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History of achieved accuracy
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QCD contribution to (g-2)

Dispersive analysis for ππ, πη, … loops is needed

Relies on measurements of TFF 
to reduce the model dependence  
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Multi-meson production

Important ingredient:�
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Scattering amplitude πη→KK
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Left-hand cuts (pion pole)
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Left-hand cuts (vector poles)
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Fitted parameter is the coupling:  

 12

Left-hand cuts (vector poles)

�⇤

�⇤

⇡⇡,KK̄

⇡

⇡

+ +

...

�⇤

�⇤

⇡

⇡

⇢,!

�⇤⇡⇡, �⇤⇡!, �⇤⇢
Left-hand cuts requires knowledge from  
                                    transition form factors�⇤⇡⇡, �⇤⇡!, �⇤⇡⇢

�⇤

�⇤

⇡

⇡

⇡

PDG (2018)

gV!⇡� ' C⇢±,0!⇡±,0� ' 1

3
C!!⇡0�

PDG
= 0.37(2) GeV�1

gV!⇡� = 0.33 GeV�1



Fitted parameter is the coupling:  

 12

Left-hand cuts (vector poles)

�⇤

�⇤

⇡⇡,KK̄

⇡

⇡

+ +

...

�⇤

�⇤

⇡

⇡

⇢,!

�⇤⇡⇡, �⇤⇡!, �⇤⇢
Left-hand cuts requires knowledge from  
                                    transition form factors�⇤⇡⇡, �⇤⇡!, �⇤⇡⇢

�⇤

�⇤

⇡

⇡

⇡

PDG (2018)

gV!⇡� ' C⇢±,0!⇡±,0� ' 1

3
C!!⇡0�

PDG
= 0.37(2) GeV�1

gV!⇡� = 0.33 GeV�1

Left-hand cuts: “anomalous thresholds” for large virtualities Q2
1Q

2
2 > (M2

V �m2
⇡)

2

 
Hoferichter, Stoffer (2019)
Mandelstam (1960)

s(�)
L s(+)

L
0s(1)kin



Kinematic constraints

Helicity amplitudes

Tarrach (1975) 
Drechsel, Metz et al (1998)

where                     are photon helicities 
(minimal basis for Born subtracted amplitudes)

H�1,�2 = ✏µ(�1)✏⌫(�2)
5X

i=1

Fi(s, t)L
µ⌫
i

p.w. helicity amplitudes suffer from kinematic constraints

h
(J)
�1�2

=

Z
d cos ✓

2

dJ�1��2,0(✓)H�1�2

A(J)
n =

1

(p q)J

Z
d cos ✓

2

PJ(✓)Fn(s, t) object free of kinematic constraints

Unconstrained basis for Born subtracted p.w. amplitudes

j ⌘ �1�2 = {++, +�, +0, 0+, 00}

Kij 5⇥ 5is          matrix

�1,2 = ±1, 0

Low et al. (1954)

Lutz et al. (2010, 2014)

h̄(J)
i ⌘ h(J)

i � h(J),Born

i

h̄(J)
i = Kij h̄

(J)
j
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Dispersion relation

Omnès solution of the unitarity relation

Garcia-Martin et. al (2010)  
Hoferichter et. al. (2011,19) 
Dai et al. (2014)
Moussallam (2013)

Unsubtracted dispersion relation for kinematically unconstrained p.w. amplitudes

Omnès (1958) 
Muskhelishvili (1953)

leads to

�⇤

�⇤

⇡⇡,KK̄

⇡

⇡

Disch(J)
i = h

(J)

i ⇢ t(J)⇤⇡⇡

Disc⌦(J) = ⌦(J) ⇢ t(J)⇤⇡⇡ |s>4m2
⇡

h(J)
i = h(J),Born

i + ⌦(J)

 Z
0

�1

ds0

⇡

Disc(h̄(J)
i (s0))⌦(J)(s0)�1

s0 � s
�
Z 1

4m2
⇡

ds0

⇡

h(J),Born(s0) Im⌦(J)(s0)�1)

s0 � s

!

h̄(J)
i =

Z 0

�1

ds0

⇡

Disc h̄(J)
i (s0)

s0 � s
+

Z 1

4m2
⇡

ds0

⇡

Disc h̄(J)
i (s0)

s0 � s



Results for real photons
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Coupled-channel dispersive treatment of f0(980) and a0(980) is crucial  

f2(1270) described dispersively through Omnès function 

a2(1320) described as a Breit Wigner resonance

�� ! ⇡+⇡�,⇡0⇡0 �� ! ⇡0⌘

a0 a2

Born

�

f2

f0

I.D., Deineka, Vanderhaeghen  
(2017, 2018)
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Garcia-Martin et. al (2010)
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analysis. It will validate left-hand cuts approximations.
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Results for double virtual photons
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I.D., Deineka, Vanderhaeghen (2019)  
cf. also Hoferichter Stoffer (2019)
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Pascalutsa, Pauk 
Vanderhaeghen (2012)  
I.D., Vanderhaeghen (2016)
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��
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J = 2

ongoing work
f2(1270), Λ = 2
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aµ = (0.05± 0.01)⇥ 10�10

One needs to compare

µ
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Summary and Outlook
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new aμ Fermilab and J-Parc experiments ongoing:  
aim: factor 4 improvement in experimental value

Need to take into account f0(500), f0(980), a0(980), f2(1270) … and non resonant 
contributions in a dispersive approach to (g-2)

 

Main ingredients: γ*γ*→ππ, πη and (KK work in progress). Can be used in different 
(g-2) dispersive approaches.   
 

Need to implement high energy asymptotic on TFF (                   ) used as input in 
dispersive formalism 
 

It is important to validate dispersive treatment of γγ*→ππ, πη, KK… with upcoming 
BESIII data

Thank you!

�⇤⇡⇡, �⇤⇡!, �⇤⇡⇢

a⇡-boxµ + a⇡⇡,⇡-pole LHC
µ,J=0 = �2.4(1)⇥ 10�10

Colangelo et al. (2014-2017)



Multi-meson contribution to (g-2)

Pioneering dispersive analyses for ππ loop contribution to aμ

Colangelo et al. (2014-2017)
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Multi-meson contribution to (g-2)

Pioneering dispersive analyses for ππ loop contribution to aμ

Colangelo et al. (2014-2017)
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aµ * M3/(_ Kaa)  (in GeV2): diagram a

R = 0.77 GeV

M (GeV)
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Dispersive analysis for muon Pauli Form Factor

Pauk, Vanderhaeghen (2014)
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Observables in experiment  
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CLEO, BaBar, Belle, BESIII, ...

Mark II, CELLO, Crystal Ball, Belle
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Meson pole contributions to (g-2)

aLbL
µ = limk!0 ie

6

Z
d4q1
(2⇡)4

Z
d4q2
(2⇡)4

Tµ⌫��(q1, k � q1 � q2, q2)⇧µ⌫��(q1, k � q1 � q2, q2)

1

q21

1

q22

1

(k � q1 � q2)2
1

(p+ q1)2 �m2

1
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Meson pole contributions to (g-2)
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Lepton tensor:  well known�
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Meson pole contributions to (g-2)

aLbL
µ = limk!0 ie
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1

(p+ q1)2 �m2
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Lepton tensor:  well known

Hadron tensor: requires input from TFFs

Results (excluding low energy region):

aµ[f2(1270), f2(1565)] = (0.1± 0.01)⇥ 10�10

�



 22

Meson pole contributions to (g-2)
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q22
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(k � q1 � q2)2
1

(p+ q1)2 �m2

1
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Lepton tensor:  well known

Hadron tensor: requires input from TFFs

FNAL, J-PARC 
experiments�aexp

µ

= 1.6⇥ 10�10

aµ[f1(1285), f1(1420)] = (0.64± 0.20)⇥ 10�10

New evaluation of axial vector contributions (satisfying Landau-Yang theorem) 

Pauk, Vdh (2013)  
Jegerlehner (2015)

= (0.75± 0.27)⇥ 10�10

Results (excluding low energy region):

aµ[f2(1270), f2(1565)] = (0.1± 0.01)⇥ 10�10

�


