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The Hidden-Gauge formalism (HGF) Beyond the static ρ exchange with on-shell factorization Improved calculation (ρ-ex. meson not on-shell) The N/D approach
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Overview

1. The Hidden-Gauge formalism (HGF)

2. Beyond the static ρ exchange with on-shell factorization

3. Improved calculation (ρ-ex. meson not on-shell)

4. The N/D approach
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The Hidden-Gauge formalism (HGF)
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The VV interaction in HGF

Starting from a nonlinear sigma model based on G/H = SU(2)L ⊗ SU(2)R/SU(2)V :
Bando,Kugo,Yamawaki

L = (f2
π/4)Tr(∂µU∂

µU†) , U(x) = exp[2iπ(x)/fπ] (1)

and introduce new variables ξL, ξR and the field Vµ:

U(x) ≡ ξ†
L

(x)ξR(x) , Vµ = (1/2i)(∂µξL · ξ
†
L

+ ∂µξR · ξ
†
R

) (2)

Any linear combination L = LA + aLV of the invariants:

LV = −
f2
π

4
Tr(DµξL · ξ

†
L

+DµξR · ξ
†
R

)
2

LA = −
f2
π

4
Tr(DµξL · ξ

†
L
−DµξR · ξ

†
R

)
2

is equivalent to the original one, Eq. (1). A kinetic term is added,
−(1/4g2)(Vµν)2, and choosing a = 2 it is obtained

I 1)m2
ρ = 2g2

ρππf
2
π (KSFR relation)

I 2)ρ dominance of the electromagnetic form factor of pions (gVµ(π × ∂µπ))

And, fixing the gauge ξ†L = ξR ≡ ξ the Lagrangian becomes in the Weinberg’s
Lagrangian (nonlinear realization of the chiral symmetry)
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The VV interaction in HGF

Lagrangian

L = L(2) + LIII (3)

L(2) =
1

4
f2〈DµUDµU† + χU† + χ†U〉; LIII = −1

4
〈VµνV µν〉+

1

2
M2
V 〈[Vµ −

i

g
Γµ]2〉 (4)

DµU = ∂µU − ieQAµU + ieUQAµ; Vµν = ∂µVν − ∂νVµ − ig[Vµ, Vν ]; U = ei
√

2P/f

Upon expansion of [Vµ − i
g
Γµ]2

LV γ = −M2
V
e

g
Aµ〈V µQ〉

LV γPP = egAµ〈V µ(QP 2 + P 2Q− 2PQP )〉
LV PP = −ig〈V µ[P, ∂µP ]〉
LγPP = ieAµ〈Q[P, ∂µP ]〉

L̃PPPP = − 1

8f2
〈[P, ∂µP ]2〉. (5)
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The VV interaction in HGF

Γµ =
1

2
[u
†
(∂µ − ieQAµ)u + u(∂µ − ieQAµ)u

†
] u

2
= U

FV

MV

=
1
√

2g
,

GV

MV

=
1

2
√

2g
, FV =

√
2f, GV =

f
√

2
, g =

MV

2f

Vµ =
ρ0√

2
+ ω√

2
ρ+ K∗+

ρ− − ρ
0
√

2
+ ω√

2
K∗0

K∗− K̄∗0 φ


µ

LIII = − 1
4 〈VµνV µν〉 L(3V )

III = ig〈(∂µVν − ∂νVµ)V µV ν〉

L(c)
III = g2

2 〈VµVνV µV ν − VνVµV µV ν〉

VV

V V

−→

a) b) c) d)

V V

V

+
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The VV interaction in HGF

Spin projectors

P(0) =
1

3
εµε

µενε
ν

P(1) =
1

2
(εµενε

µεν − εµενενεµ)

P(2) = {1

2
(εµενε

µεν + εµενε
νεµ)− 1

3
εαε

αεβε
β}

+ + + ...

T = [I − V G]−1V

Approach

εµ1 = (0, 1, 0, 0)
εµ2 = (0, 0, 1, 0)

εµ3 = (|~k|, 0, 0, k0)/m

kµ = (k0, 0, 0, |~k|)

~k/m ' 0, kµj ε
(l)
µ ' 0

εµ1 = (0, 1, 0, 0)
εµ2 = (0, 0, 1, 0)
εµ3 = (0, 0, 0, 1)
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Theory Experiment

(I, J) M[MeV] Γ[MeV] Name M[MeV] Γ[MeV]

(0, 0) 1532 212 f0(1370) 1200 to 1500 200 to 500

(0, 2) 1275 100 f2(1270) 1275.1 ± 1.2 185.1
+2.9
−2.4

Convolution + 2π, 4π box
diagrams
[1] R. Molina, D. Nicmorus, and E. Oset, PRD 78

(2008). [2] L. Geng and E. Oset, PRD79 (2009)
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G̃(s) =
1

N2

∫ (mρ+2Γρ)2

(mρ−2Γρ)2
dm̃

2
1(−

1

π
)Im

1

m̃2
1 −m

2
ρ + iΓm̃1

×
∫ (mρ+2Γρ)2

(mρ−2Γρ)2
dm̃

2
2(−

1

π
)Im

1

m̃2
2 −m

2
ρ + iΓm̃2

×G(s, m̃
2
1, m̃

2
2);

G =

∫ qmax
0

q2dq

(2π)2

ω1 + ω2

ω1ω2[(P0)2 − (ω1 + ω2)2 + iε]
,

N =

∫ (mρ+2Γρ)2

(mρ−2Γρ)2
dm̃

2
1(−

1

π
)Im

1

m̃2
1 −m

2
ρ + iΓm̃1

π0(k1 − q)

ρ−(k4)ρ−(k2)

π0(k3 − q)

π−(P − q)

π+(q)

ρ+(k3)ρ+(k1)

π0(k1 − q)

ρ−(k4)ρ−(k2)

π0(k3 − q)

π−(k4 − k1 + q)

ρ+(k3)ρ+(k1)

π+(q)
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Beyond the static ρ exchange with on-shell
factorization
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On-shell factorization
[3] D. Gülmez, U. G. Meißner, and J. A. Oller, Eur. Phys. J. C 77(2017)

D(ρ) =
1

q2 −M2
ρ + iε

=
1

−2~k 2(1− cos θ)−M2
ρ + iε

On-shell momenta
Assume:
q0 = 0; q = (k1 − k3); k2

i = m2
ρ;

k2 = (E2 )2 −m2
ρ; (k2 < 0 if E < 2mρ)

ρ0(k1 − k3)

ρ+(k1) ρ+(k3)

ρ−(k2) ρ−(k4)

s-wave projection

Dρ(s−wave) = − 1

4k2
log

(
4k2 +M2

ρ

M2
ρ

+ iε

)
If 4k2 +M2

ρ ≡ s− 4M2
ρ +M2

ρ = 0, s = 3M2
ρ , Dρ(s−wave) =∞. For

s < 3M2
ρ , ImDρ(s− wave) 6= 0.
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I J Contact Exchange Total(thr.) [IG(JPC)]

0 0 8g2 −8g2
(

3s
4M2

ρ
− 1
)

−8g2[0+(0++)]

0 2 −4g2 −8g2
(

3s
4M2

ρ
− 1
)

−20g2[0+(2++)]

Table 1: Potential V for the scalar and tensor channels with I = 0.

V (s) = Vc + VexDρ(s− wave)(−M2
ρ ) (6)

Re VHsL
V0 HsL
Im VHsL

1200 1300 1400 1500 1600

-1500

-1000

-500

0

500

s @MeVD

V

1000 1100 1200 1300 1400 1500

0

10 000

20 000

30 000

40 000

50 000

60 000

s @MeVD

ÈT 2

Table 2: Left: Dashed line: V0 = Vc + Vex from Ref. [1]. Solid line: Re V (s) of
Eq. (6). Dotted line: Im V (s) of Eq. (6). Right: |T |2 with V (s) from Eq. (6).

No singularity is found for J = 2!
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Convolution of the Dρ function

Ṽ (s) = Vc + VexD̃ρ(s− wave)(−M2
ρ ); T = [1− Ṽ G̃]−1Ṽ ; (7)

D̂ρ =
1

N

∫ (Mρ+2Γρ)2

(Mρ−2Γρ)2
dm̃

2
ρ

(
−

1

π

)
Im

1

m̃2
ρ −M

2
ρ + iΓm̃ρ

×

− 1

4p2
log

 4p2 + m̃2
ρ

m̃2
ρ

+ iε

 (8)

Γ(m̃) = Γρ(
m̃2 − 4m2

π

M2
ρ − 4m2

π

)
3/2

θ(m̃ − 2mπ)

Re V
� HsL

V0 HsL

Im V
� HsL
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Improved calculation (ρ-ex. meson not on-shell)
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One-loop calculation

(a) (b) (c) (d)

+ + +

t =

∫
|~q|<qmax

d3q

(2π)3

1

2ω(q)2

1

2ω(~p− ~q)
1

P 0 − 2ω(q) + iε

× 1
P0

2
− ω(q)− ω(~p− ~q) + iε

Two cuts: (No singularities, Imt = 0 for P 0 < 2Mρ)

1) P 0 − 2ω(q) + iε = 0

2) P0

2
− ω(q)− ω(~p− ~q) + iε = 0

(P0

2
, p⃗ )

(P0

2 − q0, p⃗ − q⃗ )

P − q

q

(P0

2 , −p⃗)

Since ω(q) ≥Mρ for P 0 < 2Mρ, 2) never vanishes.

On-shell fact.: 1
2ω(~p−~q)

1
P0

2 −ω(q)−ω(~p−~q)
→ −1

2M2
ρ

, exact at thr. with ~q = 0.
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One-loop calculation

Define Gρ,eff : Gρ,eff(s)G(s) = t(s), and

Ṽex = Vex(−M2
ρ )Gρ,eff . (9)

(Ṽex + Vc)
2G gives rise to the diagrams (a), (b), and (c). Approximation

for (d) as Ṽ 2
exG.

(d) is exactly evaluated in PRD79, Geng and Oset(2009).
2.5− 4.5% difference in total one-loop contribution.

T = [1− VeffG]−1Veff ; Veff = Ṽex + Vc (10)
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One-loop calculation

Re VHsL
VeffHsL
V0 HsL

1200 1250 1300 1350 1400 1450 1500

-1500

-1000

-500

0

s @MeVD

V

1240 1250 1260 1270 1280 1290 1300

0

2´108

4´108

6´108

8´108

s @MeVD

ÈT 2

Table 3: Left: Comparison of Veff , Re V (s) and the potential from Ref. [1].
Right: |T |2 evaluated with Veff and G̃. The value of qmax is 1500 MeV.

Stable parameters of f2(1270)

〈p|ψ〉 = g
θ(qmax − p)

E − ω1(p)− ω2(p)

p2〈p|ψ〉2. < p >' 500 MeV

g2
T = MRΓR

√
|T |2max

gT = 10.7 GeV, qmax = 1.5 GeV.
(gT = 11.7 GeV in Ref. [1])

Both:
√
s0 = 1273 MeV, Γ = 3 MeV.

If p = 50 MeV,
√
s0 = 1254 MeV, Γ = 2 MeV and gT = 10.0 GeV.

If p = 800 MeV,
√
s0 = 1300 MeV, Γ = 5 MeV and gT = 11.0 GeV.
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The N/D approach
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[4] M. L. Du, D. Gülmez, F. K. Guo, U. G. Meißner and Q. Wang, Eur. Phys. J.
C 78 (2018)

Scattering amplitude : T = N(s)D−1(s) (11)

N(s) =

n−1∑
m=0

a′ms
m +

(s− s0)n

π

∫ sleft

−∞
ds′

ImT (s′)D(s′)

(s′ − s0)n(s′ − s) ,

D(s) =

n−1∑
m=0

ams
m +

(s− s0)n

π

∫ ∞
sth

ds′
ρ(s′)N(s′)

(s′ − s)(s′ − s0)n
.

Perturbative approach [4]:

N(s) = V (s) Contains the singularity

D2(s) = γ0 + γ1(s− s0) +
1

2
γ2(s− s0)2 +

(s− s0) s2

π

∫ ∞
s0

ds′
ρ(s′)V (s′)

(s′ − s0 − i ε)(s′ − s− i ε)s′2
;

s0 = sth ; ρ(s) =
σ(s)

16π s
; σ(s) = 2 p

√
s =

√
(s− s0) s ,

(12)
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I γi, i = 1, 2: Matching D2(s) to 1− V G at threshold:

P2(s) ≡ γ0 + γ1(s− s0) +
1

2
γ2(s− s0)2 (13)

vs.

ω2(s) = 1− V (s)G(s)− (s− s0)s2

π

∫ ∞
s0

ds′
ρ(s′)V (s′)

(s′ − s0 − i ε)(s′ − s− i ε)s′2
(14)

γ0 = ω2(s0); γ1 = ω′2(s0); γ2 = ω′′2 (s0) (15)
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D(s) at O((s− s0)3)
Extra subtraction at s = 0:

D3(s) = γ0 + γ1(s− s0) +
1

2
γ2(s− s0)2 +

1

3!
γ3(s− s0)3

+
(s− s0)s3

π

∫ ∞
s0

ds′
ρ(s′)V (s′)

(s′ − s0 − i ε)(s′ − s− i ε)s′3
. (16)

P3(s) ≡ γ0 + γ1(s− s0) +
1

2
γ2(s− s0)2 +

1

3!
γ3(s− s0)3

(17)

vs.

ω3(s) = 1− V (s)G(s)− (s− s0)s3

π

∫ ∞
s0

ds′
ρ(s′)V (s′)

(s′ − s0 − i ε)(s′ − s− i ε)s′3

(18)

γ0 = ω3(s0); γ1 = ω′3(s0); γ2 = ω′′3 (s0); γ3 = ω′′′3 (s0) (19)
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Dρ(p) =
1

p2 −m2
ρ + i ε

s−wave−−−−−→ − 1

4 p2
Log

(
4 p2 +m2

ρ

m2
ρ

+ i ε

)
≡ D(s.w.)

ρ
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1
-
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'G
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V ′ex = Vex(−m2
ρ)D

(s.w.)
ρ

V ′ = Vc + V ′ex

(Real parts)
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Result with convoluted potential
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1100 1200 1300 1400 1500

-4

-3

-2

-1

0

1

2

E(MeV)

ω3

P3

1100 1200 1300 1400 1500

-4

-3

-2

-1

0

1

2

E(MeV)

D2

D3

1-VG

1100 1200 1300 1400 1500

-5

-4

-3

-2

-1

0

1

2

E(MeV)

D̂ρ =
1

N

∫ (Mρ+2Γρ)2

(Mρ−2Γρ)2
dm̃

2
ρ

(
−

1

π

)
Im

1

m̃2
ρ −M

2
ρ + iΓm̃ρ

×

− 1

4p2
log

 4p2 + m̃2
ρ

m̃2
ρ

+ iε

 (20)
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Parameters: γ0 γ1 × 106 (MeV−2)γ2 × 1012 (MeV−4)γ3 × 1018 (MeV−6)

D2 −3.7 −2.0 −2.4 -

D3 −3.7 −3.0 −3.9 7.7

D2 −4.3 −4.1 0.04 -

D3 −4.3 −5.1 −0.35 2.8

Table 4: Value of the parameters γ′s (no convolution: upper two lines;
convolution: lower two lines.)

L. S. Geng, R. Molina and E. Oset, “On the chiral covariant approach
to ρρ scattering,” Chin. Phys. C 41, 124101 (2017)

R. Molina, L. S. Geng, and E. Oset, “Comments on the dispersion
relation method to the vector-vector interaction,”(2018)
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Conclusions

I Since the potential in the vector-vector interaction is more attractive
for J = 2 than J = 0, the presence of an state more bound for J = 2 is
unavoidable.

I The state found in HGF has stable properties and similar to the
f2(1270).

I In fact, the radiative decay agrees very well with experiment. Crystal
Ball Γ(f2(1270)→ γγ) = 2.71+0.26

−0.23 KeV. Our result: 2.6 KeV.
Nagahiro, Sekihara, Oset, Hirenzaki, Molina, PRD79, 114023(2009)
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