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D and B  three-body  HADRONIC decay are dominated by resonances 

 spectroscopy

Motivation
Dalitz plot
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➤ Dalitz plot:  
Technique to analyse three-body decays 

➤ 2 variables are enough to describe the 
phase-space 

➤ Axes are defined as: 

s12 = m2
12 = (p1 + p2)

2

s23 = m2
23 = (p2 + p3)

2

s31 = m2
31 = (p3 + p1)

2

➤ Event distribution is proportional to 
square of the decay amplitude

CP-Violation 

Final state interactions play a massive role
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030
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Abstract

A study of B+
c ! K+K�⇡+ decays is performed for the first time using data

corresponding to an integrated luminosity of 3.0 fb�1 collected by the LHCb ex-
periment in pp collisions at centre-of-mass energies of 7 and 8TeV. Evidence for
the decay B+

c ! �c0(! K+K�)⇡+ is reported with a significance of 4.0 stan-

dard deviations, resulting in the measurement of �(B+
c )

�(B+) ⇥ B(B+
c ! �c0⇡+) to be

(9.8+3.4
�3.0(stat)± 0.8(syst))⇥ 10�6. Here B denotes a branching fraction while �(B+

c )
and �(B+) are the production cross-sections for B+

c and B+ mesons. An indication
of bc weak annihilation is found for the region m(K�⇡+) < 1.834GeV/c2, with a
significance of 2.4 standard deviations.

Submitted to Phys. Rev. Lett.

c� CERN on behalf of the LHCb collaboration, license CC-BY-4.0.

†Authors are listed at the end of this article.
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dynamic effect

LHCb PRD90 (2014) 112004

πππ

massive localized direct CP asymmetryB± ! h±h�h+

can lead to new physics 

mixing

1st observation  in charm

 CPV on three-body?

D0(D̄0) ! h�h+
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obtain meson-meson amplitudes up to high mass ( including KK )

 underling strong force behave 

weak and strong phase
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new large data sample from LHCb more to come from LHCb and Belle II

Motivation

≠  scales!!! still similar FSI

B phase-space   + FSI possibilities 

simple models (isobar model with  Breit-Wigners resonances)

difference phase-space in D and B decays

 3-body effects expected to be smaller in B 

+=M
F
S
 I

++ ++ ... +=M
F
S
 I

++ ++ ...

D
+
! W

+ which, subsequently gives rise to the processes shown in Fig. 3. The correspond-

ing amplitude is proportional to the product of matrix elements h(KKK)+|Aµ
|0ih0|Aµ|M

+
i,

where A
µ is the axial current. The Triple-M is composed by a non-resonant term and two

resonant contributions, associated with the � and the f0. The non-resonant amplitude is

a direct prediction from chiral symmetry and represented by a polynomial, with no free

parameters. It describes a proper three-body interaction, rather than the of 2+1 decom-

position (two-body subsystem+spectator). As this contribution involves no loops, it is real

for theoretical reasons and, therefore, adequate for fixing the overall phase of the Triple-M

amplitude.

The resonant contributions involve expressions which are very di↵erent from the Ak used

in the isobar model amplitude A =
P

ck Ak, but these expressions yield a similar line shape.

However, in the Triple-M, the free coe�cients ck are absent, because the intensity of each

resonance is predicted by the underlying dynamics. In particular, the � contribution is

completely fixed, for its intensity is related directly with the decay width into K̄K. The

case of the f0 is di↵erent, just because one does not have precise values for its mass and

couplings. Therefore, the three parameters in the amplitude, namely mf0 , cd, and cm, are

left to be determined by fits to data. In the K
�
K

+
K

+ final state one can access only the

tail of the f0, and therefore this channel may not be the best one for the determination

of these three parameters. The decay D
+
s ! ⇡

�
⇡
+
⇡
+, where the f0(980) is the dominant

component, would be the most adequate for this measurement. It is worth mentioning a

recent work [21] on this subject, where the f0(980) line shape is obtained in the context of

the Chiral Unitary theory, from a study of D+
s decays into ⇡

�
⇡
+
⇡
+ and K

�
K

+
K

+.

Our study also encompasses other dynamical e↵ects, representing corrections to the in-

termediate K̄K scattering amplitude, which were discussed in section IV and found to be

small. We have left them out of the Triple-M, for the time being, since the ability of the

leading contributions to reproduce data must be tested first. This kind of testing would

provide important indications about the importance of e↵ects which are not included in the

the present version of the Triple-M, such as isospin 1 resonances, as well as dynamical e↵ects

associated with processes other than the annihilation diagram.

20

(2+1) 

R
not enough to explain data anymore
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primary vertex
- weak -

     hadronize

ex:   

 Dynamics of 3-body heavy decay

D
F
S
I

Final State Interactions
- strong -

+=M
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Dalitz plot 

29

P ! abc

28

É possível construir três 
invariantes a partir dos 
4-momenta das filhas:

Quando escolhemos dois desses invariantes para  
descrever a cinemática do decaimento,  a densidade  

do espaço de fase é constante. O diagrama  
bidimensional resultante é o chamado Dalitz plot

A(s12, s23) =
X

Ak(s12, s23)dynamics

K

K

K

K

K

K

D+ ! K�K+K�

c
q

W
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To extract  information from data 
we need an amplitude MODEL

F
S
IWA =         *

(2+1) +  3-body interactionsQCD, CKM coupling and phase
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Models available

(2+1) ignore the 3rd particle (bachelor)

isobar model: widely used by experimentalists 

D
+
! W

+ which, subsequently gives rise to the processes shown in Fig. 3. The correspond-

ing amplitude is proportional to the product of matrix elements h(KKK)+|Aµ
|0ih0|Aµ|M

+
i,

where A
µ is the axial current. The Triple-M is composed by a non-resonant term and two

resonant contributions, associated with the � and the f0. The non-resonant amplitude is

a direct prediction from chiral symmetry and represented by a polynomial, with no free

parameters. It describes a proper three-body interaction, rather than the of 2+1 decom-

position (two-body subsystem+spectator). As this contribution involves no loops, it is real

for theoretical reasons and, therefore, adequate for fixing the overall phase of the Triple-M

amplitude.

The resonant contributions involve expressions which are very di↵erent from the Ak used

in the isobar model amplitude A =
P

ck Ak, but these expressions yield a similar line shape.

However, in the Triple-M, the free coe�cients ck are absent, because the intensity of each

resonance is predicted by the underlying dynamics. In particular, the � contribution is

completely fixed, for its intensity is related directly with the decay width into K̄K. The

case of the f0 is di↵erent, just because one does not have precise values for its mass and

couplings. Therefore, the three parameters in the amplitude, namely mf0 , cd, and cm, are

left to be determined by fits to data. In the K
�
K

+
K

+ final state one can access only the

tail of the f0, and therefore this channel may not be the best one for the determination

of these three parameters. The decay D
+
s ! ⇡

�
⇡
+
⇡
+, where the f0(980) is the dominant

component, would be the most adequate for this measurement. It is worth mentioning a

recent work [21] on this subject, where the f0(980) line shape is obtained in the context of

the Chiral Unitary theory, from a study of D+
s decays into ⇡

�
⇡
+
⇡
+ and K

�
K

+
K

+.

Our study also encompasses other dynamical e↵ects, representing corrections to the in-

termediate K̄K scattering amplitude, which were discussed in section IV and found to be

small. We have left them out of the Triple-M, for the time being, since the ability of the

leading contributions to reproduce data must be tested first. This kind of testing would

provide important indications about the importance of e↵ects which are not included in the

the present version of the Triple-M, such as isospin 1 resonances, as well as dynamical e↵ects

associated with processes other than the annihilation diagram.

20

+ NR

Lineshapes

In atomic physics, an unstable state appears as a resonance and near the resonance energy
the scattering amplitude is given by the non-relativistic Breit-Wigner formula, which was
created to describe resonant transitions in capture of slow neutrons. [33]:

f(E) /
1

E � Eo + i�/2
. (94)

This is an approximation valid for narrow and isolated resonances. The relativistic
formulation of the Breit-Wigner formula is written as

1

p2 � m2 + im�
. (95)

Since the Isobar model assumes that one particle is the spectator, the resonance occurs in
a given channel, e.g. s12, and the formula for the Isobar model is:

BW(s12) =
1

m2

R � s12 � imR�(s12)
, (96)

where mR is the mass of the resonances and �(s12) is the mass-dependent width:

�(s12) = �R

✓
q

q0

◆2L+1 mR
p
s12

✓
FL
R (z)

FL
R (z0)

◆2

, (97)

where �R is the resonance width.
Another lineshape commonly used for resonances that couple to di↵erent channels is

the Flatté [38]. This formulation will be used in this work to represent a resonance with
mass close to a threshold, such as an f0(980):

F(s12) =
1

m2

R � s12 � imR(⇢⇡⇡g2⇡ + ⇢KKg2K)
, (98)

where g⇡ and gK are dimensionless coupling constants to the KK̄ and ⇡⇡ channels,
respectively, and ⇢⇡⇡ and ⇢KK are the corresponding phase space factors,

⇢⇡⇡ =

r⇣s12
4

� m2
⇡

⌘
+

r⇣s12
4

� m2

⇡0

⌘
(99)

⇢KK =

r⇣s12
4

� m2

K

⌘
+

r⇣s12
4

� m2

K0

⌘
. (100)

4.3 Fitting procedure

The optimum values of the c0ks parameters are obtained using the Maximum Likelihood
Method, taking in account the e�ciency variation across the Dalitz plot and the background
distribution. The fit is performed in the Rio+ software.

36

non-resonant as constant or exponential!
 each resonance as  Breit-Wigner {

-  sum of BW violates two-body unitarity  ( 2 res in the same channel);
  

-  do NOT include rescattering and  coupled-channels;
  

-  free parameters are not connected with theory !  

!

weak vertex is not considered explicitly

F
S
I

WA =        *

+=M
F
S
 I

++ ++ ... +=M
F
S
 I

++ ++ ...

D
+
! W

+ which, subsequently gives rise to the processes shown in Fig. 3. The correspond-

ing amplitude is proportional to the product of matrix elements h(KKK)+|Aµ
|0ih0|Aµ|M

+
i,

where A
µ is the axial current. The Triple-M is composed by a non-resonant term and two

resonant contributions, associated with the � and the f0. The non-resonant amplitude is

a direct prediction from chiral symmetry and represented by a polynomial, with no free

parameters. It describes a proper three-body interaction, rather than the of 2+1 decom-

position (two-body subsystem+spectator). As this contribution involves no loops, it is real

for theoretical reasons and, therefore, adequate for fixing the overall phase of the Triple-M

amplitude.

The resonant contributions involve expressions which are very di↵erent from the Ak used

in the isobar model amplitude A =
P

ck Ak, but these expressions yield a similar line shape.

However, in the Triple-M, the free coe�cients ck are absent, because the intensity of each

resonance is predicted by the underlying dynamics. In particular, the � contribution is

completely fixed, for its intensity is related directly with the decay width into K̄K. The

case of the f0 is di↵erent, just because one does not have precise values for its mass and

couplings. Therefore, the three parameters in the amplitude, namely mf0 , cd, and cm, are

left to be determined by fits to data. In the K
�
K

+
K

+ final state one can access only the

tail of the f0, and therefore this channel may not be the best one for the determination

of these three parameters. The decay D
+
s ! ⇡

�
⇡
+
⇡
+, where the f0(980) is the dominant

component, would be the most adequate for this measurement. It is worth mentioning a

recent work [21] on this subject, where the f0(980) line shape is obtained in the context of

the Chiral Unitary theory, from a study of D+
s decays into ⇡

�
⇡
+
⇡
+ and K

�
K

+
K

+.

Our study also encompasses other dynamical e↵ects, representing corrections to the in-

termediate K̄K scattering amplitude, which were discussed in section IV and found to be

small. We have left them out of the Triple-M, for the time being, since the ability of the

leading contributions to reproduce data must be tested first. This kind of testing would

provide important indications about the importance of e↵ects which are not included in the

the present version of the Triple-M, such as isospin 1 resonances, as well as dynamical e↵ects

associated with processes other than the annihilation diagram.

20

R
aways intermediated by a resonance R 
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Models available F
S
I

WA =        *

movement to use better 2-body (unitarity) inputs in data analysis 

Anisovich PLB653(2007)

“K-matrix" : ππ S-wave 5 coupled-channel modulated by a production amplitude  

used by Babar, LHCb, BES III - analyticity problems !
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non-perturbative 

data decayscattering

we need non-perturbative meson-meson interactions up to….

Ropertz, Kubis, Hanhart 
EPJ Web Conf. 202 (2019) 06002 

extend 2-body amplitude theory validity PCM, Robilotta
work in progress

B sector is far

⇡⇡ K⇡
no KK data/theory

best theoretical        ,         scattering amplitude      constrained by data
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Models available
QCD factorization approach  

(2+1)
factorize the quark currents +=M

F
S
 I

++ ++ ...

p2, respectively, can be written as,

⟨M1(p1)M
∗
2 (p2)|Heff |B(pB)⟩ =

GF√
2

VCKM

∑

i

Ci(µ)⟨M1(p1)M
∗
2 (p2)|Oi(µ)|B(pB)⟩ , (1)

where pB = p1 + p2, GF is the Fermi constant, VCKM is a product of Cabibbo-Kobayashi-

Maskawa (CKM) matrix elements, Ci(µ) are Wilson coefficients renormalized at the scale µ [26] and

M∗
2 (p2) is the resonant quasi-two body state which decays into two lighter mesons. The hadronic

amplitude ⟨M1(p1)M∗
2 (p2)|Oi(µ)|B(pB)⟩ describes long-distance physics. In the factorization ap-

proach we henceforth employ, this amplitude is the sum of two matrix-element products,

⟨M1(p1)M
∗
2 (p2)|Oi(µ)|B(pB)⟩ =

(

⟨M1(p1)|Jν
1 |B(pB)⟩⟨M∗

2 (p2)|J2ν |0⟩

+⟨M1(p1)|Jν
3 |0⟩⟨M∗

2 (p2)|J4ν |B(pB)⟩
)

[

1 +
∑

n

rnα
n
s (µ) +O

(

ΛQCD

mb

)

]

, (2)

where the strong coupling is evaluated at a scale µ, rn is a combination of constant strong interaction

factors, and |0⟩ is the vacuum state. Thus, at leading order, the decay amplitudes factorize into

two matrix elements with either the weak quark currents J1 and J2 or J3 and J4. Radiative

corrections can be systematically taken into account to a given order αn
s (µ), whereas corrections to

the heavy-quark limit are of nonperturbative nature and therefore much less controlled. This is in

particular true for the charm quark which is neither a light nor a heavy enough quark [27–30]. This

fact makes the systematic improvements of Eq. (2), enclosed in square brackets, less reliable for D

decays. One should keep this limitation in mind but, for lack of a better theoretical framework, the

phenomenological approach to Eq. (2) remains a good starting point to organize the description of

D decays and can be used to provide a first step beyond the isobar model.

The weak effective Hamiltonian, Heff , in Eq. (1) is given by the sum of local operators Oi(µ)

multiplied by Wilson coefficients Ci(µ) which encode the short-distance effects above the renor-

malization scale µ. For a ∆B = 1 transition, for example, the Hamiltonian is given by [31, 32]

H∆B=1
eff =

GF√
2

∑

p=u,c

V ∗
pqVpb

[

C1(µ)O
p
1(µ) + C2(µ)O

p
2(µ) +

10
∑

i=3

Ci(µ)Oi(µ)

+ C7γ(µ)O7γ(µ) + C8g(µ)O8g(µ)
]

+ h.c. , (3)

where the quark flavor can be q = d, s and Vij are CKM matrix elements. In the decays, the weak

interaction W -boson exchange diagram gives rise to two current-current operators with different

color structure owing to QCD corrections and SU(3) color algebra:

Op
1(µ) = q̄iγ

µ(1− γ5)pi p̄jγµ(1− γ5)bj (4)

Op
2(µ) = q̄iγ

µ(1− γ5)pj p̄jγµ(1− γ5)bi . (5)

5

ex: B+ ! ⇡+⇡�⇡+

A ~

8

∑

p=u,c

λp
〈

π−(p1)[π
+(p2)π

−(p3)]D|Tp|B−
〉

= XD u(RDπ
−). (12)

In Eq. (7) the chiral factor rπχ is given by rπχ = 2m2
π/[(mb+mu)(mu+md)],

mu and md being the u and d quark masses, respectively. The long distance
functions XS,P,D and YS,P , evaluated in Appendix A, read

XS ≡
〈

[π+(p2)π
−(p3)]S |(ūb)V−A|B−

〉 〈

π−(p1)|(d̄u)V−A|0
〉

= −
√

2

3
χS fπ (M2

B − s23) F
BRS
0 (m2

π) Γ
n∗
1 (s23), (13)

YS ≡
〈

π−(p1)|(d̄b)sc−ps|B−
〉 〈

[π+(p2)π
−(p3)]S |(d̄d)sc+ps|0

〉

=

√

2

3
B0

M2
B −m2

π

mb −md
FBπ
0 (s23) Γ

n∗
1 (s23), (14)

XP ≡
〈

[π+(p2)π
−(p3)]P |(ūb)V −A|B−

〉 〈

π−(p1)|(d̄u)V−A|0
〉

= NP
fπ
fRP

(s13 − s12) A
BRP
0 (m2

π) F
ππ
1 (s23), (15)

YP ≡
〈

π−(p1)|(d̄b)V−A|B−
〉 〈

[π+(p2)π
−(p3)]P |(ūu)V−A|0

〉

= (s13 − s12)F
Bπ
1 (s23)F

ππ
1 (s23), (16)

XD ≡
〈

[π+(p2)π
−(p3)]D|(ūb)V−A|B−

〉 〈

π−(p1)|(d̄u)V−A|0
〉

= −
fπ√
2
FBRD(m2

π)

√

2

3

Gf2D(s12, s23)

m2
RD

− s23 − imRD
Γ(s23)

, (17)

The different quantities entering the above equations are discussed below.
The S-wave strength parameter χS [Eq. (13)] will be fitted together

with the correction P -wave parameter NP [Eq. (15]. The deviation of NP

from 1 corresponds to the possible variation of the strength of this P -wave
amplitude proportional to fπ/fRP

[compare Eqs. (A.7) and (A.19)].
Three scalar-isoscalar f0 resonances, viz. f0(600), f0(980) and f0(1400),

are present in the ππ effective mass range, mππ, considered here. Since some
of them are wide, like f0(600), one could have a possible RS dependence
in χS. The transition form factor from B to RS , F

BRS
0 (m2

π), could also
depend on mππ. However, one expects these dependences to be weaker
than the effective mass dependence of the pion scalar form factor, Γn∗

1 (s23),
in which all these resonances are incorporated. Therefore we assume that
χS and FBRS

0 (m2
π) are constant. This hypothesis will be assessed by the

quality of the fit obtained with our model. We shall take RS ≡ f0(980) for
the evaluation of FBRS

0 (m2
π) and we use FBRS

0 (m2
π) = 0.13 [19].
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The different quantities entering the above equations are discussed below.
The S-wave strength parameter χS [Eq. (13)] will be fitted together

with the correction P -wave parameter NP [Eq. (15]. The deviation of NP

from 1 corresponds to the possible variation of the strength of this P -wave
amplitude proportional to fπ/fRP

[compare Eqs. (A.7) and (A.19)].
Three scalar-isoscalar f0 resonances, viz. f0(600), f0(980) and f0(1400),

are present in the ππ effective mass range, mππ, considered here. Since some
of them are wide, like f0(600), one could have a possible RS dependence
in χS. The transition form factor from B to RS , F

BRS
0 (m2

π), could also
depend on mππ. However, one expects these dependences to be weaker
than the effective mass dependence of the pion scalar form factor, Γn∗

1 (s23),
in which all these resonances are incorporated. Therefore we assume that
χS and FBRS

0 (m2
π) are constant. This hypothesis will be assessed by the

quality of the fit obtained with our model. We shall take RS ≡ f0(980) for
the evaluation of FBRS

0 (m2
π) and we use FBRS

0 (m2
π) = 0.13 [19].

+

challenging for 3-body 
not all FSI and 3-body NR
scale issue with charm  !

https://arxiv.org/abs/1708.02047

Klein, Mannel, Virto, Keri Vos JHEP10 117 (2017)

improvement over (2+1)

introduce new non-perturbative strong phase

modern QDC factorization: different in each region

F
S
I

WA =        *

W

Boito et al. PRD96 113003 (2017)   parametrizations for B and D→3h

naive factorization
R FF

- FSI with scalar and vector form factors FF
- intermediate by a resonance R;

how to describe it?
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Models available
QCDF  predictions 

(2+1)

good agreement for Br

+=M
F
S
 I

++ ++ ...

F
S
I

WA =        *

W

Branching fractions (tree-dominated decays) [MB, Huber, Li, 2009]

Theory I Theory II Experiment

B
� ! ⇡�⇡0 5.43 +0.06 +1.45

�0.06 �0.84 (?) 5.82 +0.07 +1.42
�0.06 �1.35 (?) 5.59+0.41

�0.40
B̄

0
d
! ⇡+⇡� 7.37 +0.86 +1.22

�0.69 �0.97 (?) 5.70 +0.70 +1.16
�0.55 �0.97 (?) 5.16 ± 0.22

B̄
0
d
! ⇡0⇡0 0.33 +0.11 +0.42

�0.08 �0.17 0.63 +0.12 +0.64
�0.10 �0.42 1.55 ± 0.19

BELLE CKM 14: 0.90 ± 0.16

B
� ! ⇡�⇢0 8.68 +0.42 +2.71

�0.41 �1.56 (??) 9.84 +0.41 +2.54
�0.40 �2.52 (??) 8.3+1.2

�1.3
B
� ! ⇡0⇢� 12.38 +0.90 +2.18

�0.77 �1.41 (?) 12.13 +0.85 +2.23
�0.73 �2.17 (?) 10.9+1.4

�1.5
B̄

0 ! ⇡+⇢� 17.80 +0.62 +1.76
�0.56 �2.10 (?) 13.76 +0.49 +1.77

�0.44 �2.18 (?) 15.7 ± 1.8

B̄
0 ! ⇡�⇢+ 10.28 +0.39 +1.37

�0.39 �1.42 (??) 8.14 +0.34 +1.35
�0.33 �1.49 (??) 7.3 ± 1.2

B̄
0 ! ⇡±⇢⌥ 28.08 +0.27 +3.82

�0.19 �3.50 (†) 21.90 +0.20 +3.06
�0.12 �3.55 (†) 23.0 ± 2.3

B̄
0 ! ⇡0⇢0 0.52 +0.04 +1.11

�0.03 �0.43 1.49 +0.07 +1.77
�0.07 �1.29 2.0 ± 0.5

B
� ! ⇢�

L
⇢0

L
18.42+0.23

�0.21
+3.92
�2.55 (??) 19.06+0.24

�0.22
+4.59
�4.22 (??) 22.8+1.8

�1.9
B̄

0
d
! ⇢+

L
⇢�

L
25.98+0.85

�0.77
+2.93
�3.43 (??) 20.66+0.68

�0.62
+2.99
�3.75 (??) 23.7+3.1

�3.2
B̄

0
d
! ⇢0

L
⇢0

L
0.39+0.03

�0.03
+0.83
�0.36 1.05+0.05

�0.04
+1.62
�1.04 0.55+0.22

�0.24

Theory I: f
B⇡
+ (0) = 0.25 ± 0.05, A

B⇢
0 (0) = 0.30 ± 0.05,�B(1 GeV) = 0.35 ± 0.15 GeV

Theory II: f
B⇡
+ (0) = 0.23 ± 0.03, A

B⇢
0 (0) = 0.28 ± 0.03,�B(1 GeV) = 0.20+0.05

�0.00 GeV

First error �, |Vcb|. |Vub| uncertainty not included. Second error from hadronic inputs.
Brackets: form factor uncertainty not included.

M. Beneke (TU München), QCDF phenomenology Bad Honnef, February 12, 2016 8

Direct CP asymmetries

M. Beneke (TU München), QCDF phenomenology Bad Honnef, February 12, 2016 24

Direct CP asymmetries

M. Beneke (TU München), QCDF phenomenology Bad Honnef, February 12, 2016 23

Direct CP asymmetries

M. Beneke (TU München), QCDF phenomenology Bad Honnef, February 12, 2016 24

Branching Fraction (tree dominated decays)

not good agreement for Acp

 Acp (penguin dominante decays)

Beneke Seminar at “Future Challenges in 
Non-Leptonic B Decays”, Bad Honnef, 2016 
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Models available
Three-body FSI

+=M
F
S
 I

++ ++ ...

shown to be relevant on charm sector
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WA =        *

(beyond 2+1)

(2+1)

(3)

PRD92 094005 (2015)

 Niecknig, Kubis, JHEP10 142 (2015) 

Khuri-Treiman 

most precise for  E <1.2 GeV

apply to D0 ! K0⇡+⇡�

Moussallam + Bonn

J
H
E
P
1
0
(
2
0
1
5
)
1
4
2

K i

πj

D+

π− π+

K−

Figure 2. The associated s-channel scattering diagram D+π− → K−π+ via the intermediate
states Kiπj . The gray vertex stands for the crossed decay amplitude D+π− → Kiπj denoted
by Mij+ and the white vertex the Kiπj → K−π+ scattering amplitude denoted by T ij,−+. The
dashed line gives the contribution to the discontinuity [41]. The other channels follow analogously.

+
1

2

[
3
(
s(t−u)−∆

)2 −κ2(s)
]( 1√

3
F1/2
2 (s)−

√
2

15
F3/2
2 (s)

)
+ (s ↔ t)

}
,

M0̄0+(s, t, u) =
1

2
√
2

(
−F2

0 (u) +
√
3(t−s)F1

1 (u)
)
+

√
3

5
F3/2
0 (s)

+

√
3

5

[
s(t−u)−∆

]
F3/2
1 (s) +

√
3

2
√
5

[
3
(
s(t−u)−∆

)2 −κ2(s)
]
F3/2
2 (s)

−
(

2√
15

F3/2
0 (t) +

1√
6
F1/2
0 (t)

)

−
[
t(s−u)−∆

]( 2√
15

F3/2
1 (t) +

1√
6
F1/2
1 (t)

)

−1

2

[
3
(
t(s−u)−∆

)2 −κ2(t)
]( 2√

15
F3/2
2 (t) +

1√
6
F1/2
2 (t)

)
, (2.5)

where the single-variable amplitudes FI
L have definite isospin I and angular momentum

L in the channel associated with the Mandelstam variable featuring as their argument.

Note that the inclusion of D-waves is somewhat heuristic: in order to rigorously prove the

symmetrized decomposition (2.5) in the spirit of the so-called reconstruction theorem [12,

36–40], one needs to include a subtraction polynomial of higher order (i.e., a larger number

of unknown parameters) than what we will allow for below. We mainly want to retain the

πK D-wave to test the effect of the K∗
2 (1430) resonance, which is kinematically accessible

in the decay phase space. The way we implement this approximately will be discussed in

section 3.3.

3 Dispersive formalism

3.1 Unitarity and Omnès solution

We begin with the dispersive treatment of the associated scattering processes linked to

the decay by crossing symmetry, D+π̄ → Kπ and D+K̄ → ππ. The D-meson mass is

artificially set to MD < MK + 2Mπ such that the corresponding decay is kinematically

forbidden. The simpler analytic structure of these scattering processes can be exploited to

– 5 –

Faddeev integral eq

PCM et.al: PRD84 094001 (2011),

S.Nakamura PRD93 014005 (2016)

7

W T= + T

FIG. 9. Diagrammatic representation of the integral equation
for the three-body function T (m2

12)ξ(k3) (left). The driving
term contains the partonic amplitude from the weak vertex
convoluted with the two-body scattering amplitude (right,
first graph).

So far, we did not consider isospin degrees of free-
dom. The kernel of the integral equation (25) involves
the change between the pions corresponding to the final
isospin channel of the pair Kπ and gives rise to isospin
factors discussed in appendix B. The re-coupling coeffi-
cient given by eq.(B3) appears weighting the kernel. Tak-
ing into account also the isospin weight for the driving
term, we find

ξ(k) =
5
3 ξ1(k)−

2
3 i

∫ d4q
(2π)4T [(P − q)2]

(q2 −M2
π + iϵ)

×
ξ(q)

[(P − k − q)2 −M2
K + iϵ]

. (26)

As the main purpose of this work is to investigate the
effect of the three-body unitarity on the decay amplitude,
we analyze in the following section the perturbative con-
tributions to the FSI at one- and two-loop approxima-
tions. We choose to exemplify the series expansion of
eq.(26) for the weak vertices a and c of fig. 8 and present
the case of vertex b when discussing the perturbative cal-
culation. In the case of vertex a, we find

Aa(m
2
12,m

2
23) =

√

2

3
Wa

{

1 + T (m2
12)

5

3

[

ξ1(m
2
12)

+
2

3
ξ2(m

2
12) +

(

2

3

)2

ξ3(m
2
12) · · ·

]}

+ (1 ↔ 3) . (27)

where the argument of the function ξ is written in terms
of the invariant mass squared of the Kπ subsystem, i.e.,
m2

12 = (P−p3)2, instead of the individual momenta. The

factor
√

2
3 comes from the isospin projection of the Kπ

pair in the weak vertices to I = 1/2. The perturbative
n-loop amplitude is constructed recursively as:

ξn[(P − k)2] = −i

∫

d4q

(2π)4
T [(P − q)2]

(q2 −M2
π + iϵ)

×
ξn−1[(P − q)2]

[(P − k − q)2 −M2
K + iϵ]

. (28)

For later convenience we introduce the function
λn(m2

12), defined as

λn(m
2
12) = T (m2

12)ξn(m
2
12) , (29)

which is useful within our approximation of disregarding
the momentum structure of the weak vertex, and eq.(27)

becomes

Aa(m
2
12,m

2
23)=

√

2

3
Wa

{

1 +
5

3

[

λ1(m
2
12) +

2

3
λ2(m

2
12)+

+

(

2

3

)2

λ3(m
2
12) · · ·

]}

+ (1 ↔ 3). (30)

The three-body re-scattering series starting from the
weak vertex b has to be treated properly in order to avoid
double counting in the scattering series in the two-meson
channel, as the scalar resonance is dressed by the Kπ
interaction (c.f. fig. 12). In the case of vertex c the
scattering series simplifies as the π0 produced directly
from the W decay is not present in the final state and it
is written as:

Ac(m
2
12,m

2
23)=−

√
2

3
Wc

{

λ1(m
2
12) +

2

3
λ2(m

2
12)

+

(

2

3

)2

λ3(m
2
12) · · ·

}

+ (1 ↔ 3) . (31)

IV. PERTURBATIVE PROCESSES

In this section, the first two terms of the function
a(m2

12) given by eq.(22) are evaluated covariantly and dif-
ferent contributions are classified according to the type of
initial weak vertex. Diagrams involve two kinds of loops,
containing either two or three meson propagators. The
former require regularization and are treated as in the
construction of the Kπ amplitude presented in sect. II.
The latter are triangle integrals, written as

IπKθ(m
2
12) =

∫

d4k

(2π)4
1

[(p12−k)2−M2
π+i ϵ]

×
1

[[k2−M2
K+i ϵ] (p3+k)2 − θ ]

, (32)

where θ = θR − i θI , is the position of the pole in the
complex s-plane, with θR and θI constant positive quan-
tities. This integral is similar to those occurring in usual
calculations of form factors, but not identical, since the
invariant masses along the dotted lines in fig.10 can be
smaller than either m2

D orm2
12. It is thus mathematically

more akin to integrals needed to describe form factors of
unstable particles, such as the ∆, ρ or K∗. We write

IπKθ= iΠπKθ/(4π)
2 (33)

and the evaluation of the functions Π is discussed in ap-
pendix D.

A. Contributions proportional to Wa

Processes involving the weak vertex Wa, defined in
fig.8, are indicated in fig.11. The W+ is shown explicitly
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of SU(3) mesons. ChPT is fully suited for describing these effective processes. The primary

weak decay is then followed by purely hadronic final state interactions (FSIs), in which the

mesons produced initially rescatter in many different ways, before being detected. The decay

D+ → K−K+K+ is doubly-Cabibbo-suppressed and any model describing it should involve

a combination of these two parts, as suggested by Fig.1.
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FIG. 1: Amplitude T for D+ → K−K+K+: (a) primary weak vertex; (b) weak vertex dressed by

final state interactions, the full line is the D, dashed lines are pseudoscalars.

In this work we allow for the coupling of intermediate states and, within the (2 + 1)

approximation, final state interactions are always associated with loops describing two-

meson propagators. This provides a topological criterion for distinguishing the primary

weak vertex from FSIs, namely that the former is represented by tree diagrams and the

latter by a series with any number of loops. Each of these loops is multiplied by a tree-level

scattering amplitude K and, schematically, this allows the decay amplitude T to be written

as

T = (weak tree) ×
[

1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·
]

. (2)

The term within square brackets involves strong interactions only and represents a geometric

series for the FSIs, which can be summed. Denoting this sum by S, one has S = 1/[1 −

(loop×K)], which corresponds to the model prediction for the resonance line shape.

= +
K

+
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b

a

K
+
3

b

a

K
+
3

b

a

(a) (b)

W

FIG. 2: Competing topologies for the decay D+ → K−K+K+; the pair P aP b is produced either

after (a) or before (b) the weak interaction.
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separate the different energy scales: 

T = h(KKK)+|T |D+i = h(KKK)+|Aµ|0i| {z }
h0|Aµ|D+i.
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ChPT

 hypotheses that annihilation is dominant  

of SU(3) mesons. ChPT is fully suited for describing these effective processes. The primary

weak decay is then followed by purely hadronic final state interactions (FSIs), in which the

mesons produced initially rescatter in many different ways, before being detected. The decay

D+ → K−K+K+ is doubly-Cabibbo-suppressed and any model describing it should involve

a combination of these two parts, as suggested by Fig.1.
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FIG. 1: Amplitude T for D+ → K−K+K+: (a) primary weak vertex; (b) weak vertex dressed by

final state interactions, the full line is the D, dashed lines are pseudoscalars.

In this work we allow for the coupling of intermediate states and, within the (2 + 1)

approximation, final state interactions are always associated with loops describing two-

meson propagators. This provides a topological criterion for distinguishing the primary

weak vertex from FSIs, namely that the former is represented by tree diagrams and the

latter by a series with any number of loops. Each of these loops is multiplied by a tree-level

scattering amplitude K and, schematically, this allows the decay amplitude T to be written

as

T = (weak tree) ×
[

1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·
]

. (2)

The term within square brackets involves strong interactions only and represents a geometric

series for the FSIs, which can be summed. Denoting this sum by S, one has S = 1/[1 −

(loop×K)], which corresponds to the model prediction for the resonance line shape.
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after (a) or before (b) the weak interaction.
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quarks c and d̄ in the D+ annihilate into a W+, which subsequently hadronizes. The primary

weak decay is followed by final state interactions, involving the scattering amplitude A. This

yields the decay amplitude T given in Fig.4, which includes the weak vertex and indicates

that the relationship with A is not straightforward, supporting statement a.dynamics, in

sect.II.
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FIG. 4: Decay amplitude forD+ → K−K+K+; the weak vertex proceeds thought the intermediate

steps D+ → W+ and W+ → K−K+K+ and strong final state interactions are encompassed by

the scattering amplitude A.

This decay amplitude is given by

T = −
[

GF√
2
sin2 θC

]

⟨K−(p1)K
+(p2)K

+(p3)|Aµ| 0 ⟩ ⟨ 0 |Aµ|D+(P )⟩ , (4)

where GF is the Fermi decay constant, θC is the Cabibbo angle, the Aµ are axial currents

and P = p1 + p2 + p3 . Throughout the paper, the label 1 refers to the K−, the label 3 the

spectator K+ and kinematical relations are given in appendix A.

Denoting the D+ decay constant by FD, we write ⟨ 0 |Aµ|D+(P )⟩ = −i
√
2FD Pµ and

find a decay amplitude proportional to the divergence of the remaining axial current, given

by

T = i

[

GF√
2
sin2 θC

] √
2FD [Pµ ⟨Aµ⟩] , (5)

with ⟨Aµ⟩ = ⟨K−(p1)K+(p2)K+(p3)|Aµ| 0 ⟩. This result is important because, if SU(3)

were an exact symmetry, the axial current would be conserved and the amplitude T would

vanish. As the symmetry is broken by the meson masses, one has the partial conservation

of the axial current (PCAC) and T must be proportional to M2
K . In the expressions below,

this becomes a signature of the correct implementation of the symmetry.

The rich dynamics of the decay amplitude T is incorporated in the current ⟨Aµ⟩ and

displayed in Fig.5. Diagrams are evaluated using the techniques described in Refs.[45, 46]. In

10

predict KK scattering amplitude

alternative to isobar model in amplitude analysis

fitted to        data 
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of SU(3) mesons. ChPT is fully suited for describing these effective processes. The primary

weak decay is then followed by purely hadronic final state interactions (FSIs), in which the

mesons produced initially rescatter in many different ways, before being detected. The decay

D+ → K−K+K+ is doubly-Cabibbo-suppressed and any model describing it should involve

a combination of these two parts, as suggested by Fig.1.
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In this work we allow for the coupling of intermediate states and, within the (2 + 1)

approximation, final state interactions are always associated with loops describing two-

meson propagators. This provides a topological criterion for distinguishing the primary

weak vertex from FSIs, namely that the former is represented by tree diagrams and the

latter by a series with any number of loops. Each of these loops is multiplied by a tree-level

scattering amplitude K and, schematically, this allows the decay amplitude T to be written

as

T = (weak tree) ×
[

1 + (loop×K) + (loop×K)2 + (loop×K)3 + · · ·
]

. (2)

The term within square brackets involves strong interactions only and represents a geometric

series for the FSIs, which can be summed. Denoting this sum by S, one has S = 1/[1 −

(loop×K)], which corresponds to the model prediction for the resonance line shape.
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FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced

12
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parameter value

F 94.3+2.8
−1.7± 1.5MeV

ma0 947.7+5.5
−5.0± 6.6MeV

mSo 992.0+8.5
−7.5± 8.6MeV

mS1 1330.2+5.9
−6.5± 5.1MeV

mφ 1019.54+0.10
−0.10± 0.51MeV

Gφ 0.464+0.013
−0.009± 0.007

cd −78.9+4.2
−2.7± 1.9MeV

cm 106.0+7.7
−4.6± 3.3MeV

c̃d −6.15+0.55
−0.54± 0.19MeV

c̃m −10.8+2.0
−1.5± 0.4MeV

Table 3. Results of the D+ → K−K+K+ Dalitz plot fit with the Triple-M amplitude.
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posed, whereas the dashed green line is the phase space distribution weighted by the efficiency. The
magenta histogram represents the contribution from the background.

the fit result superimposed. The projections indicate that the model is in good agreement

with the data. The distribution of the normalised residuals over the Dalitz plot is shown

in the right panel of figure 12. The distribution of normalised residuals, shown in the left

panel of figure 12, is consistent with a normal Gaussian.
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panel of figure 12, is consistent with a normal Gaussian.

– 15 –

p
r
o
o
f
s
 
J
H
E
P
_
1
5
7
P
_
0
2
1
9

FFNR FF00 FF01 FF10 FF11 FFS−wave

14 ± 1 29 ± 1 131 ± 2 7.1 ± 0.9 0.26 ± 0.01 94 ± 1

Table 4. Relative fractions (%) of the various components of the Triple-M amplitude. The uncer-
tainties correspond to the combined statistical and systematic uncertainties.

with

TS = TS
NR + T 00 + T 01 (7.5)

and

TP = TP
NR + T 11 + T 10 . (7.6)

The relative contribution of each individual component of the Triple-M amplitude is

determined by integrating the modulus squared of each term in the right-hand side of

eq. (7.2) over the phase space of the D+→ K−K+K+ decay,

FFNR =

∫
ds12 ds13 |TNR(s12, s13)|2∫
ds12 ds13 |T (s12, s13)|2

, FFJI =

∫
ds12 ds13 |T JI(s12, s13)|2∫
ds12 ds13 |T (s12, s13)|2

. (7.7)

Similarly, the S-wave contribution can be determined by the integral over the phase

space of the modulus squared of the TS component, defined in eq. (7.5), and divided by

the integral of the modulus squared of the decay amplitude T . The results are summarised

in table 4. There is a large destructive interference between the two scalar below-threshold

states, a0(980) and f0(980), yielding an S-wave contribution of (94 ± 1)%. The large

a0(980)/f0(980) interference may be, in part, due to the fact that in the K+K− mass

spectrum these two states have very similar lineshapes, since only the tails are visible.

This large interference is also observed in the fit with the isobar model C, yielding similar

fit fractions for the S-wave component. A more accurate determination of the relative

contribution of the a0(980) and f0(980) resonances could be obtained from a simultaneous

analysis of the D+ → π+π−π+ and D+ → ηπ+π0. The contribution of the φ(1020)

resonance, (7.1± 0.5)%, is consistent to that observed in the fit with the isobar model.

7.2.2 Decay and scattering amplitudes

The phases of the S-wave amplitude, TS , and the K+K− → K+K− scattering amplitudes,

A0I
K+K− , for the two allowed isospin states, are shown in figure 13 as a function of theK+K−

invariant mass. The bands correspond to the statistical and systematic uncertainties added

in quadrature. The kink in the phase of TS at m(K+K−) ∼ 1.25GeV is due to the opening

of the ηη channel. The curves of figure 13 illustrate the difference between decay and

scattering amplitudes. The latter, which depends on spin and isospin, is a substructure

of the former, which depends only on spin. The expressions of the various scattering

amplitudes, derived in ref. [3], are reproduced in appendix C.

The physics of two-body scattering is encompassed by the phase shifts and inelasticities.

These quantities are obtained from the scattering amplitudes, following the procedure

described in ref. [3]. The phase shifts, δJIK+K− , and inelasticities ηJIK+K− , are displayed in

figure 14 for J=0 and I=0, 1.
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making 2 ↔ 3.

chiral perturbation theory, the primary couplings of the W+ to the K−K+K+ system always

involve a direct interaction, accompanied by a kaon-pole term, denoted by (A) and (B) in

the figure. Only their joint contribution is compatible with PCAC. Diagrams (1A+1B) are

LO and describe a non-resonant term, a proper three body interaction, which goes beyond

the (2 + 1) approximation, whereas Figs. (2A+2B) allow for the possibility that two of the

mesons rescatter, after being produced in the primary weak vertex. Diagrams (3A+3B) are

NLO and describe the production of bare resonances at the weak vertex, whereas final state

rescattering processes (4A+4B) endow them with widths.

A. two-body unitarization and resonance line shapes

In the description of the two-body subsystem, we consider just S- and P - waves, corre-

sponding to (J = 1, 0, I = 1, 0) spin-isospin channels. The associated resonances are ρ(770),

φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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Figure 10. Diagrams contributing to the amplitude T for the decay D+ → K− K+ K+: (a) the
final state kaons are produced directly from the weak vertex; (b) a bare resonance is produced
directly from the weak vertex; (c) particles produced at the weak vertex undergo final state
interactions; (d) final state interactions endow finite widths to the resonances. The full circle
represents the unitary ab → K+K− scattering amplitude with angular momentum J and isospin
I, and ab = KK, ππ, ηπ and ηη.

ma0 , in the scalar-isovector T 01 components; one coupling, GV , for the vector components,

T 10 and T 11, and one mass, mφ, in the vector-isoscalar component. In the fit to the data,

the combination Gφ ≡ GV sin θω−φ/F is used as free parameter, where θω−φ is the ω − φ

mixing angle. The parameter F is the SU(3) pseudoscalar decay constant, common to

all components. For convenience, the formulae of the various components of the Triple-M

amplitude are reproduced from ref. [3] in appendix B.

Equation (7.2) resembles that of the isobar model, but there are several significant

differences. The free parameters in the Triple-M amplitude are real quantities from the

chiral Lagrangian. Some of these parameters appear in different spin-isospin components

of the model. In the isobar model the free parameters are the complex coefficients ck,

from which the individual contributions of the resonances are determined. In the Triple-M

amplitude, the relative contributions of the various components are fixed by theory. The

nonresonant component is usually represented by an empirical constant in fits with the

isobar model. In the Triple-M amplitude, it is a function of the Dalitz plot coordinates

and is fully determined by chiral symmetry.

7.1 Fit results

The optimum values of the Triple-M parameters are determined by an unbinned maximum-

likelihood fit, as described in section 5. The fitted values of the Triple-M parameters are

listed in table 3, with statistical and systematic uncertainties.

The quality of the fit with the Triple-M amplitude is tested with the metric defined in

eq. (5.4). The value of χ2/ndof is 1.12. The projections of the Dalitz plot onto the sK+K−

and the sK+K+ axes, as well as the projections onto the highest and lowest invariant masses

squared of the two K+K− combinations, shighK+K− and slowK+K− , are shown in figure 11, with

– 14 –

= 1.12 (Isobar 1.14-1.6)
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couple channel structure 
cannot be ignored
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Figure 13. Phase of the J =0 component of the decay amplitude (blue) TS = T 00 + T 01 + TS
NR,

compared to the phases of the scattering amplitudes, (red) A00
K+K− and (magenta) A01

K+K− as a
function of the K+K− invariant mass.

The interpretation of the phase shifts for K+K− scattering is not as straightforward

as in the case of elastic scattering, since for both isospin states, the ππ → K+K− and

πη → K+K− channels are already open at the K+K− threshold. An interesting feature

of the results displayed is that the phase variation of δ00K+K− is monotonic and spans over

more than 180◦, with a fast variation starting at m(K+K−) ∼ 1.4GeV, close to the value

of mS1 and typical of a resonance at high K+K− mass. A fast variation of the phases is

observed near threshold for both δ00K+K− and δ01K+K− , indicating the contribution from the

resonances below threshold.

The ηη channel contributes to T 00 but not to T 01 and its effect is visible in the bottom

left plot of figure 14 as a kink at m(K+K−) ∼ 1.1GeV. As elastic scattering corresponds

to ηJI = 1, one sees that the isoscalar component becomes significantly more inelastic after

the mass of the second scalar resonance.

8 Systematic uncertainties

Sources of systematic uncertainties associated to the background model, to the efficiency

correction and to possible biases in the fitting procedure are common to the fits with the

isobar model and the Triple-M. They are summarized in tables 5 and 6, respectively. There

is an additional source of systematic uncertainties on the results of the fit with the isobar

model due to the uncertainties on the parameters defining the f0(980) lineshape, which

are fixed in the fit. This additional uncertainty, quoted separately from the experimental

uncertainties, is estimated by repeating the fit varying the parameters gπ, gK and m0 of

eq. (A.4) by one standard deviation, one at a time, and taking the largest deviation as the

systematic uncertainty. The radii of the Blatt-Weisskopf form factors are also fixed in the

fit. However, they impacts only the φ(1020)K+ amplitude. Fits with alternative values of

these parameters are performed. The tested values of the radii are 4 and 6GeV−1, for FL
D,

and 1 and 3GeV−1, for FL
R . Since no significant deviation from the baseline fit is observed,

no systematic uncertainty is assigned.

– 18 –
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3-body amplitude      from 2-body6=
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to extract 2-body need 
a full model

predict KK scattering amplitude to be used in other process
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Models available
FSI on B decays +=M

F
S
 I

++ ++ ...

hadronic FSI  
CPV needs:

2 interfering amplitudes
2  ≠ strong phases
2  ≠ weak phases [ sin(�1 � �2) 6= 0 ]

[ sin(�1 � �2) 6= 0 ]

F
S
I

WA =        *

W

B± ! ⇡±⇡�⇡+

middle with no resonance
 but have CPV

CP violation puzzleB± ! h±h�h+

LHCb PRD90 (2014) 112004
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Figure 30: AN

CP
in Dalitz plot bins with equal number of events (sWeighted background

subtracted and acceptance corrected) for B
± ! K

±
⇡
+
⇡
� (top left), B± ! K

±
K

+
K

�

(top right), B± ! ⇡
±
⇡
+
⇡
� (bottom left) and B

± ! ⇡
±
K

+
K

� (bottom right).

is located mainly in the low mass region of m⇡⇡ < 1.5GeV/c2, where a clear interference1017

structure appears in the B
+-B� distribution.1018

10.1.2 B
± ! K

±
K

+
K

�
1019

The projections of the B± ! K
±
K

+
K

� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
/c

4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
± ! K

±
K

+
K

� Dalitz plot (Figure 28) is the contribution of B± ! J/ K
±

1025

with J/ ! K
+
K

�, around 9.6GeV2
/c

4 in m
2
K+K� low. Table 31 shows the Particle Data1026

Group list of measured branching fractions for B± ! K
±
K

+
K

�.1027

The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028

B
+ events for mK+K� low < 1.6GeV/c2 and m

2
K+K� high between 2.4GeV/c2 and 4.0GeV/c2.1029

Figure 35 is a zoom in the mK+K� low region of high asymmetry, that includes the �(1020).1030

68

KKπ

πππ KKπ

KKK

 mechanisms for low-energy CPV6=
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structure appears in the B
+-B� distribution.1018
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The projections of the B± ! K
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� Dalitz plot are shown in Figure 34. We can identify1020

in mK+K� low the narrow vector resonances: �(1020) as the first bump around 1GeV/c21021

and �c0(1P ) in the region around 3.4GeV/c2. The resonances in the mK+K� high projection1022

are covered by the � distribution along this axis. There is also a broad concentration at low1023

mass above 2.0GeV2
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4, which could correspond to the f2(1525) resonance. Also visible1024

only in the B
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The mass projections reveal a clear signature of CP asymmetry, with a large excess of1028
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PRD89(2014)094013 

  

CPT Invariance
CPT invariance  ⇒ Same lifetime and same mass to particle and anti-particle. 
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In a exact proportion. 

 It  is necessary to include  fnal state interaction in the CP violation calculation. 
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CPT must be preserved

CPV in one channel should be compensated by 
another one with opposite sign

rescattering contribution for CPV confirmed by LHCb analysis Wen Bin talk

CPV [1 - 2] GeV
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Final remarks

two-body unitary, coupled-channel description in mandatory 

Triple M : theory/experimental joint work

FSI play an important role in B/D hadronic decays  

B decays —> understand of CPV, low and high mass, 

D decays —> 3-body effects, extract 2-body information from data,  CPV?

QCDF  and  FSI
models need to connect the weak and strong description

Thank you very much
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AJI
ab =

K(JI)
ab!cd

1 + ⌦̄ab K(JI)
ab!cd

�⌦̄= + + + ...

= +(a)

(b)

FIG. 6: (a) Tree-level two-body interaction kernel K(J,I)
ab→cd - a NLO s-channel resonance, added to

a LO contact term. (b) Structure of the unitarized scattering amplitude.

The basic meson-meson intermediate interactions P aP b → P cP d are described by kernels

K(J,I)
ab|cd and their simple dynamical structure is shown in Fig.6, as LO four point terms, typical

of chiral symmetry, supplemented by NLO resonance exchanges in the s-channel. Just in

the (J = 0, I = 0) channel two resonances, S1 and So, are needed. In these diagrams, all

vertices represent interactions derived from chiral lagrangians[46]. Kernels are then functions

depending on just masses and coupling constants. The mathematical structure of these

functions is displayed in App.F. In the case of the φ-meson, the kernel includes an effective

coupling to the (ρπ+πππ) channel, which accounts for about 15% of its width. This effective

interaction is discussed in App.(C) and yields eq.(F6).

All other resonance terms in the kernels contain bare poles. However, the evaluation of

amplitudes involves the iteration of the basic kernels by means of two-meson propagators,

as in Fig.6(b). The propagators, denoted by Ω̄, are discussed in App.B and, in principle,

they have both real and imaginary components. The former contain divergent contributions

and their regularization brings unknown parameters into the problem. This considerable

nuisance is avoided by working in the K-matrix approximation, whereby just the imaginary

parts of the two-meson propagators are kept. This gives rise to the structure sketched within

the square bracket of eq.(2), where the terms (loop×K) are realized by the functions M (J,I)
ij

given in eqs.(G10-G13). The ressummation of the geometric series, indicated in Fig.6(b),

endows the s-channel resonances with widths. Thus among other structures, intermediate

two-body amplitudes yield denominators D(J,I), which are akin to those of the form DBW =

[s − m2 + imΓ] employed in BW functions. These denominators, that correspond to the

predictions of the model for the resonance line shapes, are given in App.G and reproduced
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masses:
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physical      states are linear combination off0 ms0 , ms1

coupling constants:
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Triple M   LHCb fit

p
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f
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J
H
E
P
_
1
5
7
P
_
0
2
1
9

parameter value

F 94.3+2.8
−1.7± 1.5MeV

ma0 947.7+5.5
−5.0± 6.6MeV

mSo 992.0+8.5
−7.5± 8.6MeV

mS1 1330.2+5.9
−6.5± 5.1MeV

mφ 1019.54+0.10
−0.10± 0.51MeV

Gφ 0.464+0.013
−0.009± 0.007

cd −78.9+4.2
−2.7± 1.9MeV

cm 106.0+7.7
−4.6± 3.3MeV

c̃d −6.15+0.55
−0.54± 0.19MeV

c̃m −10.8+2.0
−1.5± 0.4MeV

Table 3. Results of the D+ → K−K+K+ Dalitz plot fit with the Triple-M amplitude.
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Figure 11. Projections of the Dalitz plot onto (top left) sK+K− , (top right) sK+K+ , (bottom left)
shighK+K− and (bottom right) slowK+K− axes, with the fit result with the Triple-M amplitude superim-
posed, whereas the dashed green line is the phase space distribution weighted by the efficiency. The
magenta histogram represents the contribution from the background.

the fit result superimposed. The projections indicate that the model is in good agreement

with the data. The distribution of the normalised residuals over the Dalitz plot is shown

in the right panel of figure 12. The distribution of normalised residuals, shown in the left

panel of figure 12, is consistent with a normal Gaussian.
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FFNR FF00 FF01 FF10 FF11 FFS−wave

14 ± 1 29 ± 1 131 ± 2 7.1 ± 0.9 0.26 ± 0.01 94 ± 1

Table 4. Relative fractions (%) of the various components of the Triple-M amplitude. The uncer-
tainties correspond to the combined statistical and systematic uncertainties.

with

TS = TS
NR + T 00 + T 01 (7.5)

and

TP = TP
NR + T 11 + T 10 . (7.6)

The relative contribution of each individual component of the Triple-M amplitude is

determined by integrating the modulus squared of each term in the right-hand side of

eq. (7.2) over the phase space of the D+→ K−K+K+ decay,

FFNR =

∫
ds12 ds13 |TNR(s12, s13)|2∫
ds12 ds13 |T (s12, s13)|2

, FFJI =

∫
ds12 ds13 |T JI(s12, s13)|2∫
ds12 ds13 |T (s12, s13)|2

. (7.7)

Similarly, the S-wave contribution can be determined by the integral over the phase

space of the modulus squared of the TS component, defined in eq. (7.5), and divided by

the integral of the modulus squared of the decay amplitude T . The results are summarised

in table 4. There is a large destructive interference between the two scalar below-threshold

states, a0(980) and f0(980), yielding an S-wave contribution of (94 ± 1)%. The large

a0(980)/f0(980) interference may be, in part, due to the fact that in the K+K− mass

spectrum these two states have very similar lineshapes, since only the tails are visible.

This large interference is also observed in the fit with the isobar model C, yielding similar

fit fractions for the S-wave component. A more accurate determination of the relative

contribution of the a0(980) and f0(980) resonances could be obtained from a simultaneous

analysis of the D+ → π+π−π+ and D+ → ηπ+π0. The contribution of the φ(1020)

resonance, (7.1± 0.5)%, is consistent to that observed in the fit with the isobar model.

7.2.2 Decay and scattering amplitudes

The phases of the S-wave amplitude, TS , and the K+K− → K+K− scattering amplitudes,

A0I
K+K− , for the two allowed isospin states, are shown in figure 13 as a function of theK+K−

invariant mass. The bands correspond to the statistical and systematic uncertainties added

in quadrature. The kink in the phase of TS at m(K+K−) ∼ 1.25GeV is due to the opening

of the ηη channel. The curves of figure 13 illustrate the difference between decay and

scattering amplitudes. The latter, which depends on spin and isospin, is a substructure

of the former, which depends only on spin. The expressions of the various scattering

amplitudes, derived in ref. [3], are reproduced in appendix C.

The physics of two-body scattering is encompassed by the phase shifts and inelasticities.

These quantities are obtained from the scattering amplitudes, following the procedure

described in ref. [3]. The phase shifts, δJIK+K− , and inelasticities ηJIK+K− , are displayed in

figure 14 for J=0 and I=0, 1.
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FIG. 5: Dynamical structure of triangle vertices in Fig.4; the wavy line is the W+, dashed lines

are mesons, continuous lines are resonances and the full red blob represent meson-meson scattering

amplitudes, described in Fig.6; all diagrams within square brackets should be symmetrized, by

making 2 ↔ 3.

chiral perturbation theory, the primary couplings of the W+ to the K−K+K+ system always

involve a direct interaction, accompanied by a kaon-pole term, denoted by (A) and (B) in

the figure. Only their joint contribution is compatible with PCAC. Diagrams (1A+1B) are

LO and describe a non-resonant term, a proper three body interaction, which goes beyond

the (2 + 1) approximation, whereas Figs. (2A+2B) allow for the possibility that two of the

mesons rescatter, after being produced in the primary weak vertex. Diagrams (3A+3B) are

NLO and describe the production of bare resonances at the weak vertex, whereas final state

rescattering processes (4A+4B) endow them with widths.

A. two-body unitarization and resonance line shapes

In the description of the two-body subsystem, we consider just S- and P - waves, corre-

sponding to (J = 1, 0, I = 1, 0) spin-isospin channels. The associated resonances are ρ(770),

φ(1020), a0(980), and two SU(3) scalar-isoscalar states, S1 and So, corresponding to a sin-

glet and to a member of an octet, respectively. The physical f0(980), together with a higher

mass f0 state, would be linear combinations of S1 and So. Depending on the channel, the

intermediate two-meson propagators may involve ππ, KK, ηη, and πη intermediate states,

so there is a large number of coupled channels to be considered.
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Figure 12. (left) Two-dimensional distribution of the normalised residuals for the Triple-M fit.
(right) Distribution of normalised residuals of each bin.

7.2 Interpretation

The resonance masses in the Triple-M are introduced in the denominators, D, of

eqs. (B.21)–(B.24), where the functions M are imaginary and proportional to interaction

kernels which contain the bare masses of the effective chiral Lagrangian, ma0 , mSo , mS1

and mφ. The Triple-M amplitude is derived assuming that only the imaginary part of the

two-body propagators in eqs. (B.25)–(B.28) is relevant. In this approximation, the bare

masses coincide with the masses of the physical states and the association mSo = mf0(980)

and mS1 = mf0(1370) can be made. As in the case of the isobar model, the masses in the

Triple-M correspond to the values of sK+K− for which the real part of the denominator

D of eqs. (B.21)–(B.24) vanishes. At these values of sK+K− , only the imaginary parts

of the denominators remain, corresponding to the model prediction for the widths. The

denominators D would be very similar to those from the isobar model if no coupled chan-

nel was considered. The inclusion of coupled channels is, therefore, the main difference

between the Triple-M and Breit-Wigner denominators, resulting in widths with different

dynamical content.

7.2.1 Resonant structure

The nonresonant contribution in the Triple-M is a three-body amplitude predicted by chiral

symmetry. It can be projected into the S- and P-waves rewriting eq. (B.4) as

TNR =
C

4

[
(m2

D −m2
K + s12) + (s13 − s23) + (m2

D −m2
K + s13) + (s12 − s23)

]

= TS
NR + TP

NR , (7.3)

where C is a constant common to all components of the Triple-M amplitude, and defined

in eq. (B.2). The decay amplitude can then be written as the sum of scalar and vector

components

T =
[
TS + TP + (2 ↔ 3)

]
, (7.4)
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Figure 10. Diagrams contributing to the amplitude T for the decay D+ → K− K+ K+: (a) the
final state kaons are produced directly from the weak vertex; (b) a bare resonance is produced
directly from the weak vertex; (c) particles produced at the weak vertex undergo final state
interactions; (d) final state interactions endow finite widths to the resonances. The full circle
represents the unitary ab → K+K− scattering amplitude with angular momentum J and isospin
I, and ab = KK, ππ, ηπ and ηη.

ma0 , in the scalar-isovector T 01 components; one coupling, GV , for the vector components,

T 10 and T 11, and one mass, mφ, in the vector-isoscalar component. In the fit to the data,

the combination Gφ ≡ GV sin θω−φ/F is used as free parameter, where θω−φ is the ω − φ

mixing angle. The parameter F is the SU(3) pseudoscalar decay constant, common to

all components. For convenience, the formulae of the various components of the Triple-M

amplitude are reproduced from ref. [3] in appendix B.

Equation (7.2) resembles that of the isobar model, but there are several significant

differences. The free parameters in the Triple-M amplitude are real quantities from the

chiral Lagrangian. Some of these parameters appear in different spin-isospin components

of the model. In the isobar model the free parameters are the complex coefficients ck,

from which the individual contributions of the resonances are determined. In the Triple-M

amplitude, the relative contributions of the various components are fixed by theory. The

nonresonant component is usually represented by an empirical constant in fits with the

isobar model. In the Triple-M amplitude, it is a function of the Dalitz plot coordinates

and is fully determined by chiral symmetry.

7.1 Fit results

The optimum values of the Triple-M parameters are determined by an unbinned maximum-

likelihood fit, as described in section 5. The fitted values of the Triple-M parameters are

listed in table 3, with statistical and systematic uncertainties.

The quality of the fit with the Triple-M amplitude is tested with the metric defined in

eq. (5.4). The value of χ2/ndof is 1.12. The projections of the Dalitz plot onto the sK+K−

and the sK+K+ axes, as well as the projections onto the highest and lowest invariant masses

squared of the two K+K− combinations, shighK+K− and slowK+K− , are shown in figure 11, with

– 14 –
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Figure 14. (top) Phase-shifts δ0IK+K− and (bottom) inelasticities η0I as a function of the K+K−

invariant mass, for both isospin states.

Two types of systematic uncertainties due to the background are investigated. First,

the background level is varied according to the uncertainty from the fit to the K−K+K+

invariant mass. The data is fitted changing the fraction of the background by ±1σ. No

significant change in the fit parameters is found and no systematic uncertainty is assigned.

Uncertainties due to the background modelling are also investigated. The background

model is built from inspection of the sidebands of the D+ → K−K+K+ signal. It is a

combination of a peaking structure and a smooth component. The smooth component

corresponds to 80% of the background and is modelled by a sum of a constant term and

an f0(980)K+ contribution, in equal proportions. A systematic uncertainty due to the

modelling of the background is assigned by varying the relative fractions of these two

components, fitting the data with these alternative background models and taking the

largest variation as systematic uncertainty.

Systematic uncertainties are assigned to small biases in the fit using ensembles of 500

simulated samples. Two sets of samples are generated using the Triple-M amplitude and

the isobar model, both with the fitted values of the parameters. In the simulations the

signal PDFs are weighted by the efficiency function and the background component is

included. Each simulated sample is fitted independently, resulting in distributions of fitted

values of the parameters and their respective uncertainties. For each parameter, the mean

of the distribution of fitted values is compared to the input. The difference is assigned as

the systematic uncertainty due to the fit bias. A small bias is observed in the fit with the

Triple-M amplitude, whilst no bias is observed in the fit with the isobar model.

The systematic uncertainty associated to the efficiency variation across the Dalitz plot

includes the effect of the uncertainties on the PID efficiency and the hardware trigger cor-
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FIG. 3: Leading vector current contribution, dressed by form factors and ππ interactions (in the

small green blob).

by A0 the amplitude for the process D+ → K0π0π+ without FSIs and by TKπ that for

π0K̄0 → π+K−, the amplitude A1 of Fig.3 can be schematically written as

A1 = −i

∫

d4ℓ

(2π)4
T S
Kπ ∆π ∆K A0 , (1)

where ℓ is the loop variable, ∆π and ∆K are pion and kaon propagators and A0 is the tree

level amplitude, given by

A0 = −
1√
2
[GF cos2 θC ] ⟨ π+ π0|Vµ|0 ⟩ ⟨ K̄0|V µ|D+ ⟩ , (2)

derived in App.B, eq(B17). The matrix element ⟨ K̄0|V µ|D+ ⟩ describes the D → WK̄

vertex, eq.(B13), including D∗

s intermediate states [25], and corresponds to form factors

parametrized in terms of vector and scalar nearest poles, eq.(B14). The factor ⟨ π+ π0|Vµ|0 ⟩

is associated with the process W → ππ, shown in Fig.4, and includes the ρ with a dynamical

width, eq(B10). The bare resonance is treated by employing the formalism developed in

Ref.[21] and its width is constructed using the P -wave elastic ππ amplitude.

The W → ππ form factor is time-like and its inclusion into the vector series of Fig.2 can,

in principle, give rise to final state interactions depending on both ππ and Kπ amplitudes.

With the purpose of keeping complications to a minimum, we consider just ππ interactions

that occur before the first Kπ scattering.

The evaluation of Fig.3 requires the Kπ amplitude in the interval 0.401GeV2 ≤ s ≤

2.993GeV2. As LASS data[1] begins only at s = 0.681GeV2, one covers the low-energy

region by means of theoretical amplitudes, based on unitarized chiral symmetry[21]. Our

intermediate S-wave Kπ amplitude, denoted by T S
Kπ, is thoroughly discussed in App.C.

5

B+ ! ⇡+⇡�⇡+ D+ ! ⇡+K�⇡+

 PRD 92  094005 (2015) [arXiv:1504.06346]
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 important  as FSI in B two-body decays 
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 Falk et al. PRD 57,4290(1998); 
Blok, Gronau, Rosner, PRL 78, 3999 (1997).  

�26scattering amplitudeD0D̄0 ! K+K�

phenomenological amplitude

unitarity of the S-matrix

inspired in the damping factor of the S matrix i.e. ⇡⇡ ! KK

S-matrix LL-HH

1 The amplitude

We can parametrize the S-matrix writing the modulus as

M =

(

cos θ sin θ
− sin θ cos θ

)

(1)

what guarantees unitarity and the phase as

P =

(

eiα 0
0 eiβ

)

(2)

The S-matrix is obtained by

S = P ·M · P =

(

cos θ e2iα sin θ ei(α+β)

− sin θ ei(α+β) cos θ e2iβ

)

(3)

Writing cos θ = η we have that cos θ = η =
√
1− sin2 θ, so sin θ =

√
1− η2, and we can

write a more familiar form of the parametrization

S =

(

η e2iα
√
1− η2 ei(α+β)

−
√
1− η2 ei(α+β) η e2iβ

)

(4)

where η is interpreted as an inelasticity parameter.
Now let us define the following for the S-matrix modulus

η = sin θ = Si = N
√

s/sth − 1/(s/sth)
α (5)

and for the phases

e2iα = Sp = 1− 2ik1
c

1−k1/k0
+ ik1

(6)

and

e2iβ = Sd = 1− 2ik
1
a + ik

(7)

where k =
√

s−sth
4 , k1 =

√

s−sth1
4 and k0 =

√

s0−sth
4 .

Now the matrix for the modulus becomes

1

M =

⎛

⎝

√

1− S2
i Si

−Si

√

1− S2
i

⎞

⎠ (8)

and

P =

(
√

Sp 0

0
√
Sd

)

(9)

and we get for the S-matrix

S = P ·M · P =

⎛

⎝

√

1− S2
i Sp Si

√

Sp Sd

−Si

√

Sp Sd

√

1− S2
i Sd

⎞

⎠ (10)

This allows us to write the t-matrix using Sβ,α = δβ,α+ itβ,α, where tβ,α =
√
1− η2ei(α+β),

or for the case of (10)

td,i = −iSi

√

Sp Sd (11)

2

M =

⎛

⎝

√

1− S2
i Si

−Si

√

1− S2
i

⎞

⎠ (8)

and

P =

(
√

Sp 0

0
√
Sd

)

(9)

and we get for the S-matrix

S = P ·M · P =

⎛

⎝

√

1− S2
i Sp Si

√

Sp Sd

−Si

√

Sp Sd

√

1− S2
i Sd

⎞

⎠ (10)

This allows us to write the t-matrix using Sβ,α = δβ,α+ itβ,α, where tβ,α =
√
1− η2ei(α+β),

or for the case of (10)

td,i = −iSi

√

Sp Sd (11)

2

⌘ = N
p

s/sth � 1/(s/sth)
2.5

e2i↵ = 1� 2ik1
c

1�k1/k0
+ ik1

e2i� = 1� 2ik
1
a + ik

S-matrix LL-HH

1 The amplitude

We can parametrize the S-matrix writing the modulus as

M =

(

cos θ sin θ
− sin θ cos θ

)

(1)

what guarantees unitarity and the phase as

P =

(

eiα 0
0 eiβ

)

(2)

The S-matrix is obtained by

S = P ·M · P =

(

cos θ e2iα sin θ ei(α+β)

− sin θ ei(α+β) cos θ e2iβ

)

(3)

Writing cos θ = η we have that cos θ = η =
√
1− sin2 θ, so sin θ =

√
1− η2, and we can

write a more familiar form of the parametrization

S =

(

η e2iα
√
1− η2 ei(α+β)

−
√
1− η2 ei(α+β) η e2iβ

)

(4)

where η is interpreted as an inelasticity parameter.
Now let us define the following for the S-matrix modulus

η = sin θ = Si = N
√

s/sth − 1/(s/sth)
α (5)

and for the phases

e2iα = Sp = 1− 2ik1
c

1−k1/k0
+ ik1

(6)

and

e2iβ = Sd = 1− 2ik
1
a + ik

(7)

where k =
√

s−sth
4 , k1 =

√

s−sth1
4 and k0 =

√

s0−sth
4 .

Now the matrix for the modulus becomes

1

,   DD:KK:
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hadronic loop �28
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