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• QCD dynamics greatly simplifies for heavy quarks (mQ >> ΛQCD) 

• For systems with heavy quarks and light quarks:  
– HQET: systematic expansion in powers of ΛQCD/mQ   

– Heavy-light systems:  (cq), (bq),  (cqq), (bqq), (ccq), (cbq), (bbq)  for q=u,d or s 

– HQS relations between excitation spectrum in [(cq),(bq),(ccq), (bcq) and (bbq)]       
and between [(cqq) and (bqq)] 

– QED analog - hydrogen atom (e-p) 

• For non relativistic (QQ): bound states form  with masses M near 2mQ : 
– NRQCD: systematic expansion in powers of v/c 

– Quarkonium systems: (cc), (bb), (bc) 

– heavy quark velocity: pQ/mQ ≈ v/c << 1 

– binding energy: 2mQ - M ≈ mQ v2/c2 

- QED analogs - positronium (e+e-), (true) muonium (µ-µ+), muonium (e-µ+)

— —

———

——

—



Heavy Quark Symmetry

• As mQ -> ∞ the spectrum of heavy-light mesons becomes doubly degenerate.   

– J = jl + sQ where jl  the total angular momentum of the light degrees of freedom. 

– Corrections of order 1/mQ do three things: 

• split the spin degeneracy: C1(jl·sQ)/mQ  

• spin independent shift center of gravity:    C2(∇Q ·∇Q)/mQ 

• mix states with same JP different jl : C3[(jl·rl)(sQ·rl)-1/3(jl·sQ)(rl·rl)]/mQ                                                               
eg. mix jl = 1/2,3/2 with JP = 1+  P states 

– This symmetry doesn’t depend on the QCD dynamics of the light degrees of   
freedom. 

• Implications for the P states of the heavy-light system 
– Independent of dynamic nature of the (0+, 1+)  jl = 1/2 P states of the B, D system 

– HQS does not require the four P states to be degenerate as mQ -> ∞, as expected in leading 
order of NR limit. 

– Can see this behavior in the excitation spectrum of the the B, D systems
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Observed States in D Spectrum
–  Observed states in D meson systems:  

• HQS determines the ratios of hadronic transitions - very useful in distinguishing excited 
states 

• Various proposals for the shifts of the Ds*(2317) and Ds(2460): 
– Influence of the nearby decay channels. 

– Chiral multiplets (0-,0+). 

– Threshold bound states of DK and D*K respectively.
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–   

• HQS relates the excitation spectrum in the D system to the B system.   

• Various models will be disentangled when the narrow Bs (jP = ½+) states are observed.
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Important to observe the Bs (jP = ½+) states
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– Spin splittings (MeV)  

– Shift of CoG (relative) 

– Need jlP = ½+ Bs states to 
extrapolate to HQS limit 
for P states 

– Will allow to distinguish 
various models of the QCD 
dynamics of these states.
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1 tables

Multiplet spin splittings (in MeV)

Multiplet D Mesons B Mesons

jPl u d s u d s

1
2
�

142.0 140.6 144.0 45.4 45.2 48.5
1
2
+ �� �� 141.7 �� �� ��

3
2
+

39.9 41.3 34.0 11.3 13.4 11.2

1

Variations in relative CoG

Multiplet D Mesons B Mesons

jPl u d s u d s

1
2
+ �� �� 348 �� �� ��

3
2
+

479 479 484 423 421 434

2
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• Mass predictions:  Bs (jlP=½+) 

– Approaches to QCD dynamics 

• LQCD 

• Chiral multiplets (0+, 0-) 

• K matrix: B+K(*) scattering 

• Tetraquarks 

• RQM with coupled channels 

– Splitting (from HQS) 

• [m(1+) - m(0+)]b ≈ [m(1+)-m(0+)]c M(J/ψ)/M(ϒ) 
≈ 46 MeV 

• All valid approaches should agree             
[RQM looks low] 

– CoG = [3 m(1+) + m(0+)]/4  

• QCD dynamics dependent: C2, C3 

• See a wide variation in models as expected. 

• If C2 same as for D system: CoG = 5837 MeV 

• Need experimental determination.            
[Belle 2, LHC]     Bs Bs0* Threshold ~ 11.130
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Table 2. Predicted masses of the 0+ and 1+ heavy-strange mesons, and poles given as (M,�/2) for the
0+ and 1+ heavy-nonstrange mesons. Here M and � are the mass and the total decay width,

respectively. For comparison, the RPP values [13] and latest lattice QCD results are also shown. All
values are in units of MeV.

Prediction RPP Lattice QCD
D⇤s0 2315+18

�28 2317.7 ± 0.6 2348+7
�4 [44]

Ds1 2456+15
�21 2459.5 ± 0.6 2451 ± 4 [44]

B⇤s0 5720+16
�23 � 5711 ± 23 [64]

Bs1 5772+15
�21 � 5750 ± 25 [64]

D⇤0
⇣
2105+6

�8, 102+10
�11

⌘
,
⇣
2451+35

�26, 134+7
�8

⌘
(2318 ± 29, 134 ± 20) �

D1
⇣
2247+5

�6, 107+11
�10

⌘
,
⇣
2555+47

�30, 203+8
�9

⌘ ⇣
2427 ± 40, 192+65

�55

⌘
�

B⇤0
⇣
5535+9

�11, 113+15
�17

⌘
,
⇣
5852+16

�19, 36 ± 5
⌘
� �

B1
⇣
5584+9

�11, 119+14
�17

⌘
,
⇣
5912+15

�18, 42+5
�4

⌘
� �

interpolating fields are employed, and the computed energy levels cover the energy region
up to above the DsK̄ threshold. The obtained energy levels were analyzed using a coupled-
channel K-matrix formalism. Many K-matrix parameterizations were used to fit the energy
levels. The obtained K-matrix were then substituted into the infinite-volume T -matrix, which
has poles corresponding to hadronic resonances. In this way, a pole at (2275.9 ± 0.9) MeV,
slightly below the D⇡ threshold at (2276.4 ± 0.9) MeV, were found for M⇡ ' 391 MeV. It is
worthwhile to notice that this mass is lower than the D⇤0(2400) in RPP [13], even though the
pion mass takes a value much higher than its physical value.

3 Insights from SU(3) and chiral symmetry

The scalar (axial-vector) charmed mesons can be studied via the S -wave scattering between
the ground state pseudoscalar (vector) charmed mesons and the light pseudoscalar mesons,
and they appear as poles in the pertinent scattering amplitudes. This is the method taken
in Refs. [29–31, 46, 49–58], where various versions of unitarized chiral perturbation theory
(UCHPT) [59–61] were used. In short, the charmed mesons can be treated as matter fields in
chiral e↵ective Lagrangians, and the corresponding scattering amplitudes are then resummed
in the s-channel to satisfy unitarity and to generate poles. The SU(3) flavor symmetry is
incorporated into the Lagrangians, which gives the method a predictive power connecting
di↵erent isospin-strangeness channels. It is instructive to notice that the flavor symmetry
structure for mesonic resonances generated from such meson-meson interactions is di↵erent
from that in quark models, see, e.g., [62]. As for the charmed mesons, while cq̄ mesons form
an SU(3) antitriplet (3̄), the charmed-meson and light-meson pairs form an 3̄, a 6 and a 15.
The leading order chiral interactions in both the 3̄ and 6 are attractive, with the strength of
the former being larger. It turns out that the D⇤s0(2317) can be dynamically generated and is
in the 3̄. Its nonstrange partners are the lowest D⇤0 isospin-doublet, and their masses are about
2.1 GeV [29, 30, 63], much lower than the measured value of the D⇤0(2400).

The D⇤0(2400) (and D1(2430)) resonance parameters in the RPP [13] were obtained using
the Breit-Wigner parameterization in fitting to the D(⇤)⇡ invariant mass distributions. They
should be questioned for two reasons: the chiral symmetry of QCD is not incorporated at the
lower end of the resonance; coupled channels (D(⇤)⌘,D(⇤)

s K̄) are not considered at the higher
end. Both factors can be taken into account in the unitarized chiral approach.

The lattice results of the scattering lengths in a few channels at several pion masses
mentioned above [45, 46] were used to fix the parameters in the next-to-leading order
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Table 5: Comparison of masses from this work to results from various model
based calculations; all masses in MeV.

JP 0+ 1+
Covariant (U)ChPT [24] 5726(28) 5778(26)
NLO UHMChPT [19] 5696(20)(30) 5742(20)(30)
LO UChPT [17, 18] 5725(39) 5778(7)
LO χ-SU(3) [16] 5643 5690
HQET + ChPT [20] 5706.6(1.2) 5765.6(1.2)
Bardeen, Eichten, Hill [15] 5718(35) 5765(35)
rel. quark model [5] 5804 5842
rel. quark model [22] 5833 5865
rel. quark model [23] 5830 5858
HPQCD [30] 5752(16)(5)(25) 5806(15)(5)(25)
this work 5713(11)(19) 5750(17)(19)
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tations of single-beauty hadrons, Phys. Rev. D 79 (2009) 014504.
arXiv:0809.1103.

[29] C. Michael, A. Shindler, M. Wagner, The continuum limit of the static-
light meson spectrum, JHEP 1008 (2010) 009. arXiv:1004.4235,
doi:10.1007/JHEP08(2010)009 .

[30] E. B. Gregory, C. T. Davies, I. D. Kendall, J. Koponen, K. Wong,
et al., Precise B, Bs and Bc meson spectroscopy from full lat-
tice QCD, Phys. Rev. D 83 (2011) 014506. arXiv:1010.3848,
doi:10.1103/PhysRevD.83.014506 .

[31] S. Aoki, K.-I. Ishikawa, N. Ishizuka, T. Izubuchi, D. Kadoh, K. Kanaya,
Y. Kuramashi, Y. Namekawa, M. Okawa, Y. Taniguchi, A. Ukawa,
N. Ukita, T. Yoshie, 2+1 Flavor Lattice QCD toward the Physical Point,
Phys. Rev. D 79 (2009) 034503. arXiv:0807.1661.

[32] C. Morningstar, J. Bulava, J. Foley, K. J. Juge, D. Lenkner, M. Peardon,
C. H. Wong, Improved stochastic estimation of quark propagation with

5

C. B. Lang, Daniel Mohler, Sasa Prelovsek, R. M. Woloshyn 

[arXiv:1501.01646]

LQCD calculation includes the mixing of  
the two meson thresholds.



HADRON2019 Guilin                                                                                                                                                August 20, 2019                  

• Branching fractions 

– Both D and B systems can be used to 
distinguish models. 

– Need to measure  (H = D or B) branching 
fractions.   

• R1(H) =Br(Hs(0+) -> Hs(0-) + Ɣ)/Br(Hs(0+) -> Hs(0-) + π0)  

• R2(H) =Br(Hs(1+) -> Hs(1-) + Ɣ)/Br(Hs(1+) -> Hs(1-) + π0) 

• R3(H) =Br(Hs(1+) -> Hs(0-) + Ɣ)/Br(Hs(1+) -> Hs(1-) + π0) 

• R4(H) = Br(Hs(1+) -> Hs(1-) + 2π)/Br(Hs(1+) -> Hs(1-) + π0) 

– Expect R1(D) << R1(B) - cancelling c and s 
quark terms for E1 transition. 

– R2(B)  distinguishes models. 

– R2(H)/R3(H) measures mixing of the J=1 
states. 

– HQS assures that the  

• Γ(Hs(0+) -> Hs(0-) + π0) = Γ(Hs(1+) -> Hs(1-) + π0)

!9

Estia Eichten                                                                                                                                                              Fermilab                     
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Variations in relative CoG

Multiplet D Mesons B Mesons

jPl u d s u d s

1
2
+ �� �� 348 �� �� ��

3
2
+

479 479 484 423 421 434

Table 1: The hadronic and electromagnetic transition rates for narrow jPl = 1/2+ heavy-

light P states.

system transition Q(keV) dependency width (keV) exp BR

(cs̄) 0
+ ! 1

�
+ � 212 m⇤

s,m
⇤
c 1.74 (< 5)%

0
+ ! 0

�
+ ⇡0

297 GA�⌘⇡0 21.5 (100
+0
�20)%

total 23.2
(cs̄) 1

+ ! 0
+
+ � 323 m⇤

s,m
⇤
c , ✓c 0.43 (3.7+5.0

�2.4)%

1
+ ! 1

�
+ � 323 m⇤

s,m
⇤
c , ✓c 3.49 (< 8)%

1
+ ! 0

�
+ � 442 m⇤

s,m
⇤
c , ✓c 7.62 (18± 4)%

1
+ ! 1

�
+ ⇡0

298 GA�⌘⇡0 21.5 (48± 11)%

1
+ ! 1

�
+ 2⇡ 221 gA��1�3 9.7

total 42.7
(bs̄) 0

+ ! 1
�
+ � 293 m⇤

s,m
⇤
b 58.3

0
+ ! 0

�
+ ⇡0

297 GA�⌘⇡0 21.5
total 79.8

(bs̄) 1
+ ! 0

+
+ � 335 m⇤

s,m
⇤
b , ✓b 0.15

1
+ ! 1

�
+ � 335 m⇤

s,m
⇤
b , ✓b 42.3

1
+ ! 0

�
+ � 381 m⇤

s,m
⇤
b , ✓b 58.3

1
+ ! 1

�
+ ⇡0

298 GA�⌘⇡0 21.5
1
+ ! 1

�
+ 2⇡ 125 gA��1�3 0.24

total 123.8

2

Hadronic and electromagnetic transition rates for narrow Bs1 heavy-light P states.

Results for various other models: B⇤K bound state in Heavy Chiral Unitary [hep-

ph/0801.1932,hep-ph/0803.1223] and Light-Cone QCD sum rules[hep-ph/0711.2559],

Leff (1) [hep-ph/0801.2232] and (2) [hep-ph/1405.2242], Bethe-Salpeter [arXiv:1906.09002]

approaches; and Relativistic quark model with mixing to four quark (two meson)

states[hep-ph/0711.2359]. (Results in keV)

Approach �(Bs1 ! B⇤
s⇡) �(Bs1 ! Bs�) �(Bs1 ! B⇤

s�)
Heavy Chiral Unitarity 10.36 3.2� 15.8 0.� 6.1
Light Cone Sum Rules 5.3� 20.7 106.5(60.7) 75.6(6.0)

Bethe-Salpeter 27.5� 39.2 45.2� 79.8 0.4� 2.6
Leff (1) 57.0� 94.0 2.0� 2.67 0.04� 0.18
Leff (2) 1.8± 1.8 4.1± 10.9 46.9± 33.6

3
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• QCD dynamics greatly simplifies for heavy quarks (mQ >> ΛQCD) 

• For systems with heavy quarks and light quarks:  
– HQET: systematic expansion in powers of ΛQCD/mQ   

– Heavy-light systems:  (cq), (bq),  (cqq), (bqq), (ccq), (cbq), (bbq)  for q=u,d or s 

– HQS relations between excitation spectrum in [(cq),(bq),(ccq), (bcq) and (bbq)]       
and between [(cqq) and (bqq)] 

– QED analog - hydrogen atom (e-p) 

• For non relativistic (QQ): bound states form  with masses M near 2mQ : 
– NRQCD: systematic expansion in powers of v/c 

– Quarkonium systems: (cc), (bb), (bc) 

– heavy quark velocity: pQ/mQ ≈ v/c << 1 

– binding energy: 2mQ - M ≈ mQ v2/c2 

- QED analogs - positronium (e+e-), (true) muonium (µ-µ+), muonium (e-µ+)

— —

———

——

—



Narrow States Below Threshold

– For charmonium system: 

• experiment   theory  

• Below threshold only 
1D2 state unobserved. 

• Two body thresholds 

• Charmed mesons:     
Γ< 1 MeV
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– For bottomonium system: 

• experiment   theory  

• Below threshold        
14 state unobserved. 

• Two body thresholds 

• Beauty mesons:         
Γ< 1 MeV 

• Pattern of thresholds 
affected by smaller      
spin-splitings
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Bc System
• Only other quarkonium system with narrow states is the (bc) 

– Has been studied theoretically for many years.  I will report on a recent update.      
(E.E and C. Quigg [1902.09735]) 

– Starting point a QCD inspired variation of Cornell potential:  

• V(r) = -4/3 𝛼s(r)/r  + r/a2   with a = 2.34 GeV-1; mc = 1.84 GeV, mb = 5.18 GeV 

• 𝛼s(r) the four loop QCD running coupling at short distance but becoming frozen at large 
distance [as suggest by Gribov for light mesons: 𝛼s -> (3π/4) (1- √(2/3)) ≈ 0.44)]

 

3

some conclusions and look ahead in Section VII.

II. THEORETICAL PRELIMINARIES

We take as our starting point a Coulomb-plus-linear
potential (the “Cornell potential”[22]),

V (r) = �
r
+

r

a2
, (1)

where  ⌘ 4↵s/3 = 0.52 and a = 2.34 GeV�1 were cho-
sen to fit the quarkonium spectra. Analysis of the J/ 

and ⌥ families led to the choices

mc = 1.84 GeV mb = 5.18 GeV. (2)

This simple form has been modified to incorporate run-
ning of the strong coupling constant in Refs. [27, 28],
among others, using the perturbative-QCD evolution
equation at leading order and beyond. At distances rel-
evant for confinement, perturbation theory ceases to be
a reliable guide. It is now widely held, following Gri-
bov [29], that as a result of quantum screening ↵s ap-
proaches a critical, or frozen, value at long distances (low
energy scales). In a light (qq̄) system, Gribov estimated

↵s ! ↵s =
3⇡

4

⇣
1�

p
2/3

⌘
⇡ 0.14⇡ = 0.44. (3)

We incorporate the spirit of this insight into a new version
of the Coulomb-plus-linear form that we call the frozen-
↵s potential.

The long-range part is the standard Cornell linear
term. To obtain the Coulomb piece, we convert the four-
loop running of ↵s(q) in momentum space [30] to the be-
havior in position space using the method of [31], with an
important modification. We set ↵s(q = 1.6 GeV) = 0.338
and evolve with three active quark flavors. To enforce
saturation of ↵s(r) at long distances, we alter the recipe
of Ref. [31], replacing the identification q = 1/r exp(�E),
where �E = 0.57721 . . . is Euler’s constant, with the
damped form q = 1/[(r exp(�E)2 + µ

2]1/2. For our ref-
erence potential, we have chosen the damping parameter
µ = 1.2 GeV. The consequent evolution of ↵s(r) is plot-
ted as the solid red curve in Figure 1, where we also show
an alternative choice of µ = 0.8 GeV (dashed gold curve),
the constant ↵s of the original Cornell potential (dotted
green curve) and ↵s(r) corresponding to the Richardson
potential (dot-dashed blue curve).

We plot in Figure 2 the frozen-↵s potential for both
our chosen example, µ = 1.2 GeV, and the alternative,
µ = 0.8 GeV. There we also show the Richardson and
Cornell potentials. All coincide at large distances. The
Cornell potential is deeper at short distances than any
of the potentials that take account of the evolution of
↵s. For the convenience of others who may wish to apply
the new potential, we present values of ↵s(r) suitable for
interpolation in an Appendix.

r [fm]

α
s(r

)

FIG. 1. Dependence of the running coupling ↵s(r) on the
interquark separation r. The strong coupling for our chosen
potential is shown in the solid red curve. Those corresponding
to the Cornell potential (green dots) [22], Richardson poten-
tial (blue dash-dotted) [27] and an alternative version of the
new potential with µ = 0.8 GeV (gold dashes) are shown for
comparison.

r [fm]

V(
r) 

[G
eV

]

FIG. 2. Dependence of quarkonium potentials V (r) on the
interquark separation r. Our frozen-↵s potential is shown in
the solid red curve. The Cornell potential (green dots) [22],
Richardson potential (blue dash-dotted) [27], and an alter-
native version of the new potential with µ = 0.8 GeV (gold
dashes) are shown for comparison.

We presented the general formalism for spin-dependent
interactions as laid out by Eichten & Feinberg [5] and
Gromes [32] in § II B of Ref. [6], where we took a pertur-
bative approach to the spin–orbit and tensor interactions.
In the intervening time, the charmonium and bottomo-
nium spectra have been mapped in detail, as summarized
in Table I. This wealth of information leads us now to
choose a more phenomenological approach.
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Richardson potential
Frozen 𝛼s potential (µ = 0.8)

Frozen 𝛼s potential (our choice) 

-
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• Results  

– potential 

• Frozen alpha (red)  

• original Cornell (green) 

• Richardson (blue) 

– The spin-dependent 
terms determined from 
fits to observed (cc) and 
(bb) systems
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some conclusions and look ahead in Section VII.

II. THEORETICAL PRELIMINARIES

We take as our starting point a Coulomb-plus-linear
potential (the “Cornell potential”[22]),

V (r) = �
r
+

r

a2
, (1)

where  ⌘ 4↵s/3 = 0.52 and a = 2.34 GeV�1 were cho-
sen to fit the quarkonium spectra. Analysis of the J/ 

and ⌥ families led to the choices

mc = 1.84 GeV mb = 5.18 GeV. (2)

This simple form has been modified to incorporate run-
ning of the strong coupling constant in Refs. [27, 28],
among others, using the perturbative-QCD evolution
equation at leading order and beyond. At distances rel-
evant for confinement, perturbation theory ceases to be
a reliable guide. It is now widely held, following Gri-
bov [29], that as a result of quantum screening ↵s ap-
proaches a critical, or frozen, value at long distances (low
energy scales). In a light (qq̄) system, Gribov estimated

↵s ! ↵s =
3⇡

4

⇣
1�

p
2/3

⌘
⇡ 0.14⇡ = 0.44. (3)

We incorporate the spirit of this insight into a new version
of the Coulomb-plus-linear form that we call the frozen-
↵s potential.

The long-range part is the standard Cornell linear
term. To obtain the Coulomb piece, we convert the four-
loop running of ↵s(q) in momentum space [30] to the be-
havior in position space using the method of [31], with an
important modification. We set ↵s(q = 1.6 GeV) = 0.338
and evolve with three active quark flavors. To enforce
saturation of ↵s(r) at long distances, we alter the recipe
of Ref. [31], replacing the identification q = 1/r exp(�E),
where �E = 0.57721 . . . is Euler’s constant, with the
damped form q = 1/[(r exp(�E)2 + µ

2]1/2. For our ref-
erence potential, we have chosen the damping parameter
µ = 1.2 GeV. The consequent evolution of ↵s(r) is plot-
ted as the solid red curve in Figure 1, where we also show
an alternative choice of µ = 0.8 GeV (dashed gold curve),
the constant ↵s of the original Cornell potential (dotted
green curve) and ↵s(r) corresponding to the Richardson
potential (dot-dashed blue curve).

We plot in Figure 2 the frozen-↵s potential for both
our chosen example, µ = 1.2 GeV, and the alternative,
µ = 0.8 GeV. There we also show the Richardson and
Cornell potentials. All coincide at large distances. The
Cornell potential is deeper at short distances than any
of the potentials that take account of the evolution of
↵s. For the convenience of others who may wish to apply
the new potential, we present values of ↵s(r) suitable for
interpolation in an Appendix.

r [fm]

α
s(r

)

FIG. 1. Dependence of the running coupling ↵s(r) on the
interquark separation r. The strong coupling for our chosen
potential is shown in the solid red curve. Those corresponding
to the Cornell potential (green dots) [22], Richardson poten-
tial (blue dash-dotted) [27] and an alternative version of the
new potential with µ = 0.8 GeV (gold dashes) are shown for
comparison.

r [fm]

V(
r) 

[G
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]

FIG. 2. Dependence of quarkonium potentials V (r) on the
interquark separation r. Our frozen-↵s potential is shown in
the solid red curve. The Cornell potential (green dots) [22],
Richardson potential (blue dash-dotted) [27], and an alter-
native version of the new potential with µ = 0.8 GeV (gold
dashes) are shown for comparison.

We presented the general formalism for spin-dependent
interactions as laid out by Eichten & Feinberg [5] and
Gromes [32] in § II B of Ref. [6], where we took a pertur-
bative approach to the spin–orbit and tensor interactions.
In the intervening time, the charmonium and bottomo-
nium spectra have been mapped in detail, as summarized
in Table I. This wealth of information leads us now to
choose a more phenomenological approach.
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EE & C. Quigg [arXiv:1902.09735]

– Bc is the unique heavy-heavy 
meson that only has                                                      
weak decays. 

• A rich excitation spectrum of 
states.  

• All the excited states below 
BD threshold decay to Bc. 

- Bc(2S) -> Bc(1S) +ππ.  

- The P-states have photon 
transitions to lower              
S and D  states  

• Many states observable at 
the LHC and                                                         
a future TevaZ factory.                                    
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• Spin splittings unequal mass 

– General form 

– The spin singlet state is shifted from the center of gravity of the spin triplets 
states. 

– Can be measured from the 1P spin splittings
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Study of Bc Spin Splittings

E. Eichten

November 28, 2018

1 Spin Splittings

1.1 General Form

The general form of the spin-dependent terms in the Hamiltonian, He↵ can be expressed
as follows:

He↵ = [
L · s1
2m2

1

+
L · s2
2m2

2

]T1 +
L · (s1 + s2)

m1m2
T2 +

s1 · s2
m1m2

T3 +
S12

m1m2
T4

1.2 Spin-Orbit Terms

Mixing of J=L states:

✓
j1 = L+ 1/2
⌘1 = L� 1/2

◆
= U

✓
S = 0
S = 1

◆

where

U =
1p

2L+ 1

✓p
L+ 1

p
L

�
p
L

p
L+ 1

◆

then

L · s1
1

m
2
1

+ L · s2
1

m
2
2

=
1

2
L · S( 1

m
2
1

+
1

m
2
2

) (1)

+
1

2
L · (s1 � s2)(

1

m
2
1

� 1

m
2
2

)

where

L · S =
1

2
(J(J + 1)� L(L+ 1)� S(S + 1)) (2)

and
L · (s1 � s2) = (j1(j1 + 1)� L(L+ 1)� 3/4)� L · S (3)

1

So the unequal mass mixing of J = L states in L� S basis is:

H22(mixing) =
1

4
(
1

m
2
1

� 1

m
2
2

)T1


U

†
✓
L 0
0 �(L+ 1)

◆
U �

✓
0 0
0 �1

◆�

=
1

4
(
1

m
2
1

� 1

m
2
2

)T1

✓
0

p
L(L+ 1)p

L(L+ 1) 0

◆
(4)

and total T1 + T2 term is:

H(spin orbit) =


1

4
(
1

m
2
1

+
1

m
2
2

)T1 +
1

m1m2
T2

�
0

BB@

L 0 0 0
0 0 0 0
0 0 �1 0
0 0 0 �(L+ 1)

1

CCA+

1

4
(
1

m
2
1

� 1

m
2
2

)T1

0

BB@

0 0 0 0
0 0

p
L(L+ 1) 0

0
p
L(L+ 1) 0 0

0 0 0 0

1

CCA (5)

Finally, we can make use of the Gromes relation to relate T1 and T2: theses expressions:

T1 = 2T2� <
1

r

dV

dr
> (6)

to eliminate T1 dependence. This will be very useful in the case of unequal mass quarks
such as the bc̄ spectrum.

1.3 Spin-Spin and Tensor Terms

For L = 0 only the spin-spin term T3 contributes:

H(spin� spin) =
s1 · s2
m1m2

T3 =
1

2m1m2
(S(S + 1)� 3

2
)T3 (7)

and the explicit form for T3 is:

T3 =
32⇡↵s(1/µR)

9
| (0)|2 = 8↵s(1/µR)

9
|Rn,0|2 (8)

where we have arbitrarily the strong coupling at the scale of the reduced mass of the state
µR. Fitting the cc̄ and bb̄ systems, we have We chose the geometric mean of the correction
coe�cients of the cc̄ and bb̄ systems for the bc̄ system), to obtain c̃3(bc̄) = 0.376.

For L > 0 we only have the tensor force. The tensor force T4 is proportional to

S12 = 4[3
(s1 · r)(s2 · r)

r2
� s1 · s2] (9)

2

L+1, L,  L,        L-1                       (S=1, S=0)
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• Decay rates of excited (bc) narrow states: 

– 12 to 15 narrow states depending exact position 
of the 2P states 

– notable 2π hadronic transitions 

– notable photon transitions
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TABLE VI. Total widths � and branching fractions B for principal decay modes of (cb̄) states below threshold, updating
Table IX of Ref. [6]. Dissociation into BD, etc., will dominate over the tabulated decay modes for states above threshold.

Decay Mode k� [keV] Branching Fraction (%)

1
1S0 (6275) : weak decays

1
3S1 (6329) : � = 0.144 keV

1
1S0 + � 54 100

2
3P0 (6692) : � = 53.1 keV

1
3S1 (6329) 354 100

2P1 (6730) : � = 72.5 keV

1
3S1 (6329) 389 86.2

1
1S0 (6275) 440 13.7

2P 0
1 (6738) : � = 99.9 keV

1
1S0 (6275) 448 92.4

1
3S1 (6329) 397 7.51

2
3P2 (6750) : � = 79.7 keV

1
3S1 (6329) 409 100

2
1S0 (6866) : � = 73.1 keV

1
1S0 + ⇡⇡ 81.1

2P 0
1 (6738) 126 16.5

2P1 (6730) 134 2.24

2
3S1 (6897) : � = 76.8 keV

1
3S1 + ⇡⇡ 65.0

2
3P0 (6692) 201 7.66

2P1 (6730) 165 11.5
2P 0

1 (6738) 157 1.13
2
3P2 (6750) 145 14.6

3D2 (7005) : � = 93.7 keV

1
1S0 + ⇡⇡ 12.2

1
3S1 + ⇡⇡ 9.0

2P1 (6730) 270 29.1
2P 0

1 (6738) 262 42.3
2
3P2 (6750) 250 7.24

3
3D1 (7006) : � = 117 keV

1
3S1 + ⇡⇡ 17.0

2
3P0 (6692) 306 53.4

2P1 (6730) 270 25.3
2P 0

1 (6738) 262 2.62
2
3P2 (6750) 251 1.51

3
3D3 (7010) : � = 87.2 keV

1
3S1 + ⇡⇡ 22.9

2
3P2 (6750) 255 77.0

3D0
2 (7015) : � = 92.1 keV

1
1S0 + ⇡⇡ 9.2

1
3S1 + ⇡⇡ 12.4

2P 0
1 (6738) 272 37.2

2P1 (6730) 279 41.0

Decay Mode k� [keV] Branching Fraction (%)

3
3P0 (7104) : � = 60.9 keV

1
3S1 (6329) 733 46.4

2
3S1 (6897) 204 45.0

3
3D1 (7006) 97 8.44

3P1 (7135) : � = 87.1 keV

1
3S1 (6329) 761 32.6

1
1S0 (6275) 809 6.24

2
3S1 (6897) 234 40.4

2
1S0 (6866) 264 8.39

3D2 (7005) 129 4.74
3D0

2 (7015) 119 4.55
3
3D1 (7006) 128 2.88

3P 0
1 (7143) : � = 113 keV

1
1S0 (6275) 816 32.9

1
3S1 (6329) 768 3.88

2
1S0 (6866) 272 47.0

2
3S1 (6897) 242 5.15

3D0
2 (7015) 127 4.22

3D2 (7005) 137 6.72

3
3P2 (7154) : � = 100 keV

1
3S1 (6329) 777 35.2

2
3S1 (6897) 252 49.2

3D2 (7005) 147 1.09
3D0

2 (7015) 137 1.18
3
3D1 (7006) 146 0.16

3
3D3 (7010) 142 13.0

4F3 (7221) : � = 77.6 keV

3D2 (7005) 213 52.4
3D0

2 (7015) 203 42.8
3
3D3 (7010) 208 4.71

4
3F4 (7223) : � = 79.9 keV

3
3D3 (7010) 210 100

4
3F2 (7233) : � = 95.3 keV

3D2 (7005) 225 6.73
3D0

2 (7015) 215 7.96
3
3D1 (7006) 224 84.8

3
3D3 (7010) 220 0.42

4F 0
3 (7237) : � = 89.9 keV

3D0
2 (7015) 218 47.4

3D2 (7005) 228 52.5

TABLE VII. Squares of radial wave functions at the origin
and related quantities (cf. Eq. (19)) for (cb̄) mesons.

Level |R(`)
n` (0)|

2

1S 1.994 GeV3

2P 0.3083 GeV5

2S 1.144 GeV3

3D 0.0986 GeV7

3P 0.3939 GeV5

3S 0.9440 GeV3

4F 0.0493 GeV9

4D 0.1989 GeV7

4P 0.4540 GeV5

4S 0.8504 GeV3

where Vµ is the vector part of the charged weak current

and "
⇤
µ is the polarization vector of the B

⇤
c . The ground-

state pseudoscalar and vector decay constants are given
in terms of the wave function at the origin by the Van
Royen–Weisskopf formula [41], generically

f
2

B(⇤)
c

=
3|R10(0)|2

⇡M
C

2

(↵s), (22)

where the leading-order QCD correction is given by [42]

C
2

(↵s) = 1� ↵s

⇡

✓
�
P,V � mc �mb

mc +mb
ln

mc

mb

◆
, (23)

and

�
P = 2; �

V = 8/3. (24)

Choosing the representative value ↵s = 0.38, and using



HADRON2019 Guilin                                                                                                                                                August 20, 2019                  

• Strong Decays for states above threshold. 

– 3S states above  threshold and have significant decay widths 

– 2P states just  below threshold and may have  significant mixing
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FIG. 10. Strong decay widths of the 33S1 (cb̄) level near open-
flavor threshold. The shaded band on the mass axis indicates
±20 MeV around our nominal value for the mass of this state,
7279 MeV.

FIG. 11. Strong decay widths of the 33P2 (cb̄) level near open-
flavor threshold. The shaded band on the mass axis indicates
±20 MeV around our nominal value for the mass of this state,
7154 MeV.

decay widths as a function of mass for the 3P1 and 3P 0
1

states have a common behavior, displayed in Figure 13.
It is worth keeping in mind that while narrow BD

peaks may signal excited (cb̄) levels, narrow B̄D peaks
could indicate nearly bound bcq̄k q̄l tetraquark states [47].

VI. TERA-Z PROSPECTS

In response to the discovery of the 125-GeV Higgs
boson, H(125) [48], plans for large circular electron–
positron colliders (FCC-ee [49] and CEPC [50]) are be-
ing developed as e

+
e
� ! HZ

0 “Higgs factories” to

FIG. 12. Estimated strong decay widths of the 33P0 (cb̄) level
near open-flavor threshold. The shaded band on the mass axis
indicates ±20 MeV around our nominal value for the mass of
this state, 7104 MeV.

FIG. 13. Strong decay widths of the 3P1 or 3P (0)
1 . The shaded

band on the mass axis indicates ±20 MeV around our nominal
values for the masses of these state, 7135 and 7143 MeV.

run at c.m. energy
p
s ⇡ 240 GeV. As now envi-

sioned, these machines would have the added capabil-
ity of high-luminosity running at

p
s = MZ that would

accumulate 1012 examples of the reaction e
+
e
� ! Z

0.
With the observed branching fraction, B(Z0 ! bb̄) =
(15.12 ± 0.05)% [12], the tera-Z mode would produce
some 3 ⇥ 1011 boosted b-quarks, which would enable
high-sensitivity searches for (cb̄) states in a variety of
decay channels. A recent computation suggests that
B(Z0 ! (cb̄) +X) ⇡ 6⇥ 10�4 [51].

The largest existing e
+
e
� ! Z

0 ! hadrons data
sets were recorded by experiments at CERN’s Large
Electron–Positron collider (LEP) during the 1990s. In
samples of (3.02, 3.9, and 4.2) million hadronic Z

0

10

FIG. 8. Photon energies k and relative strengths of E1 tran-
sitions from 2S ! 2P (left group, blue curves) and 2P ! 1S
(right group, black curves) (cb̄) states. Production rates are
taken from Table VIII and branching fractions from Table VI.
We suppose that the photon transition B⇤

c ! Bc + /� goes
unobserved in the cascade transitions. We assume Gaussian
lineshapes with standard deviation 2 MeV.

According to our estimate of the 3S hyperfine splitting,
the 33S1 line would lie about 28 MeV below the 31S0

line (36 MeV if we reset the 1S splitting to 68 MeV).
For orientation, note that B(⌥(3S) ! ⌥(1S)⇡+

⇡
�) =

4.37±0.08%, while 36% of ⌥(3S) decays proceed through
the ggg channel, which is not available to the (cb̄) states.
According to TableVIII, the 3S states are produced at
approximately 44% of the rate for their 2S counterparts.

B. Electromagnetic transitions

It may in time become possible for experiments to de-
tect some of the more energetic E1-transition photons
that appear in Table VI. As an incentive for the search,
we show in Figure 14 the spectrum of E1 photons in de-
cays of the 23S1 and 21S0 levels as well as the 2P ! 2S
transitions, assuming as always a missing B⇤

c ! Bc/� pho-
ton in the reconstruction. Here we include direct produc-
tion of the 2P states as well as feed-down from 2S ! 2P
transitions. The strong B

⇤
c ! Bc line arising from direct

production of B⇤
c , for which we calculate � · B ⇡ 225 nb

at
p
s = 13 TeV, is probably too low in energy to be ob-

served. More promising are the 2P levels, which might
show themselves in Bc + � invariant mass distributions.
These lines make up the right-hand group (black lines)
in Figure 14. The 23P2(6750) ! B

⇤
c� line is a particu-

larly attractive target for experiment, because of the fa-
vorable production cross section, branching fraction, and
409-MeV photon energy. The 2P masses inferred from

FIG. 9. Strong decay widths of the 31S0 (cb̄) level near open-
flavor threshold. The shaded band on the mass axis indicates
±20 MeV around our nominal value for the mass of this state,
7253 MeV.

transitions to B
⇤
c will be shifted downward because of

the unobserved M1 photon. It is not possible to produce
enriched samples of the 2S levels by tuning the energy of
e
+
e
� collisions, as is done for J/ and ⌥, so reconstruc-

tion of the left-hand group of 2S ! 2P transitions (blue
lines in Figure 14) will be problematic.
In the far future, combining the photon transition en-

ergies and relative rates with expectations for production
and decay may eventually make it possible to disentangle
mixing of the spin-singlet and spin-triplet J = L states.

C. States above open-flavor threshold

We estimate the strong decay rates for (cb̄) states
that lie above flavor threshold using the Cornell coupled-
channel formalism [22] that we elaborated and applied to
charmonium states in [23].
We expect both the 31S0 and 33S1 states to lie above

threshold for strong decays. The 31S0 state can decay
into the final state B

⇤
D and the 33S1 level has decays

into both the BD and B
⇤
D final states. The open decay

channels as a function of the masses of these states is
shown in Figures 9 and 10.
The 33P2 state might be observed as a very narrow

(d-wave) BD line near open-flavor threshold. Its decay
width as a function of mass for the 2P states are given
in Figure 11.
In the phenomenological models the remaining 3P

states lie just below the thresholds for strong decays.
However they are near enough to these thresholds that
there might be interesting behavior at the threshold for

B
⇤
D in the 3P (0)

1
cases and for the BD threshold in the

case of the 33P0 state. Figure 12 shows that the 33P0

width grows rapidly just above threshold. The strong

31S0 33S1

11

FIG. 10. Strong decay widths of the 33S1 (cb̄) level near open-
flavor threshold. The shaded band on the mass axis indicates
±20 MeV around our nominal value for the mass of this state,
7279 MeV.

FIG. 11. Strong decay widths of the 33P2 (cb̄) level near open-
flavor threshold. The shaded band on the mass axis indicates
±20 MeV around our nominal value for the mass of this state,
7154 MeV.

decay widths as a function of mass for the 3P1 and 3P 0
1

states have a common behavior, displayed in Figure 13.
It is worth keeping in mind that while narrow BD
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• Production at hadron colliders 

– Use BCVEGPY 2.2 [hep-ph/05504017]                     
Chao-Hsi Chang, Jian-Xiong Wang, Zing-Gang Wu 

– No calculation for D states          
(expected small) 

– pT and rapidity distributions nearly state 
independent.
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the quark masses given in Eq. (2), we find

C(↵s) =
0.904, P

0.858, V
(25)

Consequently, we estimate the ground-state meson decay
constants as

fBc = 498 MeV; fB⇤
c
= 471 MeV, (26)

so that fB⇤
c
/fBc = 0.945. The compact size of the (cb̄)

system enhances the pseudoscalar decay constant relative
to f⇡ and fK .

This is to be compared to a state-or-the-art lattice
evaluation [43], fBc = 434 ± 15 MeV, which entails im-
proved NonRelativistic QCD for the valence b quark and
the Highly Improved Staggered Quark (HISQ) action for
the lighter quarks on gluon field configurations that in-
clude the e↵ect of u/d, s and c quarks in the sea with
the u/d quark masses going down to physical values.
The same calculation yields fB⇤

c
/fBc = 0.988 ± 0.027.

A calculation in the framework of QCD sum rules gives
fBc = 528± 19 MeV [44].

V. PRODUCTION OF (cb̄) STATES AT THE
LARGE HADRON COLLIDER

We present in Table VIII cross sections for the produc-
tion of Bc states at the Large Hadron Collider, calculated
using the framework of the BCVEGPY2.2 generator [45],
which we have extended to include the production of 3P

states. Cross sections for the physical (2, 3)P (0)
1

states are
appropriately weighted mixtures of the 3

P1 and 1
P1 cross

sections.

TABLE VIII. Production rates (in nb) for (cb̄) states in pp
collisions at the LHC. The production rates were calculated
using the BCVEGPY2.2 generator of Ref. [45], extended to
include the production of 3P states. Color-octet contributions
to s-wave production are small; we show them (following |)
only for the 1S states.

(cb̄) level �(
p
s = 8 TeV) �(

p
s = 13 TeV) �(

p
s = 14 TeV)

11S0 46.8 | 1.01 80.3 | 1.75 88.0 | 1.90
13S1 123.0 | 4.08 219.1 | 6.97 237.0 | 7.55
23P0 1.113 1.959 2.108
23P1 2.676 4.783 5.214
21P1 3.185 5.702 6.166
23P2 6.570 11.57 12.64
21S0 9.58 16.94 18.45
23S1 23.46 41.72 45.53
33P0 0.915 1.642 1.806
33P1 2.263 4.082 4.478
31P1 2.695 4.817 5.287
33P2 5.53 9.98 10.90
31S0 4.23 7.53 8.08
33S1 10.16 18.21 19.83

FIG. 4. Rapidity distribution for production of B⇤
c in pp colli-

sions at
p
s = 8 TeV (dotted blue curve),

p
s = 13 TeV (solid

black curve), and
p
s = 14 TeV (dashed red curve), calcu-

lated using BCVEGPY2.2 [45]. The bin width is �y = 0.5.
The mild asymmetries are statistical fluctuations.
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FIG. 5. Transverse momentum distribution of Bc produced in
pp collisions at

p
s = 8 TeV (dotted blue curve),

p
s = 13 TeV

(solid black curve), and
p
s = 14 TeV (dashed red curve),

calculated using BCVEGPY2.2 [45] Small shape variations
are statistical fluctuations.

The rapidity distributions (for B
⇤
c production, Fig-

ure 4) and transverse-momentum distributions (shown
for Bc production, Figure 5) are similar in character forp
s = 8, 13, and 14 TeV. The rapidity distributions for

low-lying (cb̄) states are shown in Figure 6. The accep-
tance of the CMS and ATLAS detectors covers central
pseudorapidity |⌘|  2.5, whereas the geometrical accep-
tance of the LHCb detector is characterized by 2  ⌘  5.
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• Bc spectrum  

• 2S -> ππ + 1S transitions has 
been observed ATLAS, CMS, 
LHCb 

• theory 

– Combine theoretically 
expected production rates 
with the branching 
fractions for the ππ 
transitions. 

–  results in expectations 
for ππ transition rates. 

• experiment 

– 2S -> ππ + 1S transitions 
has been observed ATLAS, 
CMS, LHCb 

– the gamma transition     
Bc* -> Ɣ Bc is unobserved
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indicated in Fig. 2, reflects the measured Bc
+ mass and resolution, with a low-mass edge that,

while corresponding to a smaller peak coverage than the high-mass edge, suppresses the con-
tamination from partially reconstructed decays. The lifetimes of the Bc

+(2S) and Bc
⇤+(2S) are

assumed to be negligible with respect to the measurement resolution, so that the production
and decay vertices essentially overlap. Therefore, the daughter pions are required to be tracks
used in the refitted PV (a procedure previously followed in Refs. [31, 32]). One of the pion can-
didates must have pT > 0.8 GeV and the other pT > 0.6 GeV. The Bc

+ p+p� candidates must
have |y| < 2.4 and a vertex c2 probability larger than 10%. If several Bc

+ p+p� candidates are
found in the same event, only the one with the highest pT is kept. Studies with simulated signal
samples (providing S) and measured sideband events (providing B) have shown, through the
S/

p
S + B figure of merit, that these are optimal event-selection criteria.
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 (GeV)+

cBm) + +
c(BM −) -π+π +

c(BM 
0

10

20

30

40

50

60

Ev
en

ts
 / 

10
 M

eV

 Data
 Fit result
 Signal

−π+π) + Kψ(J/+
c B

 Comb. backg.

 = 13 TeVs

-1L = 143 fb
CMS

Figure 3: The M(Bc
+ p+p�) � M(Bc

+) + mBc
+ distribution. The Bc

+(2S) is assumed to be the
right-most peak. The vertical bars on the points represent the statistical uncertainty in the data.
The contributions from the various sources are shown by the stacked distributions. The solid
line represents the result of the fit.

Figure 3 shows the M(Bc
+ p+p�)� M(Bc

+)+mBc
+ distribution, where M(Bc

+ p+p�) and M(Bc
+)

are, respectively, the reconstructed invariant masses of the Bc
+ p+p� and Bc

+ candidates, and
mBc

+ is the world-average Bc
+ mass [25]. This variable is measured with a better resolution than

M(Bc
+ p+p�) and is, hence, advantageous when searching for peaks in the mass distribution.

The measured distribution is fitted to a superposition of two Gaussian functions, representing
the Bc

+(2S) and Bc
⇤+(2S) signal peaks, plus a third-order Chebyshev polynomial, modeling the

continuum background, with all parameters left free in the fit. The two contributions arising
from Bc

+ ! J/y K+ decays are also considered; they have shapes identical to the signal peaks,
neglecting a shift to lower mass values that should be smaller than 1 MeV, and normalizations
constrained by the ratio of the Bc

+! J/y K+ and Bc
+! J/y p+ signal yields, as previously men-

tioned. The unbinned extended maximum-likelihood fit gives 67 ± 10 and 51 ± 10 events for
the lower-mass and higher-mass peak, respectively. Since these yields are not corrected for
detection efficiencies and acceptances, they cannot be used to infer ratios of production cross
sections. The two signals are well resolved, their mass difference being DM = 29.1 ± 1.5 MeV,
where the uncertainty is statistical only. The widths of the peaks are consistent with the value
expected from simulation studies, which is approximately 6 MeV. The c2 between the binned
distribution and the fit function is 42 for 39 degrees of freedom.

CMS [arXiv;1902.00571]

EE & C. Quigg [arXiv:1902.09735]
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• The excited P states  

– The 2P states very close to 
decay thresholds.   

– Various models tested as 
analogs of X(3872). 

– Combining theoretically 
expected production rates 
and decay fractions yield 
the rates for the photon 
transitions. 

• E1 transition photons 
observable:                         
CMS, LHCb, Atlas 
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to establish orbitally excited levels We pointed to the
23P2(6750) ! B

⇤
c� line as an especially promising tar-

get for experiment, because of the favorable production
cross section and 409-MeV photon energy. We did not
specifically comment of prospects for establishing the 3P
states. This Addendum repairs that omission.

We show in a new Figure 14 cross sections ⇥ branch-
ing fractions for the spectrum of E1 photons in decays
of the 3PJ to 1S levels. (We include direct production
of the 3P states as well as feed-down from 3S ! 3P
transitions. Cross sections for the physical 3P (0)

1
states

are appropriately weighted mixtures of the 33P1 and 31P1

cross sections.) Although the yields are approximately
four times smaller than those for the 2P ! 1S lines, the
higher photon energies may be a decisive advantage for
detection. The 33P2(7154) ! B

⇤
c�(777 MeV) line is a

particularly attractive target for experiment.
Experiments at the Large Hadron Collider have

demonstrated the feasibility of E1 spectroscopy in the
(bb̄) family, discovering and characterizing �

00
b1 and

�
00
b2 [54]. Observation of some (cb̄) P -wave states should

be possible with the data sets now in hand.
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FIG. 14. Photon energies k and predicted yields of E1 tran-
sitions from 3P ! 1S (cb̄) states. Photon momenta and E1
branching fractions are taken from from Table VI; production
rates are taken from Table VIII. The 3P masses inferred from
transitions to B⇤

c will be shifted downward because of the
missing B⇤

c ! Bc/� photon in the reconstruction. We model
Gaussian lineshapes with standard deviation 2 MeV.
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Fig. 3.6: The singlet static energy (quenched and unquenched data) from Ref. [51], see also [143]

2.3.3 The QCD static spectrum and mechanism of confinement18

The spectrum of gluons in the presence of a static quark–antiquark pair has been extensively studied with

high precision using lattice simulations. Such studies involve the calculation of large sets of Wilson loops

with a variety of different spatial paths. Projections onto states of definite symmetries are done, and the

resulting energies are related to the static quark–antiquark potential and the static hybrids potentials. With

accurate results, such calculations provide an ideal testing ground for models of the QCD confinement

mechanism.

The singlet static energy

The singlet static energy is the singlet static potential V (0)
s .

In the plot3.6, we report simulation results both with and without light quark–antiquark pair cre-

ation. Such pair creation only slightly modifies the energies for separations below 1 fm, but dramatically

affects the results around 1.2 fm, at a distance which is too large with respect to the typical heavy quarko-

nium radius to be relevant for heavy quarkonium spectroscopy. At finite temperature, the so-called string

breaking occurs at a smaller distance (cf. corresponding Section in Chapter 7,Media).

One can study possible nonperturbative effects in the static potential at short distances. As it has

already been mentioned in the ”static QCD potential” subsection, the proper treatment of the renormalon

effects has made possible the agreement of perturbation theory with lattice simulations (and potential

models) [78,88–92]. Here we would like to quantify this agreement assigning errors to this comparison.

In particular, we would like to discern whether a linear potential with the usual slope could be added to

perturbation theory. In order to do so we follow here the analysis of Ref. [90, 144], where the potential

is computed within perturbation theory in the Renormalon Subtracted scheme defined in Ref. [81]. The

comparison with lattice simulations [145] in Fig. 3.7 shows that nonperturbative effects should be small

and compatible with zero, since perturbation theory is able to explain lattice data within errors. The

systematic and statistical errors of the lattice points are very small (smaller than the size of the points).

Therefore, the main sources of uncertainty of our (perturbative) evaluation come from the uncertainty in

the value of ΛMS (±0.48 r−1
0 ) obtained from the lattice [146] and from the uncertainty in higher orders

in perturbation theory. We show our results in Fig. 3.7. The inner band reflects the uncertainty in ΛMS
whereas the outer band is meant to estimate the uncertainty due to higher orders in perturbation theory.

We estimate the error due to perturbation theory by the difference between the NNLO and NNNLO

evaluation. The usual confining potential, δV = σr, goes with a slope σ = 0.21GeV2. In lattice units

18Authors: N. Brambilla, C. Morningstar, A. Pineda
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LQCD static energy

The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian ∇∇∇
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

⟨LLL2
QQ̄

⟩

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

⟨LLL2
QQ̄

⟩ = ⟨LLL2⟩−2⟨LLL · JJJg⟩+ ⟨JJJ2g⟩. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and Lξ and Lζ be components perpendicular to the molecular axis.

Writing L± = Lξ ± iLζ and similarly for JJJg, one obtains

⟨LLL · JJJg⟩ = ⟨LrJgr⟩+
1
2
⟨L+Jg− +L−Jg+⟩. (5)

Since Jg± raises or lowers the value of Λ, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, ⟨LrJgr⟩ = ⟨J2gr⟩ = Λ2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

⟨LLL2
QQ̄

⟩ = L(L+1)−2Λ2+ ⟨JJJ2g⟩. (6)

We assume ⟨JJJ2g⟩ is saturated by the minimum number of allowed gluons. Hence, ⟨JJJ
2
g⟩= 0

for the Σ+
g level and ⟨JJJ

2
g⟩= 2 for theΠu and Σ

−
u levels.Wigner rotations are used as usual

to construct |LSJM;λη⟩ states, where λ = JJJg · r̂rr and Λ = |λ |, then JPC eigenstates are
finally obtained from

|LSJM;λη⟩+ ε|LSJM;−λη⟩, (7)

where ε = 1 for Σ+ levels, ε = −1 for Σ− levels, and ε = ±1 for Λ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= ε(−1)L+Λ+1, C = ηε(−1)L+S+Λ. (8)

•  What about the gluon and light quark degrees 
of freedom of QCD?   

•  Two thresholds:  

–  Usual                   decay threshold 
–  Excite the string - hybrids 

• Tetraquarks may appear. 
• Hybrid states will appear in the spectrum 

associated with the potential Πu, ...   
• In the static limit this occurs at separation:        

r ≈ 1.2 fm.  
• Between 3S-4S in        ; near the 5S in        .
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• Present status of states that 
don’t fit as ordinary charmonium 
states 

– “?” states need info 

– if JPC = 0++                             
X(3915) ? 23P2 state 

– ψ(4660) ? 5S state 

– ψ(4230),  ψ(4360) ?               
hybrids ? 

– “near” states possible 
molecules 

– All the states at at or              
above threshold

!23
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X(3872)

• X(3872)  - JPC = 1++   M= 3871.69 ± 0.17   Γ< 1.2 MeV   from J/ψ ππ mode 

– MX - MD - MD*  =  0.01 ± 0.17 MeV     

– Large isospin violation 
– Decays observed:  

– LHCb [arXiv:1404.0275]    

– Mixed state with sizable quarkonium component likely. 

– BES III (Chang-Zheng Yuan talk LATTICE 2019) 

– For LQCD:  Where is the χ’c0(23P0) state?
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EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH (CERN)

CERN-PH-EP-2014-050
LHCb-PAPER-2014-008

April, 1, 2014

Evidence for the decay

X(3872) !  (2S)�

The LHCb collaboration†

Abstract

Evidence for the decay mode X(3872) !  (2S)� in B+ ! X(3872)K+ decays
is found with a significance of 4.4 standard deviations. The analysis is based on
a data sample of proton-proton collisions, corresponding to an integrated luminosity
of 3 fb�1, collected with the LHCb detector, at centre-of-mass energies of 7 and 8TeV.
The ratio of the branching fraction of the X(3872) !  (2S)� decay to that of
the X(3872) ! J/ � decay is measured to be

B(X(3872) !  (2S)�)

B(X(3872) ! J/ �)
= 2.46± 0.64± 0.29,

where the first uncertainty is statistical and the second is systematic. The mea-
sured value agrees with expectations for a pure charmonium interpretation of
the X(3872) state and a mixture of charmonium and molecular interpretations. How-
ever, it does not support a pure DD̄⇤ molecular interpretation of the X(3872) state.

Submitted to Nucl. Phys. B

c� CERN on behalf of the LHCb collaboration, license CC-BY-3.0.

†Authors are listed on the following pages.
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suggests 2P state

suggests molecule

⇡+⇡�J/ (1S) > 3.2%

⇢J/ (1S)

!J/ (1S) > 2.3%

D0D̄0⇡0 > 40%

D̄⇤0D0 > 30%

�J/ > 0.7%

� (2S) > 4%
<latexit sha1_base64="Z1Qg6dh2FZ7iN73JlKVX6+Rlsy4="></latexit>

Measurements of 𝑿(𝟑𝟖𝟕𝟐) → 𝑫𝟎 𝑫∗𝟎, 𝜸𝑫+𝑫−

𝑋 3872 → 𝐷0 𝐷∗0 + 𝑐. 𝑐. 𝐷∗0 → 𝛾𝐷0, 𝜋0𝐷0

𝐷0 → 𝐾𝜋, 𝐾𝜋𝜋, 𝐾𝜋𝜋𝜋

𝑋 3872 → 𝛾𝐷+𝐷−

𝐷± → 𝐾𝜋𝜋,𝐾𝜋𝜋𝜋

¾Relative branching ratio compared with 𝑋 3872 → 𝜋+𝜋−𝐽/𝜓

19

New!

preliminary
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• LQCD approaches need to include the 23P1(cc) state to observe a X(3872) state
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FIG. 3. The spectra of states with JPC = 1++ for the cases with u/d valence quarks. The energies En = Elat
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s.a. +mexp
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[Eq. (11)] are shown. The horizontal lines show energies of noninteracting two-particle states (1) and experimental thresholds,
indicating uncertainty related to σ width. In each subplot, the middle block shows the discrete spectrum determined from our
lattice simulation from the optimized basis [Eq. (9)]. The right-hand block shows the spectrum we obtained from the optimized
basis of operators with the [c̄q̄]Ḡ [cq]G operators excluded. The gray marks, on the right-hand side of each pane, indicate the
lowest three-meson threshold mηc + 2mπ, while the actual lowest ηcππ level on the lattice appears higher due to l = 1, which
requires relative momenta. The left-hand block shows the physical thresholds and possible experimental candidates (a) χc1,
X(3872) and X(3940), (b) Z+

c (4050) and Z+
c (4250). The violet error bars for experimental candidates show the uncertainties

in the energy and the black error bars show its width.
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or becomes too noisy to be identified. This is de-
termined by comparing the pattern of the effective
masses and overlaps between the original basis and
the basis after operator exclusion.

The remaining states, that are not attributed to the
two-meson scattering channels, are represented by red
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FIG. 5. The spectrum of states (Eq. (11)) with JPC = 1++
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OMM

17 = χc1(0)σ(0) is excluded from the basis to achieve bet-
ter signals and clear comparison.

squares.

Figures 3 and 4 also compare the spectra between the
two bases of operators, one with optimized operator set
and another with the optimized set excluding [c̄q̄]Ḡ [cq]G .

Alexandrou et al. arXiv:1212.1418  
Prelovsek et al. arXiv:1405.7623 * 
Guerrieri et al. arXiv:1411.2247  
Padmanath et al. arXiv:1503.03257 
Francis et al. arXiv:1607.05214

Prelovsek et al. arXiv:1405.7623  
Caveats: 
 (1) mπ = 266 MeV 
 (2) limited spacings and volumes 
 (3) must include all states below  
     and in region of possible  
     new 4Q states
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• BESIII          [arXiv:1901.03992] 

– X(3872) -> π0 3PJ 

– Rate for a conventional 23P1  expected to be small but unknown. 

– Ratios :                                   J=0         J=1       J=2 

• 23P1 -> 3PJ                            0            5         2.14 

• D0 D*0  molecule                 7.76         3         3.56 

– Might be a better discriminator 

• Can use polarization in prompt production (p p) of X(3872) to distinguish 23P1 or molecule.  Model 
suggests dominantly 23P1 production. 

• After 15 years we still are not sure of the mixture:   X(3872) = cos(θ) |D0D*0> + sin(θ) |23P1>

!26
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TABLE I. Final results for the normalization and search channels and their ratios. Individual e�ciencies are reported without
considering ISR in the MC (no ISR) and are for illustration only. E�ciency ratios are for the search channels divided by the
normalization channel and include e↵ects due to ISR (with ISR), which nearly cancel in the ratio. Numbers in parentheses are
90% C.L. upper limits. The first errors are statistical and the second are systematic.

⇡+⇡�J/ ⇡0�c0 ⇡0�c1 ⇡0�c2

Event yield 84.1+10.1
�9.4 1.9+1.9

�1.3 10.8+3.8
�3.1 2.5+2.3

�1.7

Signal significance (�) 16.1 1.6 5.2 1.6
E�ciency (no ISR) (%) 32.3 8.8 14.1 12.8
E�ciency ratio (with ISR) ... 0.272 0.435 0.392
B(�cJ ! �J/ )⇥ B(⇡0 ! ��) (%) ... 1.3 33.5 19.0
Total systematic error (%) ... 17.0 11.9 9.4
B(X ! ⇡0�cJ)/B(X ! ⇡+⇡�J/ ) ... 6.6+6.5

�4.5 ± 1.1 (19) 0.88+0.33
�0.27 ± 0.10 0.40+0.37

�0.27 ± 0.04 (1.1)

TABLE II. Relative systematic uncertainties on the ratio
B(X(3872) ! ⇡0�cJ)/B(X(3872) ! ⇡+⇡�J/ ) for J =
0, 1, 2. All entries are in percent.

⇡0�c0 ⇡0�c1 ⇡0�c2

(1) Photon e�ciencies 3.0 3.0 3.0
(2) Track e�ciencies 2.0 2.0 2.0
(3) Input branching fractions 4.7 3.5 3.6
(4) Kinematic fit 4.6 4.6 4.6
(5) ECM-dependence of e�ciency ratio 3.2 5.2 5.2
(6) MC decay models 8.2 8.1 2.3
(7) Fitting to determine signal yield 12.4 1.6 3.0
Total 17.0 11.9 9.4
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• Much left to understand in mesons containing heavy quarks 
• A few of the most exciting opportunities are: 
• For heavy-light systems: 

– Fully characterized the nature of the jlP=½+ narrow (Qs) P states. 
• masses: (Bs0*, Bs1)                                                 Belle 2, LHCb 

• decay branching fractions: (Bs0*, Bs1), (Ds0*, Ds1)   Belle 2, LHCb, BES III 

• relative strengths of photon and π0 transitions are sensitive probes 
• For quarkonium systems: 

– The Bc excited states provides new insights:             LHC, TeraZ 
• States below threshold are all extremely narrow. 
• Probe the spin structure for unequal masses. 

• 2 P states very near threshold - possible X(3872) analogs 
–  Disentangling states near threshold offers best hope for understanding 

the new exotic states in QCD.

Summary

-


