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Quark mass and proton mass



The Higgs boson makes
the u/d quark having 

masses 
(2GeV MS-bar):

       mu = 2.08(09) MeV
       md = 4.73(12) MeV

But the mass of  
the proton is 
 938.272046(21) MeV. 
~100 times of the sum of the quark 
masses!

How does the 
mass of nucleon 

arise?

 http://flag.unibe.ch/2019/Quark%20masses 

http://flag.unibe.ch/2019/Quark%20masses


Scale independent quark mass 
contribution

• Such a quantity can be obtain by either the direct 
matrix element calculation, or the derivative of 
the nucleon mass on the quark mass;

• Or extracted from the πN scattering experiments 
with 𝜒PT.

• But it is just ~50 MeV for three light quarks.

light quarks, u+d
0.046(7)(23) GeV

YBY, et.al. 𝜒QCD Collaboration, PRD94(2016)054503

m →
m⟨N | ψ̄ ψ |N⟩

⟨N |N⟩

= m
∂mN

∂m
≃

mπ

2
∂mN

∂mπ

m⟨N | ψ̄ ψ |N⟩
⟨N |N⟩

= 0.052(8) GeV

YBY, J. Liang, et. al., 𝜒QCD Collaboration, PRL121(2018)212001



Scale independent quark mass 
contribution

YBY, et.al. 𝜒QCD Collaboration, PRD94(2016)054503

σπN  = ⟨Hm(u)+Hm(d)⟩ = 45.9(7.4)(2.8) MeV fsN MN = ⟨Hm(s)⟩ = 40.2(11.7)(3.5) MeV 

mu/d (2 GeV) = 3.36(4) MeV ms (2 GeV) = 92(1) MeV
 http://flag.unibe.ch/2019/Quark%20masses 

http://flag.unibe.ch/2019/Quark%20masses


Where does the rest part come 
from?

938.272046
(21) MeV 

:       ~50 MeV
Strange quark:       ~40 MeV
Charm/bottom
/top quarks:            ~60 MeV each

Light

M. Gong, et.al., 𝜒QCD Collaboration , PRD88(2013)014503
ETM Collaboration, PRL116(2016)252001

mN = ⟨−Tμμ⟩ = ⟨mψ̄ ψ + γmmψ̄ ψ +
β(g)
2g

F2⟩

} ~1/3 mN



Outline

The decompositions of proton 
mass 

Quark mass and proton mass

Results and further challenges



QCD Energy momentum Tensor
The gauge-invariant, symmetric QCD energy momentum tensor (EMT) in 
the Euclidean space is given by:

Dμ = ∂μ + igAμ, A(μBν) = AμBν + AνBμ, Dμ = Dμ − Dμ

⟨Tμν⟩ = (
−E ipi

ipi
pipj

E )
pi → 0 (−mN 0

0 0)
pz → ∞ (−pz ipz

ipz pz )

For the nucleon with momentum p, its matrix element of QCD 
EMT satisfies:

The rest frame

The infinite momentum frame

Tμν =
1
4

ψ̄γ(μDν)ψ + FμρFρ
ν −

1
4

gμνF2



Trace anomaly in Dim. Reg.

Tμν =
1
4

ψ̄γ(μDν)ψ + FμρF ρ
ν −

1
4

gμνF2

Under the dimensional regularization, the QCD EMT can be decomposed 
into the trace part and the traceless part:

= (Tμν −
gμν

d
Tα

α) +
gμν

d
Tα

α ≡ T̄μν + ̂Tμν,

where Tα
α = mψ̄ ψ − 2ϵ

F2

4
+ 𝒪(ϵ2) .

After the renormalization,
mψ̄ ψ = (mψ̄ ψ)R

, F2 = −
1
ϵ ( βR

gR
F2

R + 2γR
m(mψ̄ ψ)R) + 𝒪(ϵ0),

See Y. Hatta, et.al., JHEP12(2018)008 as an example

And then,

Tα
α = (1 + γR

m)(mψ̄ ψ)R +
βR

2gR
F2

R .



Trace anomaly in Dim. Reg.
At 1-loop level, the explicit form of the EMT trace part is,

Tα
α = (1 + γm)mψ̄ ψ +

β
2g

F2 = (1 +
2
π

αs)mψ̄ ψ + (−
11
8π

+
nf

12π
)αsF2 + 𝒪(α2

s ) .

mQψ̄QψQ = −
1

12π
αsF2 + 𝒪(α2

s ) + 𝒪(
1

mQ
),

Since we also have the following relation for the heavy quarks:

the ME of F2 is independent to the number of heavy flavors, 
and the mass contribution from a heavy quark mass term can 
be directly estimated by:

mQψ̄QψQ =
1

12π
mN − ⟨Hu,d,s

m ⟩
11
8π − 3

12π

+ 𝒪(α2
s ) + 𝒪(

1
mQ

) ≃ 0.063 GeV



The trace less part of EMT

T̄q
μν =

1
4

ψ̄γ(μDν)ψ −
1
d

gμνmψ̄ ψ, T̄g
μν = FμρF ρ

ν −
1
d

gμνF2 .

Let us go back to the ME of the traceless EMT:
⟨P | T̄q,g

μν |P⟩
⟨P |P⟩

= Aq,g
PμPν + 1

d
gμνm2

N

P0
,

where
The Lorentz quark/gluon momentum fraction A can be obtained in 
any frame, likes the rest frame:

⟨P | T̄q,g
μν |P⟩

⟨P |P⟩ Px,y,z=0,
=

d − 1
d

Aq,gmN,

or on the light-cone as:
⟨P | T̄q,g

++ |P⟩
⟨P |P⟩ Px,y,z=0,

= Aq,gP+, where T̄q
++ =

1
2

ψ̄γ+D+ψ, T̄g
++ = F+ρF ρ

+ .

The trace terms are omitted as P+>>mN



Momentum fractions
as the moments of PDF 

NNPDF Collaboration, NPB887(2014)276

T̄q
++ =

1
2

ψ̄γ+D+ψ, T̄g
++ = F+ρF ρ

+ .

On the light-cone, the quark and 
gluon unpolarized parton distribution 
function (PDF) are defined by:

q(x) = ∫
dξ−

4π
e−ixξ−P+⟨P | ψ̄ (ξ−)γ+U(ξ−,0)ψ (0) |P⟩,

g(x) = ∫
dξ−

2xπ
e−ixξ−P+⟨P |Tr[F+ρ(ξ−)U(ξ−,0)Fρ

+(0)U(0,ξ−)] |P⟩,

and it is easy to obtain that,

∫
1

−1
xq(x)dx =

⟨P | T̄q
++ |P⟩

P+⟨P |P⟩
= Aq, ∫

1

−1
xg(x)dx =

⟨P | T̄g
++ |P⟩

P+⟨P |P⟩
= Ag,

fq̄(x) ≡ − fq(−x)

with

Thus the momentum fractions we obtained in the rest frame is directly 
the moments of the unpolarized PDF.



Xiangdong Ji, PRL 74(1995)1071

The decompositions 
of the QCD EMT

mN = ⟨T44⟩Px,y,z=0,d→4 = ⟨T̄q
44⟩ + ⟨T̄g

44⟩ +
1
4

(1 + γm)⟨Hm⟩ +
β
8g

⟨F2⟩

Thus one can have the following Ji’s decomposition of the 
nucleon mass (the energy in the rest frame) :

= ⟨ψ̄γ4D4ψ⟩ + ⟨T̄g
44⟩ +

1
4

γm⟨Hm⟩ +
β
8g

⟨F2⟩

= ⟨∑
i

ψ̄γiDiψ⟩ + ⟨T̄g
44⟩ + ⟨Hm⟩ +

1
4

γm⟨Hm⟩ +
β
8g

⟨F2⟩

Or the following decomposition of EMT following the structure of perfect fluid,

⟨P |Ti,μ,ν |P⟩ =
⟨P |P⟩

2E (2PμPν⟨x⟩i − 2mNgμν p̄i), p̄i = ( − ⟨x⟩i + ⟨Hm,i⟩)/4.

C. Lorce, EPJC78(2018)120



YBY, et. al., 𝛘QCD collaboration, Phys. Rev. D 91(2015)074516

Xiangdong Ji, PRL 74(1995)1071

With  
The quark 

mass

Gauge Invariant and 
scale independent 
combinations.

The quark energy

The glue field energy

The total energy

Ji’s decomposition of proton mass 
(the proton energy in the rest frame)

⟨Hm(u,d,s)⟩ / MN  =  9(2)%
YBY, et.al. 𝜒QCD Collaboration, 

PRD94(2016)054503



Then we have

The QCD anomaly

• The joint contribution of the QCD 
anomaly can be deduced from 
the quark mass term, with the 
sum rule above.

• The total QCD anomaly is 
renormalization scheme/scale 
independent. 

• Ha /4MN=  23(1)%

Proton mass decomposition



Then we have

The quark/gluon energy

The quark energy

The glue field energy

The total energy

• The quark/glue energy can be deduced from the 
momentum fraction, 

• The renormalization of the quark momentum 
fraction is much more trivial, which is just mixed 
with the glue one. 

• It is more straightforward to obtain the quark/
glue momentum fraction first, and convert it 
to the quark/glue energy.

Proton mass decomposition



Renormalization
of the quark momentum fractions 

• Strong scale μR2=p2 
dependence in the 
RI/MOM 
renormalization 
constant ZQQ and 
converting ratio RQQ  

• But only the 
discretization error 
a2p2 left in final MS-
bar renormalization 
constant at a fixed 
scale. 

YBY, J. Liang, et. al., 𝜒QCD Collaboration, 
PRL121(2018)212001, 

ViewPoint and Editor’s suggestion



Gluon renormalization 
with CDER

• Calculate the renormalization factor of 
the glue EMT non-perturbatively on a 
~5 fm box will require ~30,000,000 
configurations to make the uncertainty 
to be ~0.01;

• Taking the localization of the 
correlations between the glue fields/
operators into account, the uncertainty 
can be reduced by a factor ~200;

• Use reasonable computer resource 
(~1M CPU hours) to increase the 
statistics, the ~0.01 uncertainty goal 
can be obtained with 365 
configurations.

YBY, et. al., 𝛘QCD collaboration, PRD98(2018) 074506

W. Sun, et.al, 𝛘QCD collaboration, CPC42, 063102(2018), 1507.02541
K. Liu, J. Liang, YBY, PRD96, 114504(2017), 1805.00531



Mixing
between the quark and glue momentum fractions 

• The mixing from glue to quark is at 1% level; 

• But that from quark to glue is significant. 
YBY, J. Liang, et. al., 𝜒QCD Collaboration, 

PRL121(2018)212001, 
ViewPoint and Editor’s suggestion
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Comparing the momentum fractions

from the experiment 

Proton mass decomposition

S. Dulat et al, PRD93(2016)033006

41.6(5)%
34.8(3)%, u + u-bar

19.0(3)%, d + d-bar

3.5(5)%, s + s-bar

YBY, J. Liang, et. al., 𝜒QCD Collaboration, 
PRL121(2018)212001, 

ViewPoint and Editor’s suggestion ⟨x⟩g(μ = ∞) =
8
3 CF

8
3 CF + 2

3 Nf

= 0.471



Glue energy
Quark energy

Trace Anomaly
Quark condensate

Total proton mass 
0.960(13) GeV

• Direct calculation of the quark/glue momentum 
fraction with non-perturbative renormalization 
and normalization. 

• Trace anomaly contribution deduced by the 
direct calculation of the quark scalar condensate 
in nucleon, based on the sum rule

YBY, J. Liang, et. al., 𝜒QCD Collaboration, 
PRL121(2018)212001, 

ViewPoint and Editor’s suggestion



The next challenge: Trace anomaly 
under the Lattice Regularizations

• Scheme 1: Define the exact EMT 
under the lattice regularization and 
then the trace anomaly can be 
obtained automatically 

• Scheme 2: Renormalize the ME of F2 
in the RI/MOM scheme and convert to 
the MS-bar scheme, then one can use 
the MS-bar beta function. 

• Scheme 3: Calculate the ME of F2 of 
both the nucleon and pion, then 
normalize the nucleon case with the 
pion case

Preliminary



Possible experiments on the anomaly

• The near-threshold 𝛾+N->J/psi+N 
photo production cross section 
would be sensitive to the form 
factor of the trace anomaly… 

• …if is Q2 dependence is similar 
to that of the traceless part of 
EMT. 

• Such an assumption can be 
checked with Lattice QCD.

D. Kharzeev, Proc. Int. Sch. Phys. Fermi 130 (1996), 105

Y. Hatta and D. L. Yang, PRD98(2018)074003



Summary
• Lattice QCD provides a systematic way to 

investigate the decomposition of the nucleon mass 
and also QCD EMT; 

• It is crucial to investigate the trace anomaly with the 
regularization other than the dim. reg., especially 
the Lat. reg.; 

• The Lattice result of the trace anomaly will be 
available in the near future, for both the proton and 
pion.


