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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Outline of the talk

e QCD as a field theory describing hadrons in terms of quarks and
gluons. Unlike to QED this problem in QCD is nonperturbative in
coupling.

e LF formulation advantages: simple vacuum and physical Fock
space for quarks and gluons.

e LF zero mode, its relation to nonperturbative effects like
condensates. Difficalties with taking this mode into account on the
LF.

e Approaching to LF formulation from standard space-like
formulations close to the LF as a way to investigate zero mode
dynamics. This limit transition should be different for zero and
nonzero modes.

e The expression for mgff including the contribution of zero mode.
e Construction of effective LF Hamiltonian with zero mode as
independent dynamical variable.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

e The description of hadron states in terms of constituent quarks
and gluons, related to nonzero modes.

e From effective LF Hamiltonian to spectral equation for
quark-antiquark bound states.

e Large quark mass limit and analitical solution of the spectral

equation.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Relativistic physics of elementary particles is related to QFT. In
QCD hadrons are to be described as bound states of quark and
gluon fields. However this is difficult due to strong coupling.
Nonperturbative methods like calculations on the space-time
lattice are required.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

The proposed by Dirac LF formulation of field theory allows to
simplify the description of quantum vacuum state, identifying it
with the state having zero LF longitudinal momentum

_Po—P3>O

o= Z

(LF coordinates: x* = (x0 £ x3)/v/2, x* = (x!,x?), xT plays the
role of time x° and fields are quantized on the LF: x* = 0).
X X0

x*

X3
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

The component
Py + P3

V2

plays the role of Hamiltonian and depends on interaction, while P_
is kinematical quantity, independing on the coupling.

Moreover, on the LF not only free fields, but also interacting ones,
can be represented in terms of creation and anihilation operators in
LF Fock space:

P+:

C>Odp_dp =
o(x) = ﬁ( a(p_, xt; xt)e P~ —|—H.c.),
= [ do- [ doup-a”(poixixalp-xtix)

0

a(p—,x=;x1)[0) =0.
Therefore LF formalism could be used as an alternative to other
nonperturbative methods. 6/41



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

The difficulties of LF formulation are related to the singularity at
p— — 0, so that zero (p— = 0) mode of field is not defined.
However this mode is responsible for vacuum effects (e.g.
condensate description). It is not possible to ignore this mode in
nonperturbative domain of QCD. The regularization |[x~| < L and
introduction of p. b. c. makes p_ = mn/L, n € Z, so that zero
mode, n = 0, is present, but in canonical formalism it has no
independent dynamics. It should be expressed through others,
nonzero, modes via canonical constraints (note, that there the
momentum [1(q) canonically conjugated to zero mode field ¢ () is
zero: Mgy = 0). The constraints are so complicated that they can
not be practically solved for zero mode. To overcome this difficulty
with zero mode we start to investigate how it arises when one goes

from usual formulation of field theory on space-like hyperplanes to
LF.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

With this aim we introduce approximating LF coordinates,

yO = xt + (n?/2)x~, y3 = x~, y* = x* with small parameter
n > 0, components of momentum in these coordinates:

qo =Py, g3 = p- — (1*/2)py, qL = pu.

These coordinates are closely related to Lorentz coordinates in the
Lorentz frame fastly moving w. r. to x*-frame:

X/j: — (U/\/i):FlXi, X/i _ Xi_

We use the Hamiltonian on the plane y® = 0 and extract the term
H(oy with only zero (g3 = 0) modes of fields.

8/41



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Metric tensor g, goo = 0, 803 = 1, g33 = —n?/2 (g°° =n?/2,
03 — ]_v g33 — O)V 8kk! = 76/(/(’-

1
Lawon(y) = =5 Tr (FuFing™g™ ) =

= Tr (F&(y) + 2Fok(y) Fa(y) + n* Fa(y) — Fia(v))

in2
Lauark(y) = IV2UL(y) Doty (y) + %wi(y) Do (y)+
+ V29T (y) D3 (y) + i (y) (D1 — M)y (v)+
+i YT (y) (DL + M)y_(y),
where Ao(y), A3(y), F03(y), FOk(y)v F ( ) o, D3 are related to
"y" coordinate system, and ¥4 (y) = ¥+ (x(y ))

9/41



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Canonical formulation on y° = 0:
: )
a
M30) = F&s(v). M) = FA) 0 i), R = =575

/ Ay Lgtuon(y) = / d*y (N300A3 + N26AL — Hg(y)).

1 a § a 1 a a a
He(y) = 5 (M3 + T (F3)° + 5 (F2)° = A3 (DsMs + D)’ =
_ Lingey W F) A, (F) — A3 (D3N3 + DiMy)’

Hauark(y) contains iv/2¢5 (y) Do ¢4+ (y) which gives

)\a
\/EgASzp:[(y) > Y4+ (y) term, so that the constraint at A§ has the form
)\a
(D3N3 + Dknk)a+g\/§wi 5 ¥y =0 this gives in A3 = 0 gauge:

)\a
ng=-o0;"' <(Dkﬂk)a +g\/§¢]t > 7/)+> .
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

We can separate zero mode Aoy  (Ax = Ak + 747(),

L —
3Ak(0) =0, / Ldy3Ak =0.

Ak (yt,y® =0) has conjugated momentum 2LM o) :

/d4y (M(0)B0Ak(0)) = /dyodyl (2LMNy(0)B0Ak(0)) -

The momentum conjugated to Ay()(y) will be denoted by
m2(y+ = x*, ¥ = 0) = 2LM40)(¥). It enters into the Hamiltonian

o R

as W dy
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

As for usual QFT Hamiltonians, which are similar to oscillator
Hamiltonians, the canonical momentum [1(y) enters quadratically
into the Hamiltonian. If we denote by 77(x") the canonical
momentum conjugated to zero mode of gluon field Ai(o) (x1)
(a=1,...,N?> —1 for SU(N) color group symmetry, k = 1,2 —
transverse Lorentz indeces) we can describe this term H(g as
follows:

1
Ho) = P /d2xl7ri7ri.

This expression explicitly shows why in  — 0 limit, i.e. on the LF,
we need to have w7 = 0 as a condition for finiteness of LF
"energy”. However, with the more simple models, like QED(1+1)
we can find that vacuum effects may be taken into account only if
we change the form of limit transition to the LF for zero mode
terms in the Hamiltonian, namely, one should take  — 0 and

L — oo simultaneously at Ly = 7L fixed.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

So we try to consider zero mode terms of QCD Hamiltonian in
"n"-coordinates in the same way: we require the finite contribution
of Hg) to mass squared

m? =2qoqs + ° G — q°©

in ) — 0 limit: for terms with only zero modes the m? gets the
contribution from 7?H(q) term, which is equal to

1 2
1
<—4L77/d2x 7T;37T;3> .

Therefore it remains finite at the limit n — 0, L — oo, Lo =nlL
fixed. We keep the usual LF limit, n — 0 at fixed L, for terms with
nonzero modes.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

This leads us to propose the following effective form for mass
squared operator on the LF:

1 2
m2g = <4L /d2xi7ra7r;j> +2P, P_ — P?,

where P, P_, P, are canonical expressions for momentum
operators in terms of fields on the LF.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

"n’-coordinates: y® = xT + (n?/2)x~, y3 =x7, yt =xt1.

Components of momentum in 7- coordmates.

G = pr. 3 = p— — (1°/2)p+, qL = p1.

The quantization on y® = 0 is closely related to quantization in

Lorentz coordinates x'* = (/v/2)F1x*, x't = x*, in Lorentz

frame, fastly moving w. r. to x*-frame. Indeed, one has
=n7(xT + (n?/2)x7) = n71y0, so that the plane y° =0

comade with the plane x° = 0. Also

py = —n"Hp- — (1P/2)p+) = 1 g3, s0atn — 0 pj— o0

and only g3 = 0 corresponds to p} = 0.

In QCD, formulated in n-coordinates, we have zero modes as

canonically independent variables, i.e. they have nonzero

canonically conjugated momentum. However when we approach to

the LF (7 — 0), we see that the term containing this canonically

conjugated momentum becomes singular and to avoid the infinite

energy we need to set this momentum equal to zero in the limit.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Indeed, let us consider gluon fields, A,(y), and quark fields, ¥ (y),
in n-coordinates with p. b. c. in y® for A,(y) and antiperiodic
boundary conditions for 1)(y). We have Ag(y) = AL(x),

As(y) = A_(x) — (12/2)A+ (x), AL(y) = AL(x) and take

As(y) = 0. The Ao(y) plays the role of Lagrange multiplier so that
gluons are described by A (y). Let us denote by 73 (y° = 0, y+)
the canonical momentum conjugated to zero mode field

AJ_(O)(yO = OvyJ_)' ie.

[Ai(o)(yl)a 77/?/ (y/L )}yo:ym:o = ’.‘Skk’5ab5(2) (yL - y,l)-

The m2(y° = 0,y"') enters quadratically into the Hamiltonian. Let
us extract this term and denote it as H(O),

1
H(O) 4L Y d2yJ'7Ta7Ti

In the limit 7 — O at fixed L this term is bounded only if 77 — 0

in accordance with the LF canonical formalism.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

However for QED(1+1) we noticed that the correct description of
nonperturbative vacuum effects by zero modes corresponds to the
limit n — 0, L — oo at fixed Lo = nL. So we can propose to
consider different limit transitions for zero and nonzero modes as a
possibility to take into account nonperturbative effects
semiphenomenologically.

Let us estimate the contribution of zero mode (g3 = 0) to the
expression of mass squared operator

2=2Q;Q0 +17°Q — Q3.

If we neglect the contribution of nonzero modes, then @y = H(O)
and we get

1 1, a,_a 2 2
m(O) =n H -Qi = <m/d2y 7Tk7Tk> - QL.

This contribution can be finite at finite @, and Lo, and 7} # 0.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

So our proposition in the LF limit:

1
iy = (g [ Pxrieomi) 2P,

where 77(x) is the momentum, conjugated to zero mode of gluon
field on the LF and Py is the canonical expression for the LF
Hamiltonian including zero mode of gluon field as independent
canonical variable. We can generate this expression for mgff in
usual form in LF coordinates if we introduce formally the
expression for the effective LF Hamiltonian ijf:

1 (1 2
eff 21 _a_a can
P+ 2P <4LO /d x 7Tk7Tk> * P+ .

Here we define the vacuum state |0) as P_|0) = 72(x)[0) = 0.
Besides we exclude the term in the P, containing only zero modes
to avoid states with p_ = 0 but 72 (x 1) # 0.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

This model can be applied to the description of " constituent”
quarks and gluons in hadrons describing this particles by nonzero
modes of corresponding fields. Zero mode of gluon field is used for
the construction of the state which is invariant w. r. to the gauge
symmetry transformations remaining after fixing the gauge A2 = 0.
We use gluon zero mode for the "string” connecting " constituent”
particles separated in transverse coordinates. We take this "string”
in the form of " path ordered” exponent

x'1L
Uyt xro = Pexp ig/ Z dzkAk(O)(zL) ,
k0

Ak(o)(zi) = Ai(o)(zL)()\a/2), where A\?/2 are Gell-Mann like
matrices for SU(N), g is coupling constant, U, ,». = U;i L
We choose the path as the straight line in transverse plane, from
xt to x'*.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Let us consider the action of new term in the Pfrff on the state
containing only quark and antiquark connected by such a string.
Let us describe the path of this string between x and x'* as
follows: x1 — x! = pcosp, x? —x? =psinyp, then
i=p/A
Ups jor = AIirﬂn0 H exp{—igA (Al(o)(z,-) cos i + Ay(gy(zi) sin ©)}.
i=1

22 _ 2
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Let us introduce the fermion field as a bispinor ¥(x) = <z+>

where on the LF
1
V2

D), =315 Dkok, Dk = Ok — igAk, o are Pauli matrices and M
is fermion mass. We can write:

o—1/4 o o
T 3 (bn(xi)e—'PnX + dH(xh e ) nez+1)2,
n>0

o= =07 (DL — M)y,

Yi(x) =

pn = mn/L, where b} and d; correspond to quarks and antiquarks
creation operators respectively.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Introducing the ortonormal basis:

1
TP U ()10) = i),

we project our effective Hamiltonian onto this basis. Let us denote
the new term in the P_iff as Pef(o) then

a(ny_ 1L L IRy
P_T_f(fo)|mx m'x”‘)z lim g ( N) (x x7)

1 / IJ_>
A=0  A(4LoA)22pm

|mx—, m'x

So we obtain confinement in transverse direction.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Canonical quantization on the Light Front (LF) of QCD in A_ =0
gauge.
Lagrangian density:
1 =
L= 3 Tr(Fu F™) + Ui+ Dy — M),

Fu = 0,A, — 0,A, — iglAL, A,
D, =9, — igAu Ay={Al}Y, ij=1,...,N for SU(N),

- (i)
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

We define 4* as follows:

0 -/ 0 /
0_ - 3_ -
7_I</ 0)) ’Y_I</ 0)5

k__ [ 0Ok 0 .
’y_l<0 O-k>’ k—1,2,

where oy is Pauli matrices,
o = <0 1), o2 = <9 >
10 i 0
Lagrangian density:
L=Tr(Fi_+2FFx— F))+ iV2yl Dyy+ ivV2yt D_y_+
+ (ivE (DL — MYy + Hel), D, = Dyoy,
Under gauge transformation Q(x)
P(x) = Q(x)(x),  Aulx) = Q(x)Au(x) Q+(X)+éQ(X)3uQ+(X),

L is invariant. 24/81



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

The adjoint representation A7 (x) can be obtained with
Gell-Mann-like matrices A = (\?)*, a=1,..., N> — 1,

2\ b b 2\ )\b b A€
A/J' = ?AZ, Tr()\a)\ ) = 263 y |:?, 7:| = Ifa C7,
A? A 1 1 A
22 )=z (N==), Fu=2F
; ( 2 2 > 2 < N> R B
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Canonical formulation on the LF, xT = 0:

a _ a£ _ a a
N (x) = M =F] _(x), Ny

oL 5 (x
(X)_W_F—k( ),

[ Laon(x) = [ (120,42 + 150,42~ Hotuon().
/d4X Hgluon (X) -

1
— /d4x (5 (N2N2 + FLFR) — A2 (D-N_ + Dkl'lk)a> ,

DN, =0,N, —ig[A,,M,].
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

oL
——— =i (V2D_vy_ D, —M =0
5oy~ (V2D (DL = M)y
is the 2nd class constraint.
1
I f\ﬁo_l(ol — M)y - /d4x£quark =

= /d4X (f\/zﬂ Dydpy — éwi(Di + M)D=Y(Dy — M)¢+> :

So we get [, = i\/§¢]: and the Hamiltonian:

1
H= /dx / d’x* [5 (N2N2 + F&LFE)—AL (D_N_ + DeMNi)? +

| ) o
+ V(DL + M)DHOL — M) — V2L UT 7 v,

here the A, is the Lagrangian multiplier, /a1



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

and the 1st class constraint

A .
(D-M- + Dil)* +gV20f 5y =0 gives

)\a
n? =-p-t ((Dknk)a +gV2yrt 7¢+> :

Thus we get for Hamiltonian:

H= /dx/chL B (D:l ((Dknk)a+g\f2¢i§zp+>>2+

1
+5 () +

i
V2
The operator D_ = J_ in A2 = 0 gauge.

YI(DL + M)DZH (D, — /\/I)zp+} = Hyr.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Let us consider the action of the other terms in our effective
Hamiltonian on the chosen basis states. Actually we remain with
only that part of the Hamiltonian which contains fermion modes
and gluon zero modes. This part of the Hamiltonian has the
following form:

L .
/L dx~ / d2xt [ﬁzﬂ(m + M)OZH(Dy — M), +

_ A? _ A
+g%0! <¢i > ¢+> ot <¢i > T/Dr) }
It contains the four-fermion term, which can be rewritten as
follows:

L B L " 2 3 . 2\
[ooc [ [ (s o) worierge) |

This form of the interaction can be responsible for confinement in
x~ direction, as was demonstrated by t' Hooft in the example of
QCD(1+1). 29/41



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Due to locality of 4-fermion term in x it gives zero on our basis
states, except for the case when quark and antiquark are not
separated in xt.

To restore the interaction between separated quark-antiquark we
introduce nonlocal modification of this 4-fermion term in gauge

invariant way:

)\a
21 21 9—1 +
m dX /d / d X/ 67 <w+ ?w+>XL X

‘X/lfo‘SR

)\a

-1 - L Nl

X0~ <¢i(x ' )UX/L’XL7UXL7X/L'¢+(X X )> ,
where 1/(7mR?) appears due to the averaging over the circle in
transverse plane of finite radius R, when we integrate over
(x'+ — x1) at |x't — x| < R. To obtain spectral equation we

consider the action of this term on the basis states.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

The spectral equation has the following form: 2P_P¢7|f) = m?|f)
at P, |f) =0, where |f) is the superposition of basis states:

|f> — Z 5n,m+m/ /d2XLd2Xll fm,m/(X,l . XL)|le, m/X/L>’
m,m’>0

2P_|f) = 2p,|f), <me‘,m'x'J‘]2P_Piff]f> = m2<me‘,m'x'J‘]f>.

Using ortonormality property of basis states we obtain the

eigenvalue equation for wave functions fy, v (x'* — x1):
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

m?foy (xl) =

)

4 _1)2 2

2
g Pn
B 2(L7TR2 2 : On m1+m2 )2 fmlva(Xl)i
my,my>0 = Pm
2 1
A S A Pn + fm,m’ X )
417 R2 Z (Ppm + Pm1)2 (Pm + Pm1)2 )

m1>0

Vi :6%+6227 p2 = (X1)2+(X2)27 Pn = Pm + Pnr-
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

To write this equation in L — oo limit let us introduce new

variables:
/ d
g=bm g P g 2D g =P T
Pn Pn Pn L Pn Lpn

™ 5 1 1 >
p + ~
Lpn le>0 ! <(Pm +pm)? (P + Pmy)?

N/Ood§’< 1 + 1 >:_1_L
Jo €+¢)»2 Q1-£+¢)? & 1-¢

7T 2 1 >N 1d7§/
Lpn an ((pm_Pm1)2 _/0 (6/_5)2.
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

Thus we obtain the spectral equation in the following form:

M2 -3 gt (N—4)° 0
( §1-¢) | 4@LAY

2 1

g’ (N-x) 1 1

_ _ f _
R \ga-g) ¢ (&x7)

g N-%), /1 de’ F(&',x) _

2m2R? o (&-8)7
where we renormalize the singularity at £’ = £ in the integral by
introducing into equation the principal value symbol,

m?f (&, xF),

1 1 1 1
P— =2 — + - ;
x> 2 \(x+ig)?  (x—ig)?
and arbitrary renormalization constant C as the new parameter.

One can meet similar equation in papers S. J. Brodsky,
G. F. de Teramond, J. P. Vary, X. Zhao, J. R-Hiller, ...
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

To solve this equation we start with the investigation of the large
quark mass limit. Let us rewrite the spectral equation in terms of
dimensionless variables: x = xl/R, m=mR, M = MR,

g Wy

) 2 _g2(N—%) —2 2 2
s VT T iR

V1=V

and change the variable { to w =2 — 1, -1 <w <1,

M -1 -3 o\+ _ 7 Ldu' £, %)
P oVLT P2 ) Fwx)— Lp [ LX)
( 1w 7" (%) 2 /_1 (W — w)?

-2

Large quark mass limit corresponds to w? < 1. It is convinient to
introduce new variable s = Mw, —M < s < M, and expand the
equation in M~ ', Assume also that yM = ~1 is finite in this limit

then we get the following result: 35/a1



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

W@ T (O

where we fix the arbitrary parameter C:

2 . © J F(d ¥ =2 _
<—§i+52+%72> f(s,i)—%P/ ds fls,x) _m+C5

—2 y
C=M + -.
+2

Let us make Fourier transformation in s:

o(z,%x) = / ds exp (isz)f (s, %),
P/ ds ds’ exp {i(s — ')z} ~

e (82) F(s' %) = ~rlzle(z ).

Thus we obtain the following equation:
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

—2 F#_, w NG -
(-7 -2+ 5 4 Fulel) otz = - otz

We can write ¢(z,X) = ¢1(X)¢2(z), where p1(X) and p2(2)
satisfy the following equations:

2 -2
(-7 +57) a0 = T )

2, T 5 —2 -2 | -2

(=02 + Slzl) e2(2) = T2 a(z), R =T + .

The first equation is the equation of 2-dimensional quantum
harmonic oscillator and the second one is the Airy equation.

Therefore we know the spectrum of ms and ma:
— 1 ™
() =45 3 (m+3). maw =4 ("2) on

where (,, are zeros of corresponding Airy eigenfunctions: 37/a1



Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

For this roots we have the following: |(o| ~ 1 and for n > 0

(3 r+3)

2
2 2 3
— ™1 _ ™M 1
Thus m%(n3:0)z4< 5 >3’ m%(n3>0)z4<—8 <n+§>> )

In order to introduce the classification of the states in orbital
momentum / let us take

win

™1\: B
T) )

and try to approximate the Airy equation for lowest eigenstates by
oscillator equation. This gives a possibility to restore 3-dim
spherical symmetry because we get the 3-dim oscillator equation

with this spectrum:
I3
2 — — —
m —8ﬂ<n+2+4>.

m(m = np = 0) =md(ng = 0), e (
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Effective Light Front QCD Hamiltonian and spectral equation for quark-antiquark states

I3

—2

=38 —+-.

m I} (n + 3 + 4>

The experimental meson spectrum can be approximated using the

following formula by Sergey Afonin
m? = [L.1(n + ) + 0.7]GeV?,

where the lowest state corresponds to p-meson. We can compare
these spectra. We suppose that the discrepancy in orbital
momentum [ is due to rather simple description of the gluon
"string” so that we assume a possibility to add //2 to the spectral
equation by hand. In this case we can identify our parameter 80
with the 1.1GeV?R? and again fit the parameter C so that the
lowest state of our spectrum corresponds to 0.7 GeV2.
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Thank you for your attention!
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