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Motivation

- Accuracy ~ Magnetic moment of the muon ~ Anomalous part
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History of achieved accuracy

© Accuracy ~ Hadronic corrections

© hadronic vacuum polarization

107 - (LO + NLO)
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~ hadronic light-by-light scattering
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History of achieved accuracy

- Accuracy © Hadronic corrections
© hadronic vacuum polarization
107 - (LO + NLO)
ap* VP = 685.1(4.3) x 10717
e
107 ~10
: 683.4(2.5) x 10
Hagiwara et al. (2011)
108} Keshavarzi et al. (2018)
~ hadronic light-by-light scattering
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QCD contribution to (g-2)

Relies on measurements of TFF 70v*y*) ny*y*) .
+ to reduce the model dependence

Dispersive analysis for TTTT, TTH, ... loops is needed
+




Multi-meson production

Important ingredient: ¥

YVIYE = T, T, ...

¢° = —Q* <0 space-like ~*
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Inelastic contributions
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Right-hand cuts (hadronic input)
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Right-hand cuts (hadronic input)
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Right-hand cuts (hadronic input)
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~ Model independent form of the left-hand cuts:
conformal mapping expansion

U(s) = Z Cr&(s)"
& |.D., Lutz, Gasparyan (201 I)



Right-hand cuts (hadronic input)

~ Coupled-channel Omnes formalism
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~ Model independent form of the left-hand cuts:
conformal mapping expansion

U(s) = Z Cr&(s)"
& |.D., Lutz, Gasparyan (201 I)

© Coefficients Cyx determined from Exp. data

and Roy Eq. solutions (Madrid)
|.D.,Vanderhaeghen (201 8)7
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Right-hand cuts (hadronic input)

~ Coupled-channel Omnes formalism
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Right-hand cuts (hadronic input)

~ Coupled-channel Omnes formalism

t(s) =U(s) + /R d: p(s;)/ |i(j)|
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~ Model independent form of the left-hand cuts:
conformal mapping expansion

U(s) = Z Cr&(s)"
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Right-hand cuts (hadronic input)
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© Coefficients Cx matched to SU(3)

Chiral Perturbation Theory at threshold
D, Gil, Lutz (2011,2013)



Right-hand cuts (hadronic input)

~ Coupled-channel Omnes formalism
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Scattering amplitude TTN— KK
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~ First lattice analysis for mr=391 MeV HadSpec Coll. (2016)
~ Chiral extrapolation of the lattice results Zhi-Hui Guo et.al. (2017)



Left-hand cuts (pion pole)

© Left-hand cuts requires knowledge from
v, v Tw, Y mp transition form factors



Left-hand cuts (pion pole)

© Left-hand cuts requires knowledge from

% % * o, o
Y T, Y Tw, Y T transition form factors :
50 —— '. . . , ,

r ;
Total error wwwm

45 | oo Fi gy mm—-

0.8 - - :.:!f

40 0.7 | { A
| 06 g
35 05 | { Mt

30 fous a

925 03 l

20
15

10

0.2 . t .
-03 025 02 015 01 005 0

[FY (s)?

Disc

5
~ Input from data: monopole TFF works well 0
for space like region 0.2

0.2 0.4 0.6 0.8 1
7°’[GeV?

--e.l----

Colangelo et al. (2019)



Left-hand cuts (vector poles)

© Left-hand cuts requires knowledge from
v, v Tw, Y mp transition form factors
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Left-hand cuts (vector poles)

© Left-hand cuts requires knowledge from
v, v Tw, Y mp transition form factors

1

. . . PDG _
- Fitted parameter is the coupling: ~ gv—my = Cptosrroy = 200y = 0.37(2) GeV '

gV nny = 0.33 GeV ™1 PDG (2018)



Left-hand cuts (vector poles)

© Left-hand cuts requires knowledge from
v, v Tw, Y mp transition form factors

: : : 1 PDG _
- Fitted parameter is the coupling: ~ gv—my = Cptosrroy = 200y = 0.37(2) GeV '
gV nny = 0.33 GeV ™1 PDG (2018)
© Left-hand cuts:“anomalous thresholds” for large virtualities QiQ5 > (M —m?2)?

Hoferichter, Stoffer (2019)
I ————— -0 Mandelstam (1960)



Kinematic constraints

~ Helicity amplitudes

5
Hy, x, = €u(A1)en(A2) Z Fi(s,t) L Tarrach (1975)
i=1 Drechsel, Metz et al (1998)

where )\, , = +1,0 are photon helicities
(minimal basis for Born subtracted amplitudes) Low et al. (1954)

~ p.W. helicity amplitudes suffer from kinematic constraints

T dcosf
hg\l))\g — / 2 dil—Ag,O(e) H>\1>\2

1 d cos b
Al = - P;(0) F.(s,t) +— object free of kinematic constraints
(pq) 2 J
Lutz et al. (2010, 2014)

~ Unconstrained basis for Born subtracted p.w.amplitudes

BgJ) — th) o hg]),Born

n\!) = K ntY j =My = {++, +—, +0, 04, 00}

J ")

Ki; 1s 5 x 5 matrix



Dispersion relation

© Unsubtracted dispersion relation for kinematically unconstrained p.w. amplitudes

Garcia-Martin et. al (2010)
Hoferichter et.al. (2011,19)
Dai et al. (2014)
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h

1

—) /O ds’ Disc Bg‘])(s’) +/°° ds’ Discﬁgj)(s’)
4

oo T s’ —s
~ Omnes solution of the unitarity relation

Disc hg‘]) = hij) p t)
Disc Q) = QW) p el | g2

leads to

W) _ D Bom () ( / ds' Disc(h, () 9 ()1 [ h(J),Bom(S,)IQO(S,)1)>
4

/ /
oo T s’ —s m2 T s’ —s

Omnes (1958)
Muskhelishvili (1953)



Results for real photons
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~ Coupled-channel dispersive treatment of fo(980) and ao(980) is crucial |.D., Deineka,Vanderhaeghen

(2017,2018)
© f2(1270) described dispersively through Omnes function

cf. also Dai et al. (2014)

© a2(1320) described as a Breit Wigner resonance Hoferichter et.al. (2011,19)
Garcia-Martin et. al (2010)
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Results for single virtual photon (Q2=0.5)
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© Single tagged BESIII data for 777, 7Y in range 0.1 GeV? < Q* < 2 GeV? under
analysis. It will validate left-hand cuts approximations.

|.D., Deineka,Vanderhaeghen (2018)
cf. also Moussallam (2013)
Hoferichter Stoffer (2019)
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Results for double virtual photons
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Effective resonance description

~ One needs to compare

~
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Summary and Outlook

© new ay Fermilab and |-Parc experiments ongoing:
aim: factor 4 improvement in experimental value

© Need to take into account fo(500), fo(980), a0(980), f2(1270) ... and non resonant

contributions in a dispersive approach to (g-2) le LHC
a P 4 a TR MC = _24(1) x 10710

0’
Colangelo et al. (2014-2017)

© Main ingredients: Y*Y*—TTTT, TTn and (KK work in progress). Can be used in different
(g-2) dispersive approaches.

© Need to implement high energy asymptotic on TFF (v* 7w, v*7p) used as input in
dispersive formalism

© It is important to validate dispersive treatment of Yy*— 1111, TTh, KK... with upcoming
BESIII data

Thank you!
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Multi-meson contribution to (g-2)

~ Pioneering dispersive analyses for TTTT loop contribution to a,

pion box rescattering contribution
CLZ_bOX + G’ZTJ,Z_(?OIG LHC _ _2.4(1) v 10_10

Colangelo et al. (2014-2017)



Multi-meson contribution to (g-2)

~ Pioneering dispersive analyses for TTTT loop contribution to a,

K

W
pion box rescattering contribution
CLZ_bOX + aZTji_(?OIG LHC _ _2.4(1) v 10_10

Colangelo et al. (2014-2017)

~ Dispersive analysis for muon Pauli Form Factor
a, * M3/(oc I“W) (in GeVz): diagram a

0.025 -

Y A =0.77 GeV 2-particle
0.02 - _discontinuities
0.015 ’
001 - dispersive
- valuation
0005 - /e
- = Feynman
0 (\integral
-0.005 - evaluation
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M (GeV)
20 Pauk,Vanderhaeghen (2014)



Observables in experiment

qg® >0 time-like v~
¢° = —Q? <0 space-like v*

VYO, vy n, vy’
CLEO, BaBar, Belle, BESIII, ...

vy — mm,mn, KK
Mark Il, CELLO, Crystal Ball, Belle

+ vy = T
BESIII
* 0 *
YT, YN
SND, CMD-2, BESIII, ...
_|_
7 0 /
WO’,”’ n YT Y N Y

KLOE, MAMI/A2
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Meson pole contributions to (g-2)

8

4 4
CLLbL _ llmk 7:66 d di1 d q2 T,uy)\(f( L — o ) 1 ( L . )
L —0 (27r)4 (277)4 q1, q1 — 42,42) 11,00\ 41, q1 — 42,42

1 1 1 1 1
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Meson pole contributions to (g-2)

Lepton tensor: well known

8
4
1 d4q d4 v 0
aﬁbL = limy_,q te / (2r )1 / E q)2 THA9 (g1, k — g1 — q2,92) Mune (g1, 5 — @1 — g2, 2)
1 1 1 1 1
Z a2 (k—q— @) (p+q)2—m?(p —q)?—m?
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Meson pole contributions to (g-2)

Lepton tensor: well known

/T\

\

at?l = lim,,_.q i€’ / d'q, / &gz THA (g1, k — q1 — q2,2) Wuwne (a1, k — @1 — 42, q2)
7 (27_‘_)4 (27T)4 ) ) WV AO ) y

1 1 1 1 1
CI% CI% (k—q1 — Q2)2 (p + ql)2 — m? (p' — 92)2 — m?

Hadron tensor: requires input from TFFs
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Meson pole contributions to (g-2)

Lepton tensor: well known

/T\

\

a"?t = limy_,q ie6/ d'q, / &gz TH2% (g1, k — q1 — q2,q2) Hwne (g1, k — 1 — q2, ¢2)
L (27_‘_)4 (27'(')4 ) ) 2PN ) 3

1 1 1 1 1
CI% CI% (k—q1 — Q2)2 (p + ql)2 — m? (p' — 92)2 — m?

8

Hadron tensor: requires input from TFFs

Results (excluding low energy region):

a,[f2(1270), £2(1565)] = (0.1 £ 0.01) x 107
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Meson pole contributions to (g-2)

Lepton tensor: well known

/T\

Hadron tensor: requires input from TFFs

\

a"?t = limy_,q ie6/ d'q, / &gz TH2% (g1, k — q1 — q2,q2) Hwne (g1, k — 1 — q2, ¢2)
L (27_(_)4 (27'(')4 ) ) 2PN ) 3

1 1 1 1 1
Q% CI% (k—q1 — CI2)2 (p + ql)2 — m? (p' — 92)2 — m?

Results (excluding low energy region):

a,[f2(1270), £2(1565)] = (0.1 £ 0.01) x 107

New evaluation of axial vector contributions (satisfying Landau-Yang theorem)

a,[f1(1285), f1(1420)] = (0.64 + 0.20) x 10~ Pauk, Vdh (2013)
= (0.75 4+ 0.27) x 10~ °

5afP = 1.6 x 10—10 FNAL, J-PARC
27 H ' experiments

Jegerlehner (2015)




