussing the RT distribution in section 4.1. Numerically, we have found that the

NLO results for the high-pT region of the distribution are quite sensitive to both the

qg channel and the RT > 1 region, in a strongly µf -dependent fashion. Soft-gluon

resummation cannot stabilize such µf dependence, which explains the importance of

matching to NNLO in fixed order.

The uncertainties associated with each of the distributions presented here result

from a combination of the uncertainties generated from the variation of each scale in

accordance with eqs. (5.1) and (5.2). It is interesting to decompose the source of these

uncertainty bands in terms of the contributions which arise from varying the factor-
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Figure 4. The differential tt production cross sections at the parton level in the full phase space as
a function of ptT are shown for the data (filled circles), the theoretical predictions with beyond-NLO
precision (other points) and the prediction from powheg+pythia (solid line). The vertical lines on
the filled circles and other points indicate the total uncertainty in the data and theoretical predic-
tions, respectively. The left and right plots correspond to absolute and normalised measurements,
respectively. The lower panel in each plot shows the ratios of the theoretical predictions to the
data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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ing the JES are added in quadrature and shown as a single component. Additional experimental
systematic uncertainties are also added in quadrature and shown as a single component. Contribu-
tions from theoretical uncertainties are shown separately. The statistical and total uncertainties,
corresponding to the quadrature addition of statistical and systematic uncertainties, are shown by
the dark and light filled histograms, respectively.
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Figure 4. The differential tt production cross sections at the parton level in the full phase space as
a function of ptT are shown for the data (filled circles), the theoretical predictions with beyond-NLO
precision (other points) and the prediction from powheg+pythia (solid line). The vertical lines on
the filled circles and other points indicate the total uncertainty in the data and theoretical predic-
tions, respectively. The left and right plots correspond to absolute and normalised measurements,
respectively. The lower panel in each plot shows the ratios of the theoretical predictions to the
data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 5. The contributions of each source of systematic uncertainty in each bin is shown for the
measurement of the normalised tt production cross sections as a function of ptT. The sources affect-
ing the JES are added in quadrature and shown as a single component. Additional experimental
systematic uncertainties are also added in quadrature and shown as a single component. Contribu-
tions from theoretical uncertainties are shown separately. The statistical and total uncertainties,
corresponding to the quadrature addition of statistical and systematic uncertainties, are shown by
the dark and light filled histograms, respectively.
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Figure 4. The differential tt production cross sections at the parton level in the full phase space as
a function of ptT are shown for the data (filled circles), the theoretical predictions with beyond-NLO
precision (other points) and the prediction from powheg+pythia (solid line). The vertical lines on
the filled circles and other points indicate the total uncertainty in the data and theoretical predic-
tions, respectively. The left and right plots correspond to absolute and normalised measurements,
respectively. The lower panel in each plot shows the ratios of the theoretical predictions to the
data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 5. The contributions of each source of systematic uncertainty in each bin is shown for the
measurement of the normalised tt production cross sections as a function of ptT. The sources affect-
ing the JES are added in quadrature and shown as a single component. Additional experimental
systematic uncertainties are also added in quadrature and shown as a single component. Contribu-
tions from theoretical uncertainties are shown separately. The statistical and total uncertainties,
corresponding to the quadrature addition of statistical and systematic uncertainties, are shown by
the dark and light filled histograms, respectively.
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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Coulomb corrections for total cross 
section have been considered in, e.g.:

Threshold limit:

Figure 1: Graphs relevant to the 1/r2 potential contributions in the singlet and octet channels discussed in the
text. Crosses correspond to the singlet or octet colour-projection operators.

given explicitly in Ref. [26], expanded to NNLO, which results in very simple expressions. Including
the relativistic kinetic-energy correction we find the non-Coulomb contribution

σX|nC = σ(0)
X α2

s(µ
2) lnβ

[

−2D2
Rα

(1 + vspin) +DRα
CA

]

(3)

to the total cross section, with σ(0)
X the Born cross section in the spin and colour channel X . For

top quarks the Born cross section in the qq̄ initiated channel is a pure colour-octet spin-triplet,
whereas in gluon-gluon fusion the tt̄ state is spin-singlet but colour-octet or -singlet.

The second derivation of the non-Coulomb logarithms uses known results on the threshold
expansion of the e+e− → tt̄ [27] and γγ → tt̄ [28] processes at NNLO. The potential contributions
are implicit in these results, and the two processes cover the singlet-triplet spin dependence of the
results for the enhanced terms in exact correspondence to the hadronic case. The only non-trivial
issue is the colour dependence since we also need the colour-octet case. It is well known that for
an interaction with colour structure T a ⊗T a, the transition between singlet and octet is obtained
by a simple change CF → CF − CA/2 corresponding to the different value of DRα

. But the 1/r2

potential comes also from exchanges of two gluons as depicted in Fig. 1. An explicit check proves
that each of the diagrams gives the correct contribution (as far as colour is concerned), with the
same replacement as before. Thus, we obtain the correct results for hadronic tt̄ production by
keeping only the velocity-enhanced terms from the respective formulae of [27, 28], making the
replacement CF → CF − CA/2 for colour-octet contributions, and removing the contribution
from the hard matching coefficient at one-loop multiplying the one-loop Coulomb potential. The
latter step is crucial in obtaining the correct result, since the appropriate matching coefficients
corresponding to the processes considered have already been taken into account in the soft gluon
enhancement of the Coulomb contribution as described above.

There could be another enhanced single or double logarithm of velocity at NNLO from the
product of a αs/β Coulomb term multiplying an αsβ ln2 β or αsβ lnβ term from a beta-suppressed
subleading soft-gluon coupling [11]. Such suppressed couplings exist for the emission of soft gluons
from the initial state as well as from the final state. We now show that such terms do not appear
in the total pair production cross section.1 To this end we imagine obtaining the cross section
by evaluating the imaginary part of forward-scattering graphs such as those of Fig. 2. We first
consider the subleading coupling to the heavy-quark loop, so the gluon coupling to the external line
in Fig. 2 is the standard eikonal coupling. In the framework of non-relativistic effective theory the
subleading gluon coupling corresponds to the x ·E interaction [30, 31]. An expansion of the heavy-
quark loop in the velocity can be extracted directly by the strategy of regions [32]. As described
in the latter work, it is sufficient to consider the following regions of integration momenta in the
partonic cms frame where the sum of the heavy-particle momenta is (2m, 0⃗): hard (k ∼ m, with m
the heavy-quark mass and k a loop momentum), potential (k0 ∼ mβ2, k ∼ mβ), soft (k0 ∼ mβ,
k ∼ mβ) and ultrasoft (k0 ∼ mβ2, k ∼ mβ2). At NNLO the diagrams corresponding to the soft
region vanish, as they generate only scaleless integrals. The source of singular terms is in the
potential and ultrasoft regions. By the velocity scaling only terms corresponding to the potential
three-momentum contribute odd powers of β. The same scaling arguments also show that, in any

1This can be anticipated from the known expansion of the NLO cross section [29]. From this result one can
readily verify that the logarithms of velocity appear in terms suppressed by even powers of β relative to the leading
terms, i.e. no αsβ log β terms of the mentioned origin are generated.

3

Figure 2: Example graphs with contributions from both the ultrasoft (gluons depicted with wavy lines) and potential
(gluons depicted with dashed lines) regions. The crosses denote effective interactions, the structure of which is
irrelevant to the argument of the text.

denominator containing a combination of a potential and an ultrasoft momentum, the ultrasoft
momentum will be (multipole) expanded. Therefore, the denominators containing potential three-
momenta will not depend on the direction of any external three-momentum (unlike denominators
containing an ultrasoft three-momentum). In consequence, rotational invariance implies that all
integrals with an odd number of potential three-momenta in the numerator vanish. Thus, given
a term with a specified power of β, the next higher-order contribution will be suppressed by a
relative factor of β2, smaller than the terms we seek.

Next, regarding the subleading soft-gluon couplings to the initial state, the relevant expansion is
one in transverse momentum, since the collinear momenta scale as n+k∼m,n−k∼mβ2, k⊥∼mβ.
The effective Lagrangian for the corrections to the eikonal approximation is given in soft-collinear
effective theory by ξ̄

(

xµ
⊥n

ν
− Wc gF us

µνW
†
c

) n̸+

2 ξ for quarks [33, 34], and similar terms involving
transverse derivatives or factors of x⊥ for the couplings to collinear gluons, and of soft quarks.
None of these terms can contribute a beta-suppressed term, since the initial-state momenta in
Fig. 2 can always be chosen to have zero transverse momentum, implying that loop integrals with
transverse-momentum factors in the numerator vanish by arguments similar to those applied to
the heavy-quark couplings. This completes the proof, that we have correctly taken into account
all possible sources of singular terms in the expansion of the cross sections for heavy-quark pair
production at NNLO by including the extra terms from the non-Coulomb potentials.

Note that some of the cuts of Fig. 2 correspond to three-particle colour correlations at the
amplitude level, for which the infrared divergence structure has recently been given in Ref. [14].
The latter work shows that the infrared-singular three-particle correlations may not vanish in
the limit β → 0 in the amplitude, but that they do in the virtual contributions to the total
cross section at NNLO in the particular case of top quarks because of colour projections [12, 14].
Our arguments above prove that there are no contributions to the lnβ terms from three-particle
correlations in both, the virtual and real corrections. This holds independent of particular colour
representations for purely kinematic reasons.

3. Results

Next we present the main result of this paper, namely the expansion of the two-loop partonic cross
section close to the partonic threshold β = 0. As we emphasized above, our result is complete up to

the so-called constant terms2 C(2)
qq̄ , C(2)

gg,1, C
(2)
gg,8. Their derivation requires a dedicated calculation

that goes beyond the scope of the present work. Setting µR = µF = µ, the result for the total
cross-section close to threshold reads:

σij,I(β, µ,m) = σ(0)
ij,I

{

1 +
αs(µ2)

4π

[

σ(1,0)
ij,I + σ(1,1)

ij,I ln

(

µ2

m2

)]

(4)

+

(

αs(µ2)

4π

)2 [

σ(2,0)
ij,I + σ(2,1)

ij,I ln

(

µ2

m2

)

+ σ(2,2)
ij,I ln2

(

µ2

m2

)]

+O(α3
s)

}

,

2This standard terminology is somewhat misleading in this process. Due to the non-trivial β dependence of the
Born cross section, the contribution of the “constant” term to the cross section is, in fact, proportional to β.
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SCET+NRQCD

Remark: top quark physics is a good place to study NRQCD 
since mv2 is (very often) a perturbative scale
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Figure 32. The contributions of each source of systematic uncertainty to the total systematic
uncertainty in each bin is shown for the measurement of the normalised tt production cross sections
as a function of mtt. The sources affecting the JES are added in quadrature and shown as a single
component. Additional experimental systematic uncertainties are also added in quadrature and
shown as a single component. Contributions from theoretical uncertainties are shown separately.
The statistical and total uncertainties, corresponding to the quadrature addition of statistical and
systematic uncertainties, are shown by the dark and light filled histograms, respectively.
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is not the same as

The top quark pair can be recoiled by extra emissions

 

ˊ
i

࢜

֦

ᨾtrmGiti.it

t
<latexit sha1_base64="btWuKJH9/rrCxCKL5tGKBdwWU5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ipp16reRbXWvKzUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4XeM/A==</latexit> t̄

<latexit sha1_base64="b1ITfnjbGD4mBK+ynt+io7xfvhU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKnX5AdYazQbniVt0FyDrxclKBHM1B+as/jFkacYVMUmN6npugn1GNgkk+K/VTwxPKJnTEe5YqGnHjZ4tzZ+TCKkMSxtqWQrJQf09kNDJmGgW2M6I4NqveXPzP66UY3viZUEmKXLHlojCVBGMy/50MheYM5dQSyrSwtxI2ppoytAmVbAje6svrpF2relfV2kO90rjN4yjCGZzDJXhwDQ24hya0gMEEnuEV3pzEeXHenY9la8HJZ07hD5zPH58yj8E=</latexit>



J
H
E
P
0
2
(
2
0
1
9
)
1
4
9

1000

3−10

2−10

1−10

1

10

 [
p

b
/G

e
V

]
tt

d
mσd

Data

POWHEGV2 + PYTHIA8

 = 173.3 GeV
t

 (LUXQED17) m3
EW

αNNLO+

 = 172.5 GeV
t

 (LUXQED17) m3
EW

αNNLO+

 = 173.3 GeV
t

 (NNPDF3.1) m3
EW

αNNLO+

 = 173.3 GeV
t

NNLO+NNLL' (NNPDF3.1) m

 = 172.5 GeV
t

NNLO+NNLL' (NNPDF3.1) m

1000
 [GeV]

tt
m

0.6

0.8

1

1.2

1.4

D
a
ta

T
h
e
o
ry  Syst⊕Stat 

Stat

CMS  (13 TeV)-135.9 fb

Dilepton, parton level

1000

6−10

5−10

4−10

3−10

2−10

]
-1

 [
G

e
V

tt
d

mσd
 

σ1

Data

POWHEGV2 + PYTHIA8

 = 173.3 GeV
t

 (LUXQED17) m3
EW

αNNLO+

 = 172.5 GeV
t

 (LUXQED17) m3
EW

αNNLO+

 = 173.3 GeV
t

 (NNPDF3.1) m3
EW

αNNLO+

 = 173.3 GeV
t

NNLO+NNLL' (NNPDF3.1) m

 = 172.5 GeV
t

NNLO+NNLL' (NNPDF3.1) m

1000
 [GeV]

tt
m

0.6

0.8

1

1.2

1.4

D
a
ta

T
h
e
o
ry  Syst⊕Stat 

Stat

CMS  (13 TeV)-135.9 fb

Dilepton, parton level

Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Coulomb corrections for 
invariant mass distribution
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ŝ ! 2mt

<latexit sha1_base64="spWjEPUCU2cxlcGnmt6tEf5GMSk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdBl0Y3LCvYBTQiT6bQdOpPEmRuhhGz8FTcuFHHrZ7jzb5y2WWjrgYHDOfdy55wwEVyD43xbpZXVtfWN8mZla3tnd8/eP2jrOFWUtWgsYtUNiWaCR6wFHATrJooRGQrWCcc3U7/zyJTmcXQPk4T5kgwjPuCUgJEC+8jTDwoyb0Qg03mOPYhxXQYQ2FWn5syAl4lbkCoq0AzsL68f01SyCKggWvdcJwE/Iwo4FSyveKlmCaFjMmQ9QyMimfazWYAcnxqljwexMi8CPFN/b2REaj2RoZmUBEZ60ZuK/3m9FAZXfsajJAUW0fmhQSqwSTltA/e5YhTExBBCFTd/xXREFKFgOquYEtzFyMukXa+557X63UW1cV3UUUbH6ASdIRddoga6RU3UQhTl6Bm9ojfryXqx3q2P+WjJKnYO0R9Ynz8CRJao</latexit>

Mtt̄ ! 2mt
<latexit sha1_base64="MwEg+8x2ME574B/L227IefrRluI=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkCnosevEiVLAf0ISw2W7bpZtN2J0IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YCK7Bcb6t0srq2vpGebOytb2zu2fvH7R1nCrKWjQWseqGRDPBJWsBB8G6iWIkCgXrhOObqd95ZErzWD7AJGF+RIaSDzglYKTAProLMvBCojLIc+xBjOtRAIFddWrODHiZuAWpogLNwP7y+jFNIyaBCqJ1z3US8DOigFPB8oqXapYQOiZD1jNUkohpP5udn+NTo/TxIFamJOCZ+nsiI5HWkyg0nRGBkV70puJ/Xi+FwZWfcZmkwCSdLxqkApsvp1ngPleMgpgYQqji5lZMR0QRCiaxignBXXx5mbTrNfe8Vr+/qDauizjK6BidoDPkokvUQLeoiVqIogw9o1f0Zj1ZL9a79TFvLVnFzCH6A+vzBwoolYc=</latexit>

is not the same as

More complicated interplay among 
collinear, soft and Coulomb gluons

Ju, Wang, Xu, LLY: in progress

The top quark pair can be recoiled by extra emissions
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binding energy of 
top quark pair

E ⇠
<latexit sha1_base64="eSt9GZH2bgKA8X3wDJMTUoCwnY4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DEogscI5gHJEmYns8mYeSwzs0JY8g9ePCji1f/x5t84SfagiQUNRVU33V1Rwpmxvv/trayurW9sFraK2zu7e/ulg8OmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOat6hrmOiVyn7FnwEtkyAnZchR75W+un1FUkGlJRwb0wn8xIYZ1pYRTifFbmpogskID2jHUYkFNWE2u3aCTp3SR7HSrqRFM/X3RIaFMWMRuU6B7dAselPxP6+T2vgqzJhMUkslmS+KU46sQtPXUZ9pSiwfO4KJZu5WRIZYY2JdQEUXQrD48jJpVivBeaV6f1GuXedxFOAYTuAMAriEGtxBHRpA4BGe4RXePOW9eO/ex7x1xctnjuAPvM8fBc+OxA==</latexit>

The resummation framework 
depends on the power-counting 

of extra emissions!

Eg ⇠ E
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mtE
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soft hard
Same as
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ŝ ! 2mt
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A warm-up: tTH production
 15

Probing the Yukawa coupling of the 
top quark (origin of large mass)

Just observed at the LHC
CMS collaboration: 1804.02610 
ATLAS collaboration: 1806.00425

Also sensitive to possible CP violation in top quark sector

See talk by Prof. Qing-Hong Cao
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Figure 5. Di↵erential distributions with µf,0 = M/2 at NLO+NNLL (blue band) compared

to the NLO calculation (red band). The uncertainty bands are generated through scale

variations of µf , µs and µh as explained in the text.

NLO+NLL, NLO+NNLL and nNLO predictions discussed below through the matching

procedure.

The comparison between the NLO and the NLO+NNLL calculations of the di↵er-

ential distributions can be found in Figure 5. We see that the NLO+NNLL uncertainty

band is included in the NLO scale uncertainty band in almost all bins of the distri-

butions considered here. The exception is the bins in the far tail of the M and Mtt̄

distributions, where the NLO+NNLL band is not completely included in the NLO one,

– 16 –

Broggio, Ferroglia, Pecjak, LLY: 1611.00049 
Kulesza, Motyka, Stebel, Theeuwes: 1704.03363

State-of-the-art QCD calculation

Soft gluon resummation for
p
ŝ ! Mtt̄H
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Total cross section at threshold
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p
ŝ ! 2mt +mH
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Threshold limit for total cross section

� =

r
1� (2mt +mH)2

s
! 0
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Typical 3-velocity of 
final-state particles

Ju, LLY: 1904.08744 
See also Kulesza et al.: 1509.02780
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Figure 6. A sample Feynman diagram contributing to σ̂1a
ij . The black dots represent vertices from

L0
SCET and L0

pNRQCD. The black squares denote insertions of HLP. The circle with a cross stands
for an insertion of L1a

pNRQCD.

where EJ is defined in Eq. (3.16),

Et =
|p⃗t|2

2mt
, Et̄ =

|p⃗t̄|2

2mt
, (3.32)

and

M =
1

−|⃗k − p⃗t|2
1

k0 − p0g − |⃗k|2/(2mt)

1

Et + Et̄ + p0g − k0 − |⃗k − p⃗t − p⃗t̄|2/(2mt)

×

(

∂

∂k⃗

1

k0 − |⃗k|2/(2mt)

)

·
(v ·n) p⃗g − (v · pg) n⃗

n · pg
. (3.33)

Note that we have suppressed the imaginary part +iε in the propagators. We now observe

that the last factor in the above expression does not depend on k⃗, p⃗t, p⃗t̄ and p⃗h, while the

other factors do not depend on n⃗. Together with the fact that v⃗ = 0⃗, we can conclude that

after integrating over k, p⃗t, p⃗t̄ and p⃗g, the function A(p⃗h) must be proportional to n⃗ · p⃗h
(multiplied by a function of |p⃗h|2 and other scalar quantities). As a result, after performing

the integration over p⃗h as in Eq. (3.30), the contribution of this diagram to the partonic

total cross section must vanish.

The argument above can be generalized to all contributions from a single insertion of

L1a
pNRQCD in a more formal way. The cross section induced by L1a

pNRQCD can be written as

σ̂1aij =
1

2ŝ

∫

dΦt dΦt̄ dΦh

∑

X

(2π)4δ(4)(p1 + p2 − pt − pt̄ − ph − pX)

×
∑

pol

∑

color

∫

d4z ⟨ij|H†
LP(0)|tt̄hX⟩ ⟨tt̄hX|T

[

iL1a
pNRQCD(z)HLP(0)

]

|ij⟩+ h.c. , (3.34)

where T denotes time-ordered product. We can perform the usual decoupling transforms

(3.14) to remove the leading power interaction between ultrasoft and potential modes. The

remaining interaction is of the x⃗ · E⃗us form from L1a
pNRQCD. As a result, we can write the

cross section as

σ̂1aij =
1

2ŝ

∫

dΦhdωHij(µ)

∫
d4k

(2π)4
J1a

(

EJ −
ω

2
, p⃗J , k

)∫

d4z e−ik · z iz⃗ · S⃗1a
ij (ω, z

0, µ) + h.c.

– 14 –

Non-trivial cancellation 
of ultrasoft interactions at 

next-to-leading power

Ju, LLY: 1904.08744
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Figure 8. The scale dependence of the total cross section at 13 TeV LHC. The left plot shows
the dependence of the NLL′+NLO result on the scales µh, µs and µJ entering the resummation
formula. The right plot shows the dependence of the LO, NLO and NLL′+NLO results on the
factorization scale µf .

13 TeV LHC (pb) 14 TeV LHC (pb)

NLO 0.493+5.8%
−9.2% 0.597+6.1%

−9.2%

NLL′+NLO 0.521+1.9%
−2.6% 0.630+2.3%

−2.6%

K-factor 1.06 1.06

Table 1. Results for the total cross section at NLO and NLL′+NLO accuracies. The uncertainties
reflect scale variations only.

4.3 Results and discussions

In this subsection, we present the numeric results for the total cross section at 13 TeV and

14 TeV LHC. For readers’ convenience, we list here again the parameters we use: mt =

173.5 GeV, mh = 125.09 GeV and v = 246.22 GeV. We have employed the MMHT2014

(N)LO PDFs [39] with the corresponding αs(mZ).

We begin with the scale dependence of the total cross section at 13 TeV LHC. The

result at 14 TeV LHC is similar and we do not show it here. The LO and NLO cross

sections depend on the factorization scale µf , where the strong coupling αs and the PDFs

are evaluated. The matched NLL′+NLO cross section depends in addition the hard scale

µh, the soft scale µs and the potential scale µJ . In the left plot of Fig. 8, we show

the dependence of the NLL′+NLO cross section on µh, µs and µJ . We observe that the

dependence is rather mild. This can actually be expected since these scales only affects

the region β < βcut, which does not make dominant contributions. In the right plot of

Fig. 8, we show the dependence of the LO, NLO and NLL′+NLO cross sections on the

factorization scale µf . It can be seen that the µf dependence is significantly reduced when

going to higher orders in perturbation theory. At NLL′+NLO, the residue µf dependence is

merely about 2%. To estimate the theoretical uncertainties of the NLL′+NLO predictions,

we vary the 4 scales up and down by a factor of 2, and add the resulting variations of the

cross sections in quadrature.

The predictions for the total cross sections are summarized in Table 1. The K-factor

– 21 –

6% effect
Big reduction of scale dependence
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Figure 31. The differential tt production cross sections at the parton level in the full phase space
as a function of mtt are shown for the data (filled circles), the theoretical predictions with beyond-
NLO precision (other points) and the prediction from powheg+pythia (solid line). The vertical
lines on the filled circles and other points indicate the total uncertainty in the data and theoretical
predictions, respectively. The left and right plots correspond to absolute and normalised measure-
ments, respectively. The lower panel in each plot shows the ratios of the theoretical predictions to
the data. The dark and light bands show the relative statistical and total uncertainties in the data,
respectively.
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Top quarks in loops (for Higgs)
 20

Virtual top quarks are everywhere in Higgs physics 
(due to the large Yukawa coupling)

Higgs Physics: Theory

2. The SM Higgs boson at hadron colliders

We summarize here the rates for the main Higgs production mechanisms at hadron col-
liders, including the higher order radiative corrections and the associated theoretical un-
certainties, as well as the decay and detection channels, focusing on the SM Higgs case.

2.1 The SM Higgs production cross sections

There are essentially four mechanisms for the single production of the SM Higgs boson
at hadron colliders; some Feynman diagrams are shown in Fig. 1.

Figure 1. Feynman diagrams for the leading production mechanisms of the SM Higgs
boson at hadron colliders.

The total production cross sections, borrowed from Refs [19, 20] and obtained using
adapted versions of the programs of Ref. [21], are displayed in Fig. 2 for the Tevatron with√
s = 1.96 TeV and the LHC with

√
s = 7 TeV as a function of the Higgs mass; the top

quark mass is set to mt = 173.1 GeV [6] and the MSTW [22] parton distributions func-
tions (PDFs) have been adopted. The most important higher order QCD and electroweak
corrections, summarized below for each production channel, have been implemented .
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Figure 2. The production cross sections for the SM Higgs boson at the Tevatron and
early LHC as a function ofMH in the main channels. From Refs. [19, 20].

The gluon–gluon fusion process gg → H is by far the dominant production channel for
SM–like Higgs particles at hadron colliders. The process, which proceeds through trian-
gular heavy quark loops, has been proposed in the late 1970s in Ref. [23] where the ggH
vertex and the production cross section have been derived. In the SM, it is dominantly
mediated by the top quark loop contribution, while the bottom quark contribution does not
exceed the 10% level at leading order. This process is known to be subject to extremely
large QCD radiative corrections that can be described by an associated K–factor defined
as the ratio of the higher order (HO) to the lowest order (LO) cross sections, consistently
evaluated with the value of the strong coupling αs and the parton distribution functions
taken at the considered perturbative order.
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FIG. 1: Sample Feynman graphs contributing to pp → hh+X. Graphs of type (a) yield vanishing contributions due to color
conservation.

cal configuration†, which is characterized by a large di-
higgs invariant mass, but with a potentially smaller Higgs
s-channel suppression than encountered in the back-to-
back configuration of gg → hh.
The goal of this paper is to provide a comparative

study of the prospects of the measurement of the trilinear
Higgs coupling applying contemporary simulation and
analysis techniques. In the light of recent LHC measure-
ments, we focus our eventual analyses on mh = 125 GeV.
However, we also put this particular mass into the con-
text of a complete discussion of the sensitivity towards
the trilinear Higgs coupling over the entire Higgs mass
range mh

<∼ 1 TeV. As we will see, mh ≃ 125 GeV is a
rather special case. Since Higgs self-coupling measure-
ments involve end-of-lifetime luminosities we base our
analyses on a center-of-mass energy of 14 TeV.
We begin with a discussion of some general aspects

of double Higgs production, before we review inclusive
searches for mh = 125 GeV in the pp → hh+X channel
in Sec. II C. We discuss boosted Higgs final states in pp →
hh+X in Sec. II D before we discuss pp → hh+j+X with
the Higgses recoiling against a hard jet in Sec. III. Doing
so we investigate the potential sensitivity at the parton-
and signal-level to define an analysis strategy before we
apply it to the fully showered and hadronized final state.
We give our conclusions in Sec. IV.

II. HIGGS PAIR PRODUCTION AT THE LHC

A. General Remarks

Inclusive Higgs pair production has already been stud-
ied in Refs. [14–17] so we limit ourselves to the details
that are relevant for our analysis.
Higgs pairs are produced at hadron colliders such as

the LHC via a range of partonic subprocesses, the most
dominant of which are depicted in Fig. 1. An approxima-
tion which is often employed in phenomenological studies
is the heavy top quark limit, which gives rise to effective

†The phenomenology of such configurations can also be treated sep-
arately from radiative correction contributions to pp → hh+X.

ggh and gghh interactions [20]

Leff =
1

4

αs

3π
Ga

µνG
aµν log(1 + h/v) , (2)

which upon expansion leads to

L ⊃ +
1

4

αs

3πv
Ga

µνG
aµνh−

1

4

αs

6πv2
Ga

µνG
aµνh2 . (3)

Studying these operators in the hh+X final state should
in principle allow the Higgs self-coupling to be con-
strained via the relative contribution of trilinear and
quartic interactions to the integrated cross section. Note
that the operators in Eq. (3) have different signs which
indicates important interference between the (nested)
three- and four point contributions to pp → hh + X al-
ready at the effective theory level.
On the other hand, it is known that the effective theory

of Eq. (3) insufficiently reproduces all kinematical prop-
erties of the full theory if the interactions are probed
at momentum transfers Q2 >∼ m2

t [11] and the massive
quark loops are resolved. Since our analysis partly re-
lies on boosted final states, we need to take into account
the full one-loop contribution to dihiggs production to
realistically model the phenomenology.

B. Parton-level considerations

In order to properly take into account the full dynam-
ics of Higgs pair production in the SM we have imple-
mented the matrix element that follows from Fig. 1 in
the Vbfnlo framework [21] with the help of the Fey-

nArts/FormCalc/LoopTools packages [22], with
modifications such to include a non-SM trilinear Higgs
coupling‡. Our setup allows us to obtain event files ac-
cording to the Les Houches standard [23], which can be
straightforwardly interfaced to parton showers. Decay
correlations are trivially incorporated due to the spin-0
nature of the SM Higgs boson.

‡The signal Monte Carlo code underlying this study is planned to
become part of the next update of Vbfnlo and is available upon
request until then.
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Virtual top quarks are everywhere in Higgs physics 
(due to the large Yukawa coupling)

Higgs Physics: Theory

2. The SM Higgs boson at hadron colliders

We summarize here the rates for the main Higgs production mechanisms at hadron col-
liders, including the higher order radiative corrections and the associated theoretical un-
certainties, as well as the decay and detection channels, focusing on the SM Higgs case.

2.1 The SM Higgs production cross sections

There are essentially four mechanisms for the single production of the SM Higgs boson
at hadron colliders; some Feynman diagrams are shown in Fig. 1.

Figure 1. Feynman diagrams for the leading production mechanisms of the SM Higgs
boson at hadron colliders.

The total production cross sections, borrowed from Refs [19, 20] and obtained using
adapted versions of the programs of Ref. [21], are displayed in Fig. 2 for the Tevatron with√
s = 1.96 TeV and the LHC with

√
s = 7 TeV as a function of the Higgs mass; the top

quark mass is set to mt = 173.1 GeV [6] and the MSTW [22] parton distributions func-
tions (PDFs) have been adopted. The most important higher order QCD and electroweak
corrections, summarized below for each production channel, have been implemented .
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Figure 2. The production cross sections for the SM Higgs boson at the Tevatron and
early LHC as a function ofMH in the main channels. From Refs. [19, 20].

The gluon–gluon fusion process gg → H is by far the dominant production channel for
SM–like Higgs particles at hadron colliders. The process, which proceeds through trian-
gular heavy quark loops, has been proposed in the late 1970s in Ref. [23] where the ggH
vertex and the production cross section have been derived. In the SM, it is dominantly
mediated by the top quark loop contribution, while the bottom quark contribution does not
exceed the 10% level at leading order. This process is known to be subject to extremely
large QCD radiative corrections that can be described by an associated K–factor defined
as the ratio of the higher order (HO) to the lowest order (LO) cross sections, consistently
evaluated with the value of the strong coupling αs and the parton distribution functions
taken at the considered perturbative order.
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FIG. 1: Sample Feynman graphs contributing to pp → hh+X. Graphs of type (a) yield vanishing contributions due to color
conservation.

cal configuration†, which is characterized by a large di-
higgs invariant mass, but with a potentially smaller Higgs
s-channel suppression than encountered in the back-to-
back configuration of gg → hh.
The goal of this paper is to provide a comparative

study of the prospects of the measurement of the trilinear
Higgs coupling applying contemporary simulation and
analysis techniques. In the light of recent LHC measure-
ments, we focus our eventual analyses on mh = 125 GeV.
However, we also put this particular mass into the con-
text of a complete discussion of the sensitivity towards
the trilinear Higgs coupling over the entire Higgs mass
range mh

<∼ 1 TeV. As we will see, mh ≃ 125 GeV is a
rather special case. Since Higgs self-coupling measure-
ments involve end-of-lifetime luminosities we base our
analyses on a center-of-mass energy of 14 TeV.
We begin with a discussion of some general aspects

of double Higgs production, before we review inclusive
searches for mh = 125 GeV in the pp → hh+X channel
in Sec. II C. We discuss boosted Higgs final states in pp →
hh+X in Sec. II D before we discuss pp → hh+j+X with
the Higgses recoiling against a hard jet in Sec. III. Doing
so we investigate the potential sensitivity at the parton-
and signal-level to define an analysis strategy before we
apply it to the fully showered and hadronized final state.
We give our conclusions in Sec. IV.

II. HIGGS PAIR PRODUCTION AT THE LHC

A. General Remarks

Inclusive Higgs pair production has already been stud-
ied in Refs. [14–17] so we limit ourselves to the details
that are relevant for our analysis.
Higgs pairs are produced at hadron colliders such as

the LHC via a range of partonic subprocesses, the most
dominant of which are depicted in Fig. 1. An approxima-
tion which is often employed in phenomenological studies
is the heavy top quark limit, which gives rise to effective

†The phenomenology of such configurations can also be treated sep-
arately from radiative correction contributions to pp → hh+X.

ggh and gghh interactions [20]

Leff =
1

4

αs

3π
Ga

µνG
aµν log(1 + h/v) , (2)

which upon expansion leads to

L ⊃ +
1

4

αs

3πv
Ga

µνG
aµνh−

1

4

αs

6πv2
Ga

µνG
aµνh2 . (3)

Studying these operators in the hh+X final state should
in principle allow the Higgs self-coupling to be con-
strained via the relative contribution of trilinear and
quartic interactions to the integrated cross section. Note
that the operators in Eq. (3) have different signs which
indicates important interference between the (nested)
three- and four point contributions to pp → hh + X al-
ready at the effective theory level.
On the other hand, it is known that the effective theory

of Eq. (3) insufficiently reproduces all kinematical prop-
erties of the full theory if the interactions are probed
at momentum transfers Q2 >∼ m2

t [11] and the massive
quark loops are resolved. Since our analysis partly re-
lies on boosted final states, we need to take into account
the full one-loop contribution to dihiggs production to
realistically model the phenomenology.

B. Parton-level considerations

In order to properly take into account the full dynam-
ics of Higgs pair production in the SM we have imple-
mented the matrix element that follows from Fig. 1 in
the Vbfnlo framework [21] with the help of the Fey-

nArts/FormCalc/LoopTools packages [22], with
modifications such to include a non-SM trilinear Higgs
coupling‡. Our setup allows us to obtain event files ac-
cording to the Les Houches standard [23], which can be
straightforwardly interfaced to parton showers. Decay
correlations are trivially incorporated due to the spin-0
nature of the SM Higgs boson.

‡The signal Monte Carlo code underlying this study is planned to
become part of the next update of Vbfnlo and is available upon
request until then.
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Two-loop integrals with 4 scales

Purely numeric evaluation (sector decomposition) 
highly resource-demanding!

Gong, Li, Xu, LLY, Zhao: 1609.03955 
Sun, Feng, Jia, Sang: 1609.03995 
See also talk by Prof. Yu Jia

γ∗/Z∗ γ∗/Z∗

NNLO mixed QCD-EW corrections
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these future facilities. We also see that the 1/mt expan-
sion approximates the exact results remarkably well for
these 3 energies. The digits in the parentheses reflect the
variations of the cross sections with respect to the renor-
malization scale µ by a factor of 2 around the default scale
µ0 =

√
s/2. We observe that the variations of the NLO

cross sections are too small to cover the higher order cor-
rections, which is common for electroweak observables.
The mixed QCD-EW corrections introduce dependence
on strong interactions for the first time in the perturba-
tive series. As a result, the NNLO cross sections exhibit
larger scale variations than the NLO ones. Comparing
Table I and II, one can see that the results in the two
schemes are quite close to each other. For the NNLO re-
sults, the difference between the two schemes are similar
in size to the effect of scale variation in the MS scheme.
We use these to give a rough estimate that the size of
even higher order corrections amounts to about 0.2%.
Once we go for higher energies above the tt̄ thresh-

old, the 1/mt expansion is expected to break down. In
this case one has to rely on the numerical methods.
Nevertheless, we observe from Table I and II that for√
s = 350 GeV, the 1/mt expansion still does a reason-

able job to describe the O(ααs) correction. We also see
that, due to the threshold enhancement, the NNLO cor-
rection can reach 1.5% of the NLO cross section. The
energy

√
s = 350 GeV is just slightly above the tt̄ thresh-

old2, and is a design energy of the ILC and the FCC-ee
to study the properties of the top quark, which makes it
particularly interesting. Our result provides the essen-
tial theoretical input to continue investigating the Higgs
boson at this collider energy.
Going further up to higher energies, the main task

of the colliders becomes producing new particles below
the TeV scale rather than precisely measuring standard
model processes, and the ZH cross section is not as im-
portant as in previous cases. Nevertheless, we give the
results for

√
s = 500 GeV in Table I and II for demonstra-

tion purposes. It is clear that the asymptotic expansion
completely fails here: the 1/mt expansion up to order
m−4

t overestimates the size of the NNLO correction by a
factor of 2.
To further assess the behavior of the 1/mt expansion,

we show in Table III the fractions of different orders of the
expansion in the full O(ααs) corrections at the default
scale µ =

√
s/2 in the MS scheme. Results in the α(mZ)

scheme are similar and we do not show them here. Again
we show the results for 5 different center-of-mass energies.

2 This fact also makes the numerical evaluation of the master in-
tegrals for

√

s = 350 GeV rather difficult. For this reason, many
optimizations over the original version of the program reported
in [27] are implemented to further improve the efficiency. We are
not able to cross-check this result using the current public ver-
sion of SecDec (3.0.9) with the computation resource attainable
to us.

√
s (GeV) O(m2

t ) O(m0
t ) O(m−2

t ) O(m−4
t )

240 81.8% 16.2% 1.4% 0.4%

250 81.7% 16.1% 1.5% 0.5%

300 80.0% 15.2% 2.1% 1.1%

350 69.7% 12.6% 2.7% 2.1%

500 137% 18.6% 17.3% 31.1%

TABLE III. Convergence of the 1/m2
t expansion for the mixed

QCD-EW corrections in the MS scheme with µ =
√
s/2.

The most important one is
√
s = 240 GeV, which exhibits

the largest production cross section and also very high lu-
minosity can be achieved experimentally, and therefore is
the design energy of Higgs factories. At this energy, we
see that the leading O(m2

t ) term accounts for about 82%
of the total corrections, while the subleading O(m0

t ) term
accounts for another 16%. The even higher power contri-
butions are negligible here. These demonstrate the good
convergence of the 1/mt expansion and the usefulness
of our approximate analytical formula, which evaluates
much faster than the sector decomposition method. It
provides an efficient and reliable way to perform high
precision physics analyses for Higgs factories.
As we increase the center-of-mass energy, it can be

seen that the size of the power corrections starts to grow
gradually. The 1/mt expansion still provides very good
approximations to the full results as long as the energies
are below or even slightly above the tt̄ threshold. For√
s = 500 GeV which is far beyond the threshold, the

power series tends to diverge as expected.

SUMMARY AND OUTLOOK

In this Letter, we calculated the mixed QCD-
electroweak corrections to the associated production of
a Higgs boson and a Z boson at future electron-positron
colliders. We found that the O(ααs) corrections increase
the cross sections by about 1.3%, which is significantly
larger than the expected experimental accuracies of the
Higgs factories. Our results should be used when ex-
tracting the properties of the Higgs boson, in particular
the HZZ coupling, from future precision measurements
of the ZH production cross section. While we only pre-
sented our predictions for the total cross sections in this
Letter, it is rather straightforward to use our formula
to study the kinematic distributions as well as polarized
scatterings with high precisions.
We have shown that for center-of-mass energies be-

low the tt̄ threshold, the approximate analytic formula
obtained in the 1/mt expansion agrees remarkably well
with the exact numeric results. This is especially im-
portant for the design energy of the Higgs factories√
s ∼ 240 GeV, as it provides a fast and reliable method

Good convergence for optimal energies of Higgs factories!

m2
t c2
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even higher order corrections amounts to about 0.2%.
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s = 350 GeV, the 1/mt expansion still does a reason-
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rection can reach 1.5% of the NLO cross section. The
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to study the properties of the top quark, which makes it
particularly interesting. Our result provides the essen-
tial theoretical input to continue investigating the Higgs
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Going further up to higher energies, the main task
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the TeV scale rather than precisely measuring standard
model processes, and the ZH cross section is not as im-
portant as in previous cases. Nevertheless, we give the
results for
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s = 500 GeV in Table I and II for demonstra-

tion purposes. It is clear that the asymptotic expansion
completely fails here: the 1/mt expansion up to order
m−4

t overestimates the size of the NNLO correction by a
factor of 2.
To further assess the behavior of the 1/mt expansion,

we show in Table III the fractions of different orders of the
expansion in the full O(ααs) corrections at the default
scale µ =

√
s/2 in the MS scheme. Results in the α(mZ)

scheme are similar and we do not show them here. Again
we show the results for 5 different center-of-mass energies.

2 This fact also makes the numerical evaluation of the master in-
tegrals for
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s = 350 GeV rather difficult. For this reason, many
optimizations over the original version of the program reported
in [27] are implemented to further improve the efficiency. We are
not able to cross-check this result using the current public ver-
sion of SecDec (3.0.9) with the computation resource attainable
to us.
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QCD-EW corrections in the MS scheme with µ =
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s = 240 GeV, which exhibits

the largest production cross section and also very high lu-
minosity can be achieved experimentally, and therefore is
the design energy of Higgs factories. At this energy, we
see that the leading O(m2

t ) term accounts for about 82%
of the total corrections, while the subleading O(m0

t ) term
accounts for another 16%. The even higher power contri-
butions are negligible here. These demonstrate the good
convergence of the 1/mt expansion and the usefulness
of our approximate analytical formula, which evaluates
much faster than the sector decomposition method. It
provides an efficient and reliable way to perform high
precision physics analyses for Higgs factories.
As we increase the center-of-mass energy, it can be

seen that the size of the power corrections starts to grow
gradually. The 1/mt expansion still provides very good
approximations to the full results as long as the energies
are below or even slightly above the tt̄ threshold. For√
s = 500 GeV which is far beyond the threshold, the

power series tends to diverge as expected.

SUMMARY AND OUTLOOK

In this Letter, we calculated the mixed QCD-
electroweak corrections to the associated production of
a Higgs boson and a Z boson at future electron-positron
colliders. We found that the O(ααs) corrections increase
the cross sections by about 1.3%, which is significantly
larger than the expected experimental accuracies of the
Higgs factories. Our results should be used when ex-
tracting the properties of the Higgs boson, in particular
the HZZ coupling, from future precision measurements
of the ZH production cross section. While we only pre-
sented our predictions for the total cross sections in this
Letter, it is rather straightforward to use our formula
to study the kinematic distributions as well as polarized
scatterings with high precisions.
We have shown that for center-of-mass energies be-

low the tt̄ threshold, the approximate analytic formula
obtained in the 1/mt expansion agrees remarkably well
with the exact numeric results. This is especially im-
portant for the design energy of the Higgs factories√
s ∼ 240 GeV, as it provides a fast and reliable method
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first scheme involves renormalizing α in the MS scheme
for all contributions except the top quark loop, which
is subtracted on-shell. In this scheme the fine struc-
ture constant becomes scale-dependent and we denote
it by α̂(µ). An alternative scheme is to subtract the
low-energy contributions due to light fermions from the
on-shell renormalized α(0), and define an effective cou-
pling α(mZ) = α(0)/

(

1 − ∆α(mZ)
)

. For a review of
these schemes and the recent evaluations of the hadronic
contributions to ∆α(mZ), see [29].
As mentioned before, the benefit of performing the ex-

pansion in 1/mt is that we obtain an approximate ana-
lytical formula for the cross section, which allows much
faster numerical evaluations compared to the sector de-
composition method. For our numerical results in the
next section we have used the expansion up to orderm−4

t .
Due to the limited space, we give below the analytic re-
sults up to order m0

t , which will prove to be a sufficiently
accurate approximation for

√
s ∼ 250 GeV. We begin

with the simpler ones:

Tααs

4,γ =
α

4π

αs

4π
CF

8QEZvt
m2

Z

+O(m−2
t ) , (7)

Tααs

5,γ =
α

4π

αs

4π
CF

[

8QEZvt
m2

Z

(8)

−
(

21− 44s2w
)

Q2

3swcw(Q2 −m2
Z)

(

ln
Q2

m2
Z

+ iπ

)

]

+O(m−2
t ) ,

Tααs

4,Z =
α

4π

αs

4π
CF

QEZ

m2
Z

(

−12v2t +
4

3
a2t

)

+O(m−2
t ) ,

(9)

where vt = (1/4− 2s2w/3)/(swcw) and at = −1/(4swcw)
come from the vector and axial-vector couplings of the
top quark with the Z boson. Note that all the above 3
coefficients vanish at the leading order. The most com-
plicated coefficient is T5,Z, which equals 1 at tree-level.
It is given by

Tααs

5,Z =
α

4π

αs

4π
CF

{

m2
t

m2
Z

a2t
(

30− 12π2 − 264Lt − 144L2
t

)

+

(

45− 84s2w + 88s4w
)

6s2wc2w(Q2 −m2
Z)

[

m2
Z +Q2

(

ln
Q2

m2
Z

+ iπ − 1

)

]

− 12(v2t + a2t )
QEZ

m2
Z

−
4

3
a2t

m2
H

m2
Z

}

+O(m−2
t ) (10)

+

[

δZe + δZZZ +
1

2
δZH +

δm2
Z

2m2
Z

+
δc2w(c

2
w − s2w)

2s2wc2w

]ααs

finite

,

where Lt = ln(µ2/m2
t ), and the subscript “finite” refers

to the finite part of the various renormalization con-
stants.
The renormalization constants appearing in Eqs. (6)

and (10) are calculated exactly with the help of differen-

√
s (GeV) σLO (fb) σNLO (fb) σNNLO (fb) σexp.

NNLO (fb)

240 256.3(9) 228.0(1) 230.9(4) 230.9(4)

250 256.3(9) 227.3(1) 230.2(4) 230.2(4)

300 193.4(7) 170.2(1) 172.4(3) 172.4(3)

350 138.2(5) 122.1(1) 123.9(2) 123.6(2)

500 61.38(22) 53.86(2) 54.24(7) 54.64(10)

TABLE I. Total cross sections at various collider energies in
the MS scheme.

√
s (GeV) σLO (fb) σNLO (fb) σNNLO (fb) σexp.

NNLO (fb)

240 252.0 228.6 231.5 231.5

250 252.0 227.9 230.8 230.8

300 190.0 170.7 172.9 172.9

350 135.6 122.5 124.2 124.0

500 60.12 54.03 54.42 54.81

TABLE II. Total cross sections at various collider energies in
the α(mZ) scheme.

tial equations. We have checked that our results agree
with those in [30, 31].1

RESULTS

In this section we present the numerical predictions
from our calculations. We choose the input parame-
ters as mt = 173.3 GeV, mH = 125.1 GeV, mZ =
91.1876 GeV, mW = 80.385 GeV, α̂(mZ) = 1/127.94,
α(mZ) = 1/128.933 and αs(mZ) = 0.118 [29]. The de-
fault renormalization scale is chosen as µ0 =

√
s/2. The

renormalization group evolutions of the coupling con-
stants are performed at 4 loops for α̂ [32] and 2 loops
for αs. We calculate the NLO weak corrections using
FeynArts [33] and FormCalc [34].
In Table I we show the NNLO predictions along with

the LO and the NLO cross sections in the MS scheme
for center-of-mass energies

√
s = 240 GeV, 250 GeV,

300 GeV, 350 GeV and 500 GeV. The results from the
1/mt expansion up to order m−4

t are also shown in the
5th column in the table. In Table II, we show the same
information, but in the α(mZ) scheme. We find that the
O(ααs) corrections increase the NLO cross section by
about 1.3% for all 3 collider energies below the tt̄ thresh-
old of about 346 GeV. This effect is significantly larger
than the expected experimental accuracies of Higgs fac-
tories. Our results are therefore crucial for extracting
theoretical parameters from precision measurements at

1 There is a typo in [30] relevant for the W± boson self-energies,
which was corrected in [35].
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Figure 2: Pre-canonical master integrals. The thick lines represent massive propagators (top
quarks) and the internal thin lines denote massless propagators (gluons). The labels x, y and
z on the external lines represent the corresponding squared momenta, which are s, m2

Z
and

m
2
H
, flowing through those legs. The last pre-cannonical master integral which has a square on

its top-right means that it’s just a one-loop triangle master integral square (two independent
internal momentum).
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Solve 41 master integrals using differential equations 
and symbol techniques

Given the disadvantage of the purely numeric method and the limited applicability of various approximations, the
goal of this Letter is to provide an exact analytic solution to the master integrals appearing in the O(↵↵s) corrections
to the HZZ vertex. The analytic expressions are valid for arbitrary values of the internal mass and the external
momenta. This will allow fast numeric evaluations at any phase-space point, and will also serve as a prototype for
analyzing the structure of loop integrals with many scales.

II. MASTER INTEGRALS AND DIFFERENTIAL EQUATIONS

To obtain the analytic solution for the master integrals, we employ the method of di↵erential equations []. We
define the dimensionless variables
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FIG. 1: Sample Feynman graphs contributing to pp → hh+X. Graphs of type (a) yield vanishing contributions due to color
conservation.

cal configuration†, which is characterized by a large di-
higgs invariant mass, but with a potentially smaller Higgs
s-channel suppression than encountered in the back-to-
back configuration of gg → hh.
The goal of this paper is to provide a comparative

study of the prospects of the measurement of the trilinear
Higgs coupling applying contemporary simulation and
analysis techniques. In the light of recent LHC measure-
ments, we focus our eventual analyses on mh = 125 GeV.
However, we also put this particular mass into the con-
text of a complete discussion of the sensitivity towards
the trilinear Higgs coupling over the entire Higgs mass
range mh

<∼ 1 TeV. As we will see, mh ≃ 125 GeV is a
rather special case. Since Higgs self-coupling measure-
ments involve end-of-lifetime luminosities we base our
analyses on a center-of-mass energy of 14 TeV.
We begin with a discussion of some general aspects

of double Higgs production, before we review inclusive
searches for mh = 125 GeV in the pp → hh+X channel
in Sec. II C. We discuss boosted Higgs final states in pp →
hh+X in Sec. II D before we discuss pp → hh+j+X with
the Higgses recoiling against a hard jet in Sec. III. Doing
so we investigate the potential sensitivity at the parton-
and signal-level to define an analysis strategy before we
apply it to the fully showered and hadronized final state.
We give our conclusions in Sec. IV.

II. HIGGS PAIR PRODUCTION AT THE LHC

A. General Remarks

Inclusive Higgs pair production has already been stud-
ied in Refs. [14–17] so we limit ourselves to the details
that are relevant for our analysis.
Higgs pairs are produced at hadron colliders such as

the LHC via a range of partonic subprocesses, the most
dominant of which are depicted in Fig. 1. An approxima-
tion which is often employed in phenomenological studies
is the heavy top quark limit, which gives rise to effective

†The phenomenology of such configurations can also be treated sep-
arately from radiative correction contributions to pp → hh+X.

ggh and gghh interactions [20]

Leff =
1

4

αs

3π
Ga

µνG
aµν log(1 + h/v) , (2)

which upon expansion leads to

L ⊃ +
1

4

αs

3πv
Ga

µνG
aµνh−

1

4

αs

6πv2
Ga

µνG
aµνh2 . (3)

Studying these operators in the hh+X final state should
in principle allow the Higgs self-coupling to be con-
strained via the relative contribution of trilinear and
quartic interactions to the integrated cross section. Note
that the operators in Eq. (3) have different signs which
indicates important interference between the (nested)
three- and four point contributions to pp → hh + X al-
ready at the effective theory level.
On the other hand, it is known that the effective theory

of Eq. (3) insufficiently reproduces all kinematical prop-
erties of the full theory if the interactions are probed
at momentum transfers Q2 >∼ m2

t [11] and the massive
quark loops are resolved. Since our analysis partly re-
lies on boosted final states, we need to take into account
the full one-loop contribution to dihiggs production to
realistically model the phenomenology.

B. Parton-level considerations

In order to properly take into account the full dynam-
ics of Higgs pair production in the SM we have imple-
mented the matrix element that follows from Fig. 1 in
the Vbfnlo framework [21] with the help of the Fey-

nArts/FormCalc/LoopTools packages [22], with
modifications such to include a non-SM trilinear Higgs
coupling‡. Our setup allows us to obtain event files ac-
cording to the Les Houches standard [23], which can be
straightforwardly interfaced to parton showers. Decay
correlations are trivially incorporated due to the spin-0
nature of the SM Higgs boson.

‡The signal Monte Carlo code underlying this study is planned to
become part of the next update of Vbfnlo and is available upon
request until then.

Probe Higgs self-coupling
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that are relevant for our analysis.
Higgs pairs are produced at hadron colliders such as

the LHC via a range of partonic subprocesses, the most
dominant of which are depicted in Fig. 1. An approxima-
tion which is often employed in phenomenological studies
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Studying these operators in the hh+X final state should
in principle allow the Higgs self-coupling to be con-
strained via the relative contribution of trilinear and
quartic interactions to the integrated cross section. Note
that the operators in Eq. (3) have different signs which
indicates important interference between the (nested)
three- and four point contributions to pp → hh + X al-
ready at the effective theory level.
On the other hand, it is known that the effective theory

of Eq. (3) insufficiently reproduces all kinematical prop-
erties of the full theory if the interactions are probed
at momentum transfers Q2 >∼ m2

t [11] and the massive
quark loops are resolved. Since our analysis partly re-
lies on boosted final states, we need to take into account
the full one-loop contribution to dihiggs production to
realistically model the phenomenology.

B. Parton-level considerations

In order to properly take into account the full dynam-
ics of Higgs pair production in the SM we have imple-
mented the matrix element that follows from Fig. 1 in
the Vbfnlo framework [21] with the help of the Fey-

nArts/FormCalc/LoopTools packages [22], with
modifications such to include a non-SM trilinear Higgs
coupling‡. Our setup allows us to obtain event files ac-
cording to the Les Houches standard [23], which can be
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correlations are trivially incorporated due to the spin-0
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Figure 2: Examples of two-loop diagrams entering the virtual amplitude.

The amplitude generation leads to about 10000 integrals before any symmetries are

taken into account. After accounting for symmetries and after reduction (complete

reduction of the planar sectors and partial reduction of the non-planar ones), we end

up with 145 planar master integrals plus 70 non-planar integrals, and a further 112
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2
h, only a small subset is known analytically. Besides the diagrams

which are factorizing into two one-loop diagrams [56], the known integrals are the two-

loop diagrams with two light-like legs and one massive leg, which enter single Higgs

boson production, calculated e.g. in Refs. [75–79], and the triangles with one light-
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ready at the effective theory level.
On the other hand, it is known that the effective theory
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the full one-loop contribution to dihiggs production to
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In order to properly take into account the full dynam-
ics of Higgs pair production in the SM we have imple-
mented the matrix element that follows from Fig. 1 in
the Vbfnlo framework [21] with the help of the Fey-

nArts/FormCalc/LoopTools packages [22], with
modifications such to include a non-SM trilinear Higgs
coupling‡. Our setup allows us to obtain event files ac-
cording to the Les Houches standard [23], which can be
straightforwardly interfaced to parton showers. Decay
correlations are trivially incorporated due to the spin-0
nature of the SM Higgs boson.
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production, and show the comparison of our results in one of the topologies against the nu-
merical results from sector decomposition. We conclude and discuss future developments of
our method in Section 4. And finally in the Appendix, we list the basis of master integrals we
use in our calculation.

2 Expansion in terms of external Higgs masses

In this and the following sections, we will use Higgs boson pair production as the concrete
example to demonstrate our method, namely, we consider two-loop contributions to the process

g(p1) + g(p2) → H(p3) +H(p4) , (1)

where the kinematic invariants are

s = (p1 + p2)
2 , t = (p1 − p3)

2 , u = (p2 − p3)
2 , p21 = p22 = 0 , p23 = p24 = m2

h . (2)

They satisfy the usual relation s+ t+u = 2m2
h. As a result, the scattering amplitude depends

on 4 energy scales which can be chosen as s, t, mh and mt, where the top quark mass enters
through propagators.

The presence of multiple scales in the two-loop amplitude makes it rather difficult to cal-
culate. On one hand, it is highly non-trivial to reduce the amplitude into a set of master
integrals via the usual IBP method. On the other hand, many of the master integrals are
not expected to have a representation in terms of (generalized) polylogarithms or even elliptic
integrals. Given this situation, the various approximation methods mentioned in the intro-
duction exploit different kinematic limits to reduce the number of scales in the problem. This
simplifies both the reduction of the amplitude and the evaluation of the master integrals. For
example, the large mt expansion corresponds to the limit m2

t ≫ |s|, |t|, m2
h; the large energy

expansion corresponds to |s|, |t| ≫ m2
t ≫ m2

h; and the small pT expansion corresponds to
|s|, m2

t ≫ |t|, m2
h. Note that all the above expansions can be obtained by first expanding

around the limit m2
h → 0, and then further dealing with the 3 remaining scales s, t and m2

t .
This small Higgs mass limit is therefore more general and is valid in a broader region of phase
space.

In general, loop integrals may develop new singularities in the limit where one of the
internal or external masses is taken to zero. If that’s the case, the expansion around that limit
will not be a normal power series. An example is the limit of small top quark mass discussed
in [37], where the expansion involves powers of log(mt) in addition to powers of mt. However,
external Higgs bosons are special, since they only couple to massive particles directly. As a
result, no new singularities arise in the limit mh → 0, and we can Taylor-expand a generic
integral as3

I(s, t,m2
t , m

2
h, ϵ) =

∞
∑

n=0

m2n
h

n!
I(n)(s, t,m2

t , ϵ) , (3)

3Subtleties arise when more than two massless external partons are present, e.g., in H + j production [35].
In such cases certain integrals are singular in the limit mh → 0. However, the full amplitude remains finite in
that limit, and the expansion of the amplitude is well-behaved.

4

Xu, LLY: 1810.12002

Taylor expansion in the mh→0 limit
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Figure 4: Topologies relevant to the NLO QCD corrections to Higgs boson pair produc-
tion after expansion in the small mh limit. The thick lines represent massive propagators
(top quarks), while the thin lines represent massless propagators (gluons). The external legs
(dashed lines) are all light-like.

3 Expansion at the two-loop order

3.1 Setup

We now turn to the NLO (two-loop) QCD corrections to Higgs boson pair production. The
expansion in terms of m2

h takes the form as Eq. (3) and can be performed using the derivative
operator Eq. (7). We stress that this can be done at the amplitude level, without the need
of reduction beforehand. We have carried out the expansion up to order m4

h. The extension
to higher powers in mh is straightforward. The expansion coefficients can be obtained by
calculating integrals with massless external legs. After applying crossing symmetries, all the
integrals can be classified into 6 integral families. They corresponds to the 6 topologies depicted
in Fig. 4.

We employ the IBP identities to reduce the integrals in these topologies into master inte-
grals. It happens that after reduction, all the 7-propagator integrals in topology C and D can
be expressed in terms of integrals in sub-topologies with 6 propagators of less. All these sub-
topologies also appear in topology A and B, so that we don’t need to calculate them again. We
therefore only need to consider 4 integral families. We first define the mh-dependent integrals

I{ai}(s, t,m
2
t , m

2
h, ϵ) =

[

16π2

i

(
m2

t

4π

)ϵ

Γ(1 + ϵ)

]2 ∫
ddk1
(2π)d

ddk2
(2π)d

9
∏

i=1

1

Dai
i

, (17)

where k1 and k2 are loop momenta, and {ai} denotes the collection of powers ai on the
propagators Di. We then define

Ĩ{ai}(s, t,m
2
t , ϵ) = lim

m2
h→0

I{ai}(s, t,m
2
t , m

2
h, ϵ) , (18)

which are the main objects to be calculated in this section. The 4 relevant integral families
are defined by their corresponding propagators as the following:

A :
{

k2
1 −m2

t , (k1 + p1)
2 −m2

t , (k1 + p1 + p2)
2 −m2

t , (k1 + k2)
2, k2

2 −m2
t ,

9

Still complicated integrals
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Figure 5: Pre-canonical master integrals in topology E. The thick lines represent massive
propagators (from top quarks) and the thin lines denote massless propagators (from gluons).
The labels s, t and u on the external lines represent the (squared) momenta flowing through
those legs. The external lines without labels have light-like momenta.

transcendental weight (we will simply call it “weight” in the following) is closely related to
iterated integrals. The weight of an algebraic number is defined to be 0, the weight of π is
defined to be 1, while the weight of the Riemann zeta value ζn is n. Given a weight-n function
g(x⃗), the weight of the integral

∫ x⃗

x⃗0

g(x⃗′) d log(α(x⃗′)) (28)

is defined to be n + 1, where α(x⃗) is an algebraic function of the kinematic variables. With
this definition, it is clear that the n-fold iterated integral of the form

F (x⃗) =

∫ x⃗

x⃗0

d log(αn(x⃗n)) · · ·
∫ x⃗3

x⃗0

d log(α2(x⃗2))

∫ x⃗2

x⃗0

d log(α1(x⃗1)) (29)

has transcendental weight n.
Now considering the expansion of the master integrals around ϵ = 0,

f⃗(x⃗, ϵ) =
∞
∑

i=0

f⃗ (i)(x⃗) ϵi . (30)

12

(A) (B) (C)

(F)(E)(D)

Figure 4: Topologies relevant to the NLO QCD corrections to Higgs boson pair produc-
tion after expansion in the small mh limit. The thick lines represent massive propagators
(top quarks), while the thin lines represent massless propagators (gluons). The external legs
(dashed lines) are all light-like.

3 Expansion at the two-loop order

3.1 Setup

We now turn to the NLO (two-loop) QCD corrections to Higgs boson pair production. The
expansion in terms of m2

h takes the form as Eq. (3) and can be performed using the derivative
operator Eq. (7). We stress that this can be done at the amplitude level, without the need
of reduction beforehand. We have carried out the expansion up to order m4

h. The extension
to higher powers in mh is straightforward. The expansion coefficients can be obtained by
calculating integrals with massless external legs. After applying crossing symmetries, all the
integrals can be classified into 6 integral families. They corresponds to the 6 topologies depicted
in Fig. 4.

We employ the IBP identities to reduce the integrals in these topologies into master inte-
grals. It happens that after reduction, all the 7-propagator integrals in topology C and D can
be expressed in terms of integrals in sub-topologies with 6 propagators of less. All these sub-
topologies also appear in topology A and B, so that we don’t need to calculate them again. We
therefore only need to consider 4 integral families. We first define the mh-dependent integrals

I{ai}(s, t,m
2
t , m

2
h, ϵ) =

[

16π2

i

(
m2

t

4π

)ϵ

Γ(1 + ϵ)

]2 ∫
ddk1
(2π)d

ddk2
(2π)d

9
∏

i=1

1

Dai
i

, (17)

where k1 and k2 are loop momenta, and {ai} denotes the collection of powers ai on the
propagators Di. We then define

Ĩ{ai}(s, t,m
2
t , ϵ) = lim

m2
h→0

I{ai}(s, t,m
2
t , m

2
h, ϵ) , (18)

which are the main objects to be calculated in this section. The 4 relevant integral families
are defined by their corresponding propagators as the following:

A :
{

k2
1 −m2

t , (k1 + p1)
2 −m2

t , (k1 + p1 + p2)
2 −m2

t , (k1 + k2)
2, k2

2 −m2
t ,

9

Solve 54 master integrals in topology E 
using differential equations
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Figure 8: The real part (left two plots) and the imaginary part (right two plots) of the order
ϵ−1 and ϵ0 coefficient of the two-loop integral I1,1,1,1,1,1,1,0,0 in topology E as a function of the
Higgs boson transverse momentum pT with

√
s = 1000 GeV. The integral has been multiplied

by m6
t to make it dimensionless.

We stress that although in this subsection we only studied the behavior of a single integral,
similar behavior is expected for the full amplitude. This has been verified at the one-loop level.
At the two-loop level, this can only be done with the results for topology F, which is the subject
of the next subsection.

Finally, we emphasize that due to the analytic nature, the evaluation of the integrals up
to weight 2 is extremely fast. The weight-3 and weight-4 parts involve one-fold integrals to be
performed. We have carried out the integration using Mathematica on a desktop computer
with 6 cores, without too much optimization. We have checked that to evaluate all the master
integrals f⃗ in topology E (which can be used to construct all the integrals I{ai} by simple
arithmetic operations) for one phase-space point, it takes about 20 seconds with 6 threads.
We believe that by using a dedicated C++ code and by performing a bit of optimization,
the time can be significantly shortened. For comparison, to evaluate just one master integral
I1,1,1,1,1,1,1,0,0 with pySecDec on the same computer, it takes about 25 minutes with 12 threads.

18

Good convergence for master integrals Xu, LLY: 1810.12002

Towards the full amplitude Wang, Xu, LLY: in preparation
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s-channel Single Top Quark Production and Decay at NNLO in QCD

Ze Long Liu1, ∗ and Jun Gao2, †

1PRISMA Cluster of Excellence & Mainz Institute for Theoretical Physics,
Johannes Gutenberg University, D-55099 Mainz, Germany

2INPAC, Shanghai Key Laboratory for Particle Physics and Cosmology,
School of Physics and Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China

We report on a fully differential next-to-next-to-leading order (NNLO) calculation of s-channel single
top (anti-)quark production with a semi-leptonic decay at the LHC, neglecting the color correlation
between the light and heavy quark lines and in the narrow width approximation. The NNLO
corrections can increase the cross section by about 10% in the low transverse momentum region of
the top quark and reduce scale variation uncertainty. In order to compare with experimental results
without unfolding procedures, we also present theoretical predictions with fiducial cuts, including
total cross sections and distributions of observables used in the experimental multivariate analysis.
The NNLO corrections are found to be about −8% for fiducial cross sections.

Introduction. In the Standard Model (SM) of particle
physics, the top quark is the heaviest elementary particle.
The study of top quarks is of great importance for under-
standing of the nature of electroweak symmetry breaking
and for the fate of the electroweak vacuum [1–3]. There
are three major modes of electroweak single top quark
production at the LHC : t-channel, s-channel and tW
associated production. The processes are directly sensi-
tive to the Cabbibo-Kobayashi-Maskawa (CKM) matrix
element Vtb. s-channel production is of special interest
though the cross section is the smallest. It is sensitive
to new resonances such as W ′ or charged Higgs bosons
involved in various models beyond the Standard Model
(BSM) physics [4, 5]. It also serves as an important back-
ground process to Higgs studies and BSM searches [6–9].

s-channel single top quark production was first ob-
served by the D0 collaboration in 2013 [10], and it was
confirmed in the combined analysis by the D0 and CDF
collaborations [11] at the Fermilab Tevatron. Recently,
it was also measured by the ATLAS and CMS collabo-
rations at the LHC with 7 and 8 TeV data [12, 13]. The
measurements are expected to enter a precision era with
increasing energy and luminosity of the (HL-)LHC.

To improve the accuracy of theoretical predictions,
next-to-leading order (NLO) QCD corrections for s-
channel single top quark production have been calculated
with and without considering the subsequent top quark
decay [14–25]. In Refs. [26–28], the NLO calculations
were also matched to parton shower. The soft gluon re-
summations were performed in Refs. [29–31]. The NLO
QCD correction for s-channel production at the LHC is
about 35%, which is much larger than the estimation
from scale variations at leading order (LO). To control
the perturbative uncertainty, it is mandatory to calcu-
late corrections at higher orders.

In this Letter, we present a next-to-next-to-leading
order (NNLO) QCD calculation of s-channel single top
(anti-)quark production and decay at the LHC using the
phase space slicing method. The inclusive and fully dif-
ferential cross sections of a stable top (anti-)quark pro-

duction are obtained by neglecting the gluon exchange
between light and heavy quark lines. In practice, var-
ious kinematic cuts on final states are always involved
in experimental analyses to suppress large backgrounds.
With the known result of top quark decay at NNLO in
QCD [32], the fiducial cross sections at the LHC 13 TeV
are provided in the narrow width approximation. Distri-
butions of various observables within the fiducial volume
are also studied. These should be helpful for experimen-
tal multivariate analyses to improve the separation be-
tween signal and background.
In the following paragraphs we outline the method

used in the calculation and present numerical results on
the inclusive and fiducial cross sections. Various kine-
matic distributions are also shown in detail.

W ∗

q

q̄′

b̄

t

b

W
νl

l+

Vl Vh

Vd

FIG. 1. Schematic diagram for s-channel single top quark
production and decay at hadron colliders.

Method. For s-channel single top (anti-)quark produc-
tion, QCD corrections can be separated into three cate-
gories: corrections associated with the initial state (light
quark line), the final state (heavy quark line) and gluon
exchanges between them. At NLO, the gluon exchange
between the light and heavy quark lines gives no con-
tribution due to the tracelessness of Gell-Mann matri-
ces. At NNLO, the color factor of the diagrams with
color connection between the two quark lines are sup-
pressed by 1/N2

c compared with the corrections on the
light or heavy quark lines alone [33]. Though many ef-
forts have been devoted to calculate two-loop virtual cor-

2

t

W ∗

W

b

u

b

νe

e+

d

Vl

Vh Vd

FIG. 1. Sketch of t-channel single-top quark production and
decay; ub ! dt with t ! e+⌫eb. Vl represents QCD cor-
rections to the light quark line, which could include interfer-
ence of the tree-diagram and the two-loop diagram, square of
the one-loop diagram (double-virtual), interference of the one-
loop diagram with one additional gluon and the tree-level dia-
gram with one additional gluon (real-virtual), and the square
of tree-level diagram with a pair of additional partons (double-
real). Vh and Vd represent the same type of corrections to the
heavy quark line and the decay part, respectively. There is
no cross talk between the light quark line, heavy quark line,
and the decay part in our calculation.

crucial for making this calculation feasible, because inter-
ference contributions between the light and heavy-quark
lines are not yet available [30] for the full two-loop vir-
tual diagrams. The structure function approximation at
NNLO is also used in an earlier calculation of t-channel
on-shell single top-quark production [24], and in Higgs
boson production through weak boson fusion [31, 32].

The NNLO QCD corrections to the heavy-quark line
are straightforward if we use phase-space slicing with the
N -jettiness variable [33–35]. A similar calculation was
performed for charm quark production in neutrino deep
inelastic scattering (DIS) in Ref. [36]. For the correc-
tions to the light-quark line, we adopted the method of
“projection-to-Born” in Ref. [32]. The key ingredients
in this approach are the inclusive NNLO DIS coe�cient
functions [37–39], for which a conveniently parametrized
version is available [40, 41]. For the real-virtual correc-
tions, we extracted the one-loop helicity amplitudes from
DIS 2 jet production in Ref. [42], and we cross checked
with Gosam [43]. These ingredients were combined ac-
cording to Ref. [32], by constructing appropriate counter-
events with opposite weights for every event in the Monte
Carlo (MC) integration of double-real and real-virtual
contributions, which render the phase space integrals fi-
nite for infrared (IR) safe observables. For the decay part
of the calculation, we adopted the results in Ref. [44]. We
also take into account the product of two NLO correc-
tions from di↵erent combinations of the light-quark line,
the heavy-quark line, and the decay part.

Finally, we combine corrections to the production part
and decay part consistently in the NWA, as in Refs. [45–

47]. Schematically, we write

�LO =
1

�0
t

d�0d�0

t

��NLO =
1

�0
t

h
d�1d�0

t + d�0(d�1

t �
�1
t

�0
t

d�0

t )
i

��NNLO =
1

�0
t

h
d�2d�0

t + d�1(d�1

t �
�1
t

�0
t

d�0

t )

+ d�0(d�2

t �
�2
t

�0
t

d�0

t �
�1
t

�0
t

(d�1

t �
�1
t

�0
t

d�0

t ))
i
, (1)

where d�i and d�i
t denote the O(↵i

S) corrections to the
production and decay parts, respectively. For the full
NNLO corrections there are contributions from O(↵2

S)
production only, from the product of O(↵S) production
and O(↵S) decay, and from O(↵2

S) decay only, as shown
in Eq. (1). Inclusive production cross sections at each
order can be obtained after integration over the decay
phase space.

III. NUMERICAL RESULTS

We use a top quark mass of 173.2 GeV and a W boson
mass of 80.385 GeV. We set the W boson decay branch-
ing ratio to 0.1086 for one lepton family. We choose
|Vtb| = 1 and the CT14 NNLO parton distribution func-
tions (PDFs) [48] with ↵s(MZ) = 0.118. The nominal
central scale choice is µR = µF = mt with scale variation
calculated by varying the two together over the range
0.5 < µ/µo < 2. We list the LO, NLO and NNLO re-
sults for top quark and anti-quark production in Table. I.
The NNLO QCD corrections reduce the cross sections by
2 ⇠ 3 % compared to a reduction of 4 ⇠ 5 % at NLO.
The full NNLO corrections consist of pieces from the
heavy-quark line, the light-quark line, and the products
of them. There are cancellations between these pieces as
well as cancellations among di↵erent partonic channels.
Perturbative convergence of the separate QCD series is
well maintained, as we verified by checking the individ-
ual pieces. Variations of the theoretical results associated
with choices of the hard scales are reduced by a factor of
4 at NLO compared with LO, and by a further factor of
3 at NNLO with respect to NLO.

inclusive [pb] LO NLO NNLO

t quark 143.7+8.1%
�10% 138.0+2.9%

�1.7% 134.3+1.0%
�0.5%

t̄ quark 85.8+8.3%
�10% 81.8+3.0%

�1.6% 79.3+1.0%
�0.6%

TABLE I. Inclusive cross sections for top (anti-)quark pro-
duction at 13 TeV at various orders in QCD. The scale
uncertainties are calculated by varying the hard scale from
µF = µR = mt/2 to 2mt, and are shown in percentages.

Fiducial cross sections for t-channel single top-quark
production have been measured at 7 and 8 TeV [25, 26].

Probe weak interactions of the top quark 

In particular, the CKM matrix element Vtb
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inclusive LO NLO NNLO

8 TeV
σ(t) [pb] 2.498+0.17%

−0.74% 3.382+2.36%
−1.81% 3.566+0.95%

−0.78%

σ(t̄) [pb] 1.418+0.12%
−0.73% 1.922+2.37%

−1.81% 2.029+1.07%
−0.83%

σ(t+ t̄) [pb] 3.916+0.15%
−0.73% 5.304+2.36%

−1.81% 5.595+0.99%
−0.80%

σ(t)/σ(t̄) 1.762+0.04%
−0.01% 1.760+0.00%

−0.02% 1.757+0.05%
−0.12%

13 TeV
σ(t) [pb] 4.775+2.69%

−3.50% 6.447+1.39%
−0.91% 6.778+0.76%

−0.53%

σ(t̄) [pb] 2.998+2.69%
−3.55% 4.043+1.33%

−0.94% 4.249+0.69%
−0.48%

σ(t+ t̄) [pb] 7.772+2.69%
−3.52% 10.49+1.36%

−0.92% 11.03+0.74%
−0.51%

σ(t)/σ(t̄) 1.593+0.05%
−0.01% 1.595+0.06%

0.03% 1.595+0.07%
−0.05%

TABLE I. Inclusive cross section for s-channel single top
(anti-)quark production at LO, NLO and NNLO at the LHC
8 and 13 TeV. The uncertainties refer to the variation by si-
multaneously changing the factorization and renormalization
scales by a factor of two from their central value µF = µR =
mt.

The scale variations for the LO cross section are quite
small due to the opposite trend of the u and d̄ quark
PDFs from varying the factorization scale. The NNLO
corrections would be underestimated by the scale varia-
tions of the NLO cross sections. Nevertheless, the scale
variations are largely reduced with the NNLO correc-
tions. At NLO, both of the corrections to Vl and Vh are
significant. At NNLO, the corrections to Vl are below
1%, much smaller compared to the corrections to Vh and
the product of the O(αs) corrections to Vl and Vh, which
are more than 2%. QCD corrections are similar for top
quark and anti-quark production. The ratio of the two
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FIG. 3. Predicted transverse momentum distribution of the
top quark from s-channel production at the LHC 13 TeV.

cross sections are thus stable against QCD corrections,
varying at the per mille level.
Fig. 3 shows the transverse momentum distribution of

top quark at the LHC 13 TeV. Both the NLO and NNLO
corrections are positive and large. The ratios of NLO to
LO cross sections vary from 1.2 to 1.4 over the range
0 < pT,top < 200GeV, and the ratios of NNLO to LO
cross sections vary from 1.35 to 1.45 for the same range.
In low pT,top region, the NNLO corrections can be as
large as 10%. There is no overlap between the NLO and
NNLO prediction bands in most region, which again indi-
cates the NNLO corrections would be underestimated by
scale variations at NLO. The scale variations are greatly
reduced going from NLO to NNLO for large pT,top values.
In experimental analyses, top (anti-)quarks are identi-

fied through their decay products e.g., semi-leptonic or
hadronic decays. With the advantage of our fully differ-
ential calculation, we can study observables within an ex-
perimental fiducial volume. In the following calculations,
we assume top quarks always decay to bW+ and use a
branching ratio of 0.1086 for the leptonic decay of the W
boson to one family. Based on the CMS analysis [13], we
choose the following basic kinematic cuts. Events with
one charged lepton are selected by requiring its transverse
mometum pT,l > 24GeV and pseudorapidity |η| < 2.1.
Jets are clustered with anti-kT jet algorithm and radius
R = 0.5. Pre-selection requires jets to have |η| < 4.5
and pT > 20GeV. Pseudorapidity of bottom quark ini-
tiated jets are required to satisfy |η| < 2.4 according to
b tagging algorithms [80]. Single top quark production
through s-channel is characterized by a final state com-
posed of one charged lepton, missing energy originating
from neutrinos, and two b-tagged jets. One of the b-jets

s-channel

in the regions of low and high pT,top. The NNLO corrections can be as large as 10%. The

scale variations are greatly reduced over the entire range of pT,top. The error bands from

NLO and NNLO overlap over most of the region, suggesting that the scale variations provide

a reasonable estimation of the remaining perturbative uncertainties in this case. The QCD

corrections are slightly larger for top anti-quark production at high pT,top compared to top

quark production. Dependence of the QCD corrections on the center of mass energies is

weak. It may be argued that a pT,top dependent dynamical scale such as
q

m2
t + p2

T,top is

more appropriate for computations of the transverse momentum distribution, but we retain

the central scale choice mt used elsewhere in this paper. Di↵erences from Fig. 19 would be

negligible at small pT,top and more apparent in the region where pT,top > mt/2.
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Figure 19: Predicted transverse momentum distribution of the top (anti-)quark from t-

channel single top-quark production at 8 and 13 TeV.
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