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The proton mass in chiral limit is produced by gluons and due to the 
trace anomaly:


While

Why	pion	PDFs	?

• Quarks and gluons in massless NG bosons (PDFs)


• Strong versus Higgs-driven mass generation mechanisms 
(valence-quark distribution of pion and kaon) 
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• And so on …



White paper arXiv:1907.08218

Pion	and	Kaon	Structure	at	the	Electron-Ion	Collider	

!3



Valence	PDF	of	π+(ud)
One of the important physic concerns is x=1 behavior:

lim
x→1

f π
v (x) ∼ (1 − x)b(1 + subleading terms)

First principle calculation essential! 
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Equal time correlation function can be determined on lattice:

Compute	Light-Cone	PDFs	from	lattice
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X. Ji, arXiv:1305.1539

μ=z or t

arXiv:1709.04933



Quasi-PDF	Lattice	Analysis

• Step 1: Boosted pion on lattice


• Step 2: Extraction of bare quasi-PDF matrix element


• Step 3: Renormalization in a lattice scheme


• Step 4: Perturbative matching between quasi-PDF and PDF
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Quasi-PDF Analysis: Boosted pion on lattice

Lattice setup:
• a=0.06 fm, 483 x 64 lattice with HISQ sea quarks and Wilson-Clover valence quarks. 

• � =300MeV, � = 1.29GeV and 1.72GeV are used for quasi-PDF analysis.


• Statistics ~216 gauge configurations. All-Mode Averaging using 1 exact and 32 sloppy 
quark propagators.

mπ Pz
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BNL & SBU, Phys. Rev. D 100, 034516



Quasi-PDF Analysis: renormalization and matching
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Quasi-PDF	Analysis:	Valence	PDF	of	�π+(ud)
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2⟨x⟩ = 0.42(3)
2⟨x⟩ = 0.43(6)

2⟨x⟩JAM = 0.437



Pseudo-PDF	&	Reduced	Ioffe	time	distribution

� ,  �  & �𝒫(x, μ2z2) ≡ ∫
dν
2π

eixνQ̃(ν, μ2z2) + 𝒪(z2m2
h , z2Λ2

QCD) z2 → 0 ν = zPz

rITD(ν, μ2z2) =
ZRQ̃(ν, μ2z2)
ZRQ̃(0,μ2z2)

= ∑
n=0

Cn(μ2z2)
C0(μ2z2)

(−iν)n

n!
⟨xn⟩(μ)+𝒪(z2m2

h , z2Λ2
QCD)

Don’t need renormalization

A. V. Radyushkin arXiv:1705.01488
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Limited by finite Ioffe time �  (� ,…), only first few 

moments visible.

ν = zPz Pz =
2πn
Ls

, n = 0,1,2,3,4

Moments of light-cone PDF

PμQ̃γμ(ν, ϵ) =
1
2

⟨H(Pz, E) |ψ(0)γμW ̂z (0,z)τψ(z) |H(Pz, E)⟩

multiplicative renormalized 

μ=z or tPseudo-PDF:

Lorentz scalar

Spacial correlator � :Q̃γμ

https://arxiv.org/search/hep-ph?searchtype=author&query=Radyushkin%2C+A+V


Reduced Ioffe time distribution

Preliminary

• a=0.06fm, �  lattice, � =300MeV, �  0 ~ 1.29GeV, Statistics ~ 100 gauge configurations

• a=0.04fm, �  lattice, � =300MeV, �  0 ~ 1.48GeV, Statistics ~ 167 gauge configurations

• z < 0.8 fm

483 × 64 mπ Pz =

643 × 64 mπ Pz =

BNL, SBU & Tsinghua U. on going

rITD

ν
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Reduced Ioffe time distribution
rITD

ν ν

JAM

• rITD constructed by moments of JAM data.

• z=0.2fm, moments from 2 to 10

With finite � , only first few moments visibleν
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rITD(zPz, μ2z2) = ∑
n=0

Cn(μ2z2)
C0(μ2z2)

(−izPz)n

n!
⟨xn⟩(μ) + 𝒪(z2m2

H, z2Λ2
QCD)

Preliminary
rITD

Joint fit from �  to �zmin zmax



2nd	moment	of	�f π
v (x)

�  

�

⟨x2⟩ ∼ 0.10 + −0.01
⟨x2⟩JAM ≈ 0.095
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⟨x2⟩
Preliminary

z /fm

Λ−1
QCD ∼ 1.5 fm

zmin = 0.12fm

μ = 3.2GeV



4th	moment	of	�f π
v (x)

�  
�
⟨x4⟩ ∼ 0.031 + −0.004
⟨x4⟩JAM ≈ 0.032
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⟨x4⟩
Preliminary

z /fm

Sensitive to � , not quite sensitive to �zmin zmax

Λ−1
QCD ∼ 1.5 fm

μ = 3.2GeV



f π
v (x, μ; a, b) = Axa(1 − x)b
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�⟨x4⟩
�⟨x2⟩

a

b

• More precise moments are needed to constrain a&b

�       JAM a&b �⟨x⟩

Preliminary



Summary

• Quasi-PDF analysis with 0.06fm lattice is studied, and 
have a good agreement with the JAM data.


• We extracted 2nd and 4th moments from rITD with 
0.04fm and 0.06fm lattice, which are also close to the 
JAM data.


• On going: quasi-PDF analysis of 0.04fm lattice, 
continuum limit analysis, GPD.
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