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Chiral symmetry of QCD

Spontaneous chiral
symmetry breaking

SU(2)L
⊗

SU(2)R ≃ O(4)

!
SU(2)V
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• The SU(2)L
⊗

SU(2)R is isomorphic to O(4)

• O(2) and O(4) are very similar in fG, β and δ

• 3-d O(N) spin model can be used to describe the universal
scaling behaviour of the QCD system

11 / 25

LQCD = � 1
4F

µ⌫Fµ⌫ +
P

q=u,d,s,c,b,t q [i�
µ (@µ � igAµ)�mq] q

SU (Nf )L ⇥ SU (Nf )R ⇥ U(1)V ⇥ U(1)A
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QCD chiral phase transition

cross   over

1st
order

order

1st

mphy
s physical point Nf = 3

2nd order Z2

2nd order Z2

ms

mu,d = ml

PURE G
AU

G
E

Nf = 2

1

1

Nf = 1

2nd order O(4)

mc

H =
ml

mphy
s

• The real PHASE transition in the chiral limit ?

• The order and universality class of the phase transition ?

• Influence of the criticality in the chiral limit to the
thermodynamics at the physical point ?
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Tpc=156.5 +/- 1.5 MeVTc = ? 
Order ?

• The real PHASE transition in the chiral limit ?

• The order and universality class of the phase transition ?

8 / 35

QCD symmetry & phase transition

Physical point: Tpc=156.5 ±1.5MeV 
HotQCD Collaboration: A. Bazavov, …, S.T. Li et al., Phys.Lett. B795 (2019) 15-21 

The order of chiral phase transition ? 
        Pisarski R D, Wilczek F, 1984. Phys. Rev. D, 29:338-341  

1. Second order O(4) if UA(1) is significant 
broken 

Butti A, Pelissetto A, Vicari E, 2003, JHEP, 08:029.  
Pisarski R D, Wilczek F, 1984. 

2. First order or Second order if UA(1) is 
negligible near Tc

0  
First order: Pisarski R D, Wilczek F, 1984.      
Second order: 
Grahl M, Rischke D H, 2013. Phys. Rev., D88(5):056014      (FRG) 

          Pelissetto A, Vicari E, 2013. Phys. Rev., D88(10):105018     

Phase transition temperature about 
20-30 MeV smaller than Tpc 

Berges J, Jungnickel D U, Wetterich C, 1999. Phys. Rev. D, 59:034010. 
Pelissetto A, Vicari E, 2013. Phys. Rev., D88(10):105018. 
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Two different scenarios at µB ̸= 0
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Summary

QCD phase diagram in the quark mass plane
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Influence to QCD phase structure at µB>0
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General approaches to study chiral phase transition 

Z =

Z
[d�] exp

✓
�
Z

dxLeff (�(x);K)

◆

Leff =
1

2
(r�)2 +

X

n

an(K)�n

Leff =
1

2
a�2 +

1

4
b�4

�

T > Tc T = Tc

T < Tc

2nd order phase transition

LQCD
eff =

1

2
tr @�†@�+

a

2
tr�†�

+
b1
4!

�
tr�†�

�2
+

b2
4!

tr
�
�†�

�

� c

2

�
det�+ det�†�

� d

2
trh

�
�+ �†�

AdS/CFT 
FRG  
Dyson Schwinger Equation 
LQCD

Landau functional of QCD 
Robert D. Pisarski and Frank Wilczek in 1984
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Ginzburg-Landau-Wison approach



Lattice QCD

Why chiral phase transition is 
hard to study on lattice?

V
1
3 = N�a

1

T
= N⌧a

N�a ' �

2
/ m�1

⇡

Z(T, V ) =

Z
[DU ]

Y

q=u,d,s

detMq[U ]e�SG[U ]

h  iu =
1

N3
�N⌧

@ lnZ

@m̂u
=

⌦
TrM�1

u

↵
12N3

� ⇥N⌧

Access Chiral limit is 
very hard !

n n+ µ̂

n+ ⌫̂ n+ ⌫̂ + µ̂
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Karl Jansen, PoS LATTICE2008 (2008) 010, arXiv:0810.5634

https://arxiv.org/search/hep-lat?searchtype=author&query=Jansen%2C+K
https://arxiv.org/abs/0810.5634


Thermodynamic limit and continuum limit

Tc

T

M
In thermodynamic 

limit

Tc

M

连续相变

Finite size effects 
complicated

Thermodynamic limit

N� ! 1
a fixed

Continuum limit

a ! 0, by N⌧ ! 1

V
1
3
= aN� =

N�

N⌧T
fixed

⇤ / 1/a

In finite volume连续相变
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M(t, h) = h1/�fG(z) + f
reg

= ms

f4
K

h
h  il � 2ml

ms
h  is

i

�M (t, h) = @M
@H = H�1h1/�f�(z) +

@freg
@H = m2

s

f4
K
�
subtot

freg = a1(T )H + a3(T )H
3 + . . . , ai(T ) =

 
ai0 + ai1

T � Tc

Tc
+ ai2


T � Tc

Tc

�2!

Magnetic equation of state (MEOS)
General theory 

Singular part dominate near Tc Specific for QCD chiral transition

Scaling variables 
z = t/h1/��

t =
1

t0

T � T 0
c

T 0
c

h =
H

h0
=

1

h0

ml

ms
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Universal Non-universal
�, �

fG, f�

Fundamental 
quantity of QCD

Problems ：
Universality class ? 
Finite size effects ?
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Magnetic equation of state (MEOS)

Scaling variables 
z = t/h1/��
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Universal Non-universal
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Fundamental 
quantity of QCD
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Universality class ? 
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Figure 4: Left: We perform a MEOS fit to M using ml = ms/80 and ml = ms/60 data sets without a
regular part in a temperature range 140 MeV< T <150 MeV, and then we use the obtained parameters t0,
h0, Tc to replot the data sets in the whole temperature range 140 MeV< T <162 MeV. Middle: We perform
a MEOS fit to M using all the data sets in a temperature range 140 MeV< T <150 MeV with a regular
term freg = (a0 + a1

T�Tc
Tc

) ml
ms

, then we use the obtained parameters to replot all the data sets in the whole
temperature range 140 MeV< T <170 MeV. Right: We perform a MEOS fit to M using all the data sets.
The used regular term includes a higher order term in T as expressed in Eq. (4.4).

our whole temperature range with a regular part freg including a higher order term in T ,

freg =

"
a0 +a1

T �Tc

Tc
+a2

✓
T �Tc

Tc

◆2
#

ml

ms
. (4.4)

As seen from the right plot of Fig. 4, the fit ansatz seems to be sufficient to describe the chiral
condensates and this allows a description of the scaling violation at nonzero values of quark masses
in the whole temperature range via the O(2) MEOS fit to the chiral order parameter M.

The critical temperature obtained from the MEOS fit with a regular term to M in a temperature
range 140 MeV< T <170 MeV is generally 1 MeV larger than the fit in a temperature range 140
MeV< T <150 MeV. However, the obtained parameter z0 agrees with each other within errors.

Although we have found that a good description of M can be provided through O(2) scaling
analyses, we want to confirm that the physical point is above the tri-critical point from another
perspective. If mphy

s < mtri
s , it is expected that the chiral phase transition belongs to the Z(2) uni-

versality class. We then perform a fit to the chiral condensate at our two lowest quark masses
using Eq. (2.1) with the Z(2) scaling function and critical exponents. Note that the breaking field
now is H = ml

ms
� rc. We also perform a Z(2) MEOS fit with a regular term as parameterized in

Eq. (4.4) to the chiral condensate using all the data points. The most important non-universal pa-
rameter rc determined from these scaling analyses turns out to be consistent with zero within errors,
rc . 0.0001, which corresponds to a bound on a possible critical value for the Goldstone pion mass,
mcrit

p . 10 MeV, this suggests that mtri
s < mphy

s .

5. Summary

We studied the chiral phase structure in Nf = 2+1 QCD in a larger temperature window 140
MeV< T <170 MeV compared to our previous study [1]. The fit results suggested that the range
of scaling variable z is linearly increasing with respect to the temperature range. We found that the
value of Tc is not sensitive to the temperature region used in the MEOS analyses. Based on the O(2)

5

Sheng-Tai Li, Heng-Tong Ding, PoS LATTICE2016 (2017) 372   

The fits of both order parameters performed with the
ansatz given in Eq. (16) are shown in Fig. 7. As expected,
we find that corrections linear in ml=ms are eliminated in
M. The corresponding fit parameter b1 is zero within errors
and we therefore have fixed it to be zero in the fit shown in
Fig. 7 (left panel). For the nonsubtracted order parameter
Mb this term gives the dominant finite quark mass correc-
tions. Here we find b1 ¼ 0:0013ð3Þ.

C. Scaling of the chiral condensate

We have seen in the previous section that order parame-
ters constructed from the chiral condensate are well de-
scribed by the magnetic equation of state for small enough
values of the light quark masses, ml=ms & 1=20. We want
to underscore this point here by displaying the order pa-
rameters not in their scaling form, but as a function of

temperature in units of the transition temperature deter-
mined in the previous section. This is shown in Fig. 8. The
curves drawn in this figure are taken from the scaling fits to
the subtracted and nonsubtracted order parameters shown
in Fig. 5. They had been obtained from the numerical
results for M (left panel) and Mb (right panel) in the range
ml=ms $ 1=20 and T=Tc ¼ 1% 0:03.

D. Comparison with earlier calculations in 2-flavor
QCD

Asmentioned in the introduction, there have been earlier
attempts to compare the quark mass and temperature de-
pendence of the chiral order parameter with OðNÞ scaling
functions on lattices with temporal extent N! ¼ 4 [6,8,9].
These calculations had been performed for 2-flavor QCD
using unimproved gauge and staggered fermion actions. In
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FIG. 6 (color online). The order parameters M (left panel) and Mb (right panel) for all quark mass values, ml=ms $ 0:4, and all
values of the gauge coupling, " 2 ½3:28; 3:33', used in this study. The scaling variables t and h used to compare with the Oð2Þ scaling
function are taken from the fit to the light quark mass results shown in Fig. 5.
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FIG. 7 (color online). The Oð2Þ magnetic equation of state compared to results for the subtracted order parameterM (left panel) and
the nonsubtracted chiral condensate, Mb for light quark masses ml=ms ( 1=10. Curves show fits to data at fixed ml=ms using the
ansatz for scaling violations given in Eq. (16). Same symbols correspond to same values of the gauge coupling.

MAGNETIC EQUATION OF STATE IN (2þ 1)-FLAVOR QCD PHYSICAL REVIEW D 80, 094505 (2009)

094505-9

S. Ejiri et al., PHYSICAL REVIEW D 80, 094505 (2009)    

http://inspirehep.net/author/profile/Li%2C%20Sheng-Tai?recid=1512308&ln=en
http://inspirehep.net/author/profile/Ding%2C%20Heng-Tong?recid=1512308&ln=en
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FIG. 1. Scaling functions for the 3-d Z(2), O(2) and O(4)
universality classes. The position zp of the peak of the scal-
ing functions (vertical lines) and the position z60 where the
scaling function attains 60% of its maximal value (crosses) are
also given in Table I. Lines close to z = �1 show 1/� for these
three universality classes, which agree to better than 1%. The
inset shows the ratio of scaling functions, f�(z)/fG(z), used
in determinations of the chiral phase transition temperature.

� zp z60 fG(zp) f�(zp) r�(0)

Z(2) 4.805 2.00(5) 0.10(1) 0.548(10) 0.3629(1) 0.573(1)

O(2) 4.780 1.58(4) -0.005(9) 0.550(10) 0.3489(1) 0.600(1)

O(4) 4.824 1.37(3) -0.013(7) 0.532(10) 0.3430(1) 0.604(1)

TABLE I. The critical exponent �, location of the peak, zp,
and the position of 60% of the peak value, z60, of the scaling
functions f�(z) for di↵erent 3-d universality classes [15, 17,
18]. Also given are fG(zp), f�(zp) and r�(0) = f�(0)/f�(zp).

where the kaon decay constant, fK = 156.1(9)/
p
2 MeV,

for physical values of the degenerate light and strange
quark mass is used as normalization constant to define a
dimensionless order parameter M . Its derivative with re-
spect to the light quark masses defines the RG-invariant
chiral susceptibility,

�M = ms(@mu + @md)M |mu=md

= ms(ms�l � 2h ̄ is � 4ml�su)/f
4
K , (3)

with �fg = @mf h ̄ ig and �l = 2(�uu + �ud).
When approaching the chiral limit, one also needs to

control the thermodynamic limit, V ! 1. In the vicin-
ity of a 2nd order phase transition M and �M are given in
terms of universal finite-size scaling functions fG(z, zL)
and f�(z, zL), which depend on scaling variables z =
t/h1/�� and zL = l0/(Lh⌫/��). Here t = (T �T 0

c )/(t0T
0
c )

denotes the reduced temperature, h = H/h0 is the sym-
metry breaking field and L/l0 parametrizes the finite-size
of the system, L ⌘ V 1/3. These scaling variables are ex-
pressed in terms of non-universal parameters, t0, h0, l0.

While the universal scaling functions control the be-
havior of M and �M close to a critical point at (z, zL) =
(0, 0), they also receive contributions from corrections-
to-scaling and regular terms [14, 15], which we represent

by a function fsub(T,H,L). With this we may write

M = h1/�fG(z, zL) + fsub(T,H,L) ,

�M = h�1
0 h1/��1f�(z, zL) + f̃sub(T,H,L) . (4)

As far as needed for the analysis we will specify contri-
butions arising from fsub(T,H,L) later.
Close to the thermodynamic limit f�(z, zL) has a pro-

nounced peak, which often is used to define a pseudo-
critical temperature, Tp. In the scaling regime this peak
is located at some z = zp(zL), which defines Tp,

Tp(H,L) = T 0
c

✓
1 +

zp(zL)

z0
H1/��

◆
+ sub leading , (5)

with z0 = h1/��
0 /t0. While the first term describes the

universal quark mass dependence of Tp, corrections may
arise from corrections-to-scaling and regular terms, shift-
ing the peak-location of the chiral susceptibilities.
When approaching the chiral limit, depending on the

magnitude of zp/z0 ⌘ zp(0)/z0, Tp(H,L) may change
significantly with H. In the potentially large tempera-
ture interval between T 0

c and Tp(H,L) regular contribu-
tions, arising from fsub(T,H,L), may also be large, and
during the H ! 0 extrapolation several non-universal
parameters may be needed to account for contributions
from fsub(T,H,L). It is, thus, advantageous to determine
T 0
c using observables defined close to z ' 0. Tp(H,L)

defined through such observables for small H > 0 will
have milder H-dependence, and the determination of
T 0
c = Tp(H ! 0, L ! 1) will be well-controlled.
We will consider here two estimators for T 0

c , defined
at or close to z = 0. We determine temperatures T� and
T60 by demanding,

H�M (T�, H, L)

M(T�, H, L)
=

1

�
, (6)

�M (T60, H) = 0.6�max
M . (7)

Eq. 6 has already been introduced in [16] as a tool to an-
alyze the chiral transition in QCD, and it is understood
that T60 is determined at a temperature on the left of
the peak �max

M , i.e. T60 < Tp. These relations define
pseudo-critical temperatures, TX , which are close to T 0

c

already for non-zero H and L�1. They converge to the
chiral phase transition temperature T 0

c , in the thermo-
dynamic and chiral limits. For non-zero L�1, Eqs. 6 and
7 involve scaling variables zX(zL) which approach or are
close to zero in the limit L�1 ! 0, i.e. z� ⌘ z�(0) = 0
and z60 ⌘ z60(0) ' 0. Some values for z60, for several
universality classes, are given in Table I and the relevant
scaling functions, obtained in the thermodynamic limit,
zL = 0, are shown in Fig. 1.
Ignoring possible contributions from corrections-to-

scaling, and keeping in fsub only the leading T -
independent, infinite volume regular contribution propor-

Chiral phase
transition of
(2 + 1)-flavor

QCD

QCD phase
diagram

MEOS

Lattice Setup

NO evidence
for the 1st
order phase
transition

Extract T0
c

Summary and
outlook

Backup

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

A novel way to determine T 0
c

Chiral phase
transition of
(2 + 1)-flavor

QCD

QCD phase
diagram

MEOS

Lattice Setup

NO evidence
for the 1st
order phase
transition

Extract T0
c

Summary and
outlook

Backup

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

A novel way to determine T 0
c

HχM

M
=

fχ(z)

fG(z)
=

⎧
⎪⎨

⎪⎩

0 z → −∞
1/δ z = 0

1 z → +∞

T−
60%(H) = T 0

c

(
1 +

z−60%
z0

H1/βδ

)

 0

 0.2

 0.4

 0.6

 0.8

 1

-0.4 -0.2  0  0.2  0.4

(T-Tc
0)/Tc

0

fχ/fG

O(2)
z0=0

H=1/20
H=1/40
H=1/80

1/δ

Scaling functions : Some intriguing facts
Conventional approach to determine
T 0

c : determine pseudo-critical
temperature Tpc(H) from the peak
location of �M (T,H) and

Tpc(H) = T 0

c

✓
1 +

zp
z
0

H1/��

◆

Our approach in this work :
determine temperature T�

60%

(H) at
60% of peak height of �M (T,H) and

T�
60%

(H) = T 0

c

 
1 +

z�
60%

z
0

H1/��

!

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40

-2 -1 0 1 2 3

z=t/h1/βδ

fχ(z)

O(4)

O(2)

60% of peak

z=0

1/δ

zp

Advantage : z�
60%

' 0 ) reduces
influence of regular terms, simplifies

scaling analysis.

Dependence on quark mass (H)
reduced by two orders of magnitude

)
zp z�

60%

O(2) 1.56 -0.009
O(4) 1.37 -0.01

Anirban Lahiri (Bielefeld University) for HotQCD Chiral phase transition of (2+1)-flavor QCD 9

• The crossing point gives T 0
c at H → 0

• At z−60%, small regular effects, T−
60% ≈ T 0

c

• z−60%(O(2)) = −0.009, z−60%(O(4)) = −0.01
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M = 2
�
msh ̄ il � mlh ̄ is� / f 4

K , where we have used fK =
⇣
156.1/

p
2
⌘

MeV to set the scale. The corre-
sponding susceptibility is defined as �M = ms@M/@ml, where ml and ms are light and strange quark masses,
respectively.

Near the critical point the order parameter M and its susceptibility �M are expected to behave like
M = h1/� fG(z) + fsub(T,H) and �M = h�1

0 h1/��1 f�(z) + @ fsub(T,H)/@H, where fG(z) and f�(z) are universal
scaling functions, which have been determined previously from spin model calculations, and fsub(T,H)
takes into account corrections-to-scaling terms and regular terms. The scaling variable z is defined as z =
th�1/�� = z0

⇣⇣
T � T 0

c

⌘
/T 0

c

⌘
H�1/�� with t = t�1

0

⇣
T � T 0

c

⌘
/T 0

c and h = (ml/ms)/h0 = H/h0. The scale z0 is
defined as z0 = h1/��

0 /t0 with T 0
c being the chiral critical temperature and H being the symmetry breaking

field.
The scaling variable z may be solved for T , which then gives the dependence of T on H when approach-

ing the chiral limit at fixed z,

T (z,H) = T 0
c

 
1 +

z
z0

H1/��
!
. (1)

This is commonly used when analyzing the approach of the pseudo-critical temperature Tpc, defined through
the peak of �m located at z = zp, to the chiral limit. Here we consider a di↵erent choice of z. We propose
to choose z = z�60%; the value of z�60% or equivalently T�60% is defined as �M

⇣
T�60%

⌘
= 0.6�max

M . From the
left panel of Fig.1, one can clearly see that for the scaling functions, which are relevant for our discussion,
60% of the peak corresponds to z ' 0, i.e. to a temperature close to the critical point. The influence of
H-dependent corrections thus will be suppressed by at least an order of magnitude compared to zp. This in
turn says that the estimator of T 0

c using T�60% will be far more stable than that using Tpc.
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Fig. 1. Left panel : Scaling function f�(z) for O(4), O(2) and Z(2) universality class. zp is the peak position which is universal. z�60% ⇡ 0
for these universality classes. Right panel : Ratio of scaling functions using O(4) exponents for three di↵erent values of H.

Another estimate of the critical temperature can be obtained from the ratio H�M/M which behaves like
a Binder cumulant at the critical point [6] :

lim
H!0

lim
V!1

H�M (T�,V,H)
M (T�,V,H)

=
1
�
) T 0

c = lim
H!0

lim
V!1T�(V,H). (2)

In the right panel of Fig.1 we have shown this ratio using O(4) scaling functions for three di↵erent values
of symmetry breaking parameter H. For simplicity we have set the scale z0 = 1. From the figure one
can clearly see that in absence of corrections-to-scaling and regular terms the crossing point is unique for
di↵erent curves corresponding to di↵erent H and has the value 1/�.

To get some idea about the nature of the chiral transition we looked at the following ratio

M
�M
= (H � Hc)

fG(z)
f�(z)
, (3)

where Hc is zero for O(4) or O(2) transitions and non-zero for Z(2) transition. It is clear from Eq.3 that
near the critical point the ratio will be linear in H and the slope is uniquely defined through the universal

O(2)

z0 = 1

• The crossing point gives T 0
c at H → 0

• At z−60%, T−
60% ≈ T 0

c

Model zp z−60%
Z(2) 2.0 0.1
O(4) 1.37 -0.01
O(2) 1.56 -0.009
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TX(H,L) =T 0
c

(
1 +

(
zX (zL)

z0

)
H1/βδ

)

+ cXH1−1/δ+1/βδ, X = δ, 60

(8)

lim
L→∞,H→0

TX = T 0
c , X = δ, 60

12 / 35

Novel estimators (Tδ and T60) to determine Tc
0 

Model δ β
Z(2) 4.805 0.3258
O(4) 4.824 0.380
O(2) 4.780 0.349

H�M (T�, H, L)

M (T�, H, L)
=

1

�

lim
L!1,H!0

T� = T 0
c

H�M

M
=

h1/�f�(z) + a1(T )H

h1/�fG(z) + a1(T )H

T�(H,L) = T 0
c +

H1/��(1�5.7v)

L5.7
B + c�H

1�1/�+1/��, v = 0.7377(41)

3-d O(4) finite-size scaling functions

J. Engels and F. Karsch Phys. Rev. D 90, 014501 – 1 July 2014
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TX = T0
c + zXT0

c H1/βδ/z0, z0 = h1/βδ
0 /t0. ������

��

Novel estimators (Tδ and T60) to determine Tc
0 

Model zp z60

Z(2) 2.0 0.1
O(4) 1.37 -0.01
O(2) 1.56 -0.009

�M (T
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, H) = 0.6�max

M
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Nτ = 6, 8 ,12 allow us to perform 
continuum limit
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to perform the thermodynamic limit
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Figure: Discretization in Euclidean space.
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Z (V,T) =
∫

[DU][Dψ̂][D ¯̂ψ]e−SE [U,ψ̂, ¯̂ψ], ������

SE [U, ψ̂, ¯̂ψ] = SG + SF [U, ψ̂, ¯̂ψ], ������

SF [U, ψ̂, ¯̂ψ] =
∫ 1/T

0

dτd3x
∑

q=u,d,s

¯̂ψq(Mq[U])ψ̂q . ������

ԷЅ SGф SF дԆЋᄱжфܶ٭жӑѓ֝䦚ܶ٭жӑѓ֝ϸѦߎഒϦ u� d� sѧڏ

ᆋࡽ䩟ԷЅ Mqϥܶ٭жᗀಙ䩟ؚ ϥϣϬ N × N ϡ็Ꭽᗀಙ䩟N = nsites × ncolor ×
nDirac = 12N3

σ × Nτ䦚ۥӊܶ٭жڲላЋބцڲډላ䩟ӹױϢЙѓϺϡܶ٭жۯ

дחд [Dψ̂]ф [D ¯̂ψ]Ћ۴ࠁটᅸّ䩛Grassmann number䩜䩟۴ࠁটᅸّЇीےބ

жܶ٭д٤оϡ䦚ۯԿϡբዓࡽࠁ⌃টᅸఱцࠁᚳ঒ᅸ䦛۴ٷख़мϡѺۥϥّ޼

д៲ّ䩭ࡈ٩ϡߣдҏњЏϺۯটᅸّࠁд۱ѓ۴ח

Z (T,V) =

∫
[DU]

∏

q=u,d,s

GHWMq[U]e−SG [U]. ������

ϢЙНйЃϺԍܴ����ԁ֘���ϡբዓۯдԚц׏䦚ЗҽҤזϼϡӗ֏ԁޟ֏ϡ

ԮױۥڍНйЏϺ�

T =
1

aNτ
. ������

����ԍܴۥНҌ䩟ҒҝϢЙЂথሶϤӎޟ֏ЎϡջҨѺࢅڍϩҖ҇Ҥଈ䩭

� ෸ӡ۴Ѣҽய aۨԸ Nτ䩟ϢЙђЌЏϺ્ڒϡޟ֏ T(Nτ) = 1/aNτ䦚

� ෸ӡ Nτ ۨԸ۴Ѣҽய a䩟ϢЙНйЏϺ۟ۂϡϤӎޟ֏ T(a) = 1/aNτ䦚

ԷЅԍܴۯ����дӹж [DU]Ћ䩭

[DU] =
∏

n,µ

dUµ(n). ������

Uµ(n)Ћ஘Ը֧֝ӊҖϬ۴Ѣҏҽس nф n + µ̂䩟ҤזЋ µ̂ϡ׉ԑ֝䦚஘Ը֝ᆡ

਎ᆋࡽҏҽԚૠӑѓ䩟ӹؚױϥ٧ӊ SU(Nc)ळϡ䩟Nc = ԣա䩟Uµڊ3 йؚߵ

ϡဵU†µ ԁᄱжԿ Aµ ҏҽϡԮڍЋ䩭

n n+ µ̂ , U †
µ(n) = n n+ µ̂Uµ(n) ⌘ exp

⇣
i ˆAµ(n)

⌘
=

��

10 1 The path integral on the lattice

x x x x1 3 4 . . . . . . . x 1x 0 2 NT
x0

Fig. 1.1. A discretized path contributing in (1.37)

divide the Euclidean time interval T into NT steps of size ε (using periodic
boundary conditions). At each step we insert a variable xj which we integrate
from −∞ to +∞. The collection of values xj can be interpreted as a path
(compare Fig. 1.1) and the integral is over all possible paths. The integrand
is the exponential (1.37) of the Euclidean action for the discretized path.

In the next section we will develop a path integral representation for a
system much closer to our target theory QCD. We will consider a scalar
field theory. The technical steps of the construction – free case, infinitesimal
timesteps, Trotter formula – will be the same. However, since we are dealing
with a quantum field theory with many degrees of freedom, the calculation,
in particular the corresponding notation, will be a little bit more involved.

1.3 The path integral for a scalar field theory

We now derive the key equation (1.2) for a scalar field theory. Although this
is already a field theory, it has a simpler structure than QCD. This allows us
to focus on the central points of the derivation of the path integral for a field
theory without having to worry too much about technicalities. Although our
presentation is self contained we recommend [8, 9] for an introductory reading
about the canonical quantization of the scalar field, which is our starting point.

1.3.1 The Klein–Gordon field

Let us begin by recalling the classical action and equations of motion of the
scalar field in Minkowski space. We consider a real scalar field Φ(t,x). The
corresponding action S is an integral over space-time

S =
∫

dt d3x L (Φ(t,x) , ∂µΦ(t,x)) , (1.41)

with the Lagrangian density L given by

L(Φ, ∂µΦ) =
1
2

(∂µΦ)(∂µΦ) − m2

2
Φ2 − V (Φ)

=
1
2

Φ̇ 2 − 1
2

(∇Φ)2 − m2

2
Φ2 − V (Φ) . (1.42)

This is a system of coupled oscillators. We stress again that this expres-
sion is in Minkowski space, i.e., in the second step we used the metric

Path integral and Partition function has same structure
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• χM does not grow linearly in volume

• NO evidence for first order phase transition was found in
the current pion mass window mπ ! 80 MeV
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The volume dependence of the chiral susceptibility

Chiral susceptibility does not grow linearly in volume 
No evidence for first order phase transition was found 
in the current pion mass window mπ≥80 MeV
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FIG. 3. Left: The ratio H�M/M versus temperature for N⌧ = 12, ml/ms = 1/80 and di↵erent spatial volumes. Middle:
Infinite volume extrapolations based on an O(4) finite-size scaling ansatz (colored bands) and fits linear in 1/V (grey bands).
Horizontal bars show the continuum extrapolated results for H = 1/80. Right: Finite size scaling fits for T� based on all data
for H  1/27 and all available volumes. Arrows show chiral limit results at fixed N⌧ and horizontal bars show the continuum
extrapolated results for H = 0.

are summarized in Fig. 4.

As the fits shown in Fig. 3 (middle) suggest that the
O(4) scaling ansatz is appropriate for the analysis of finite
volume e↵ects already at non-zero values of the cut-o↵,
we can attempt a combined analysis of all data available
for di↵erent light quark masses and volumes at fixed N⌧ .
This utilizes the quark mass dependence of finite-size cor-
rections, expressed in terms of zL and, thus, intertwines
continuum and chiral limit extrapolations. Using the scal-
ing ansatz given in Eq. 8, it also allows to account for the
contribution of a regular term in a single fit. Fits for fixed
N⌧ based on this ansatz, using data for all available lat-
tice sizes and H  1/27, are shown in Fig. 3 (right). For
each N⌧ the fit yields results for T�(H,L) at arbitrary
H. Some bands for H = 1/40 and 1/80 are shown in
the figure. As can be seen, for H = 1/80, these bands
compare well with the fits shown in Fig. 3 (middle). For
each N⌧ an arrow shows the corresponding chiral-limit
result, T�(0,1). We extrapolated these chiral-limit re-
sults to the continuum limit and estimated systematic
errors again by including or leaving out data for N⌧ = 6.
The resulting T 0

c , shown in Fig. 4, are in complete agree-
ment with the corresponding numbers obtained by first
taking the continuum limit and then taking the chiral
limit. Within the current accuracy these two limits are
interchangeable.

 124  126  128  130  132  134  136  138

T0
c [MeV]

(1)V→∞, O(4); (2)a→0; (3)m→0
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from Tδ (Squares); from T60 (Circles)

FIG. 4. Summary of fit results. For details see text.

Similarly we analyzed results for T60 on all data sets
using the same analysis strategy as for T�. As can be seen
in Fig. 4, we find for each extrapolation ansatz that the
resulting values for T 0

c agree to better than 1% accuracy
with the corresponding values for T�. This corroborates
that the chiral susceptibilities used for this analysis re-
flect basic features of the O(4) scaling functions.
Performing continuum extrapolations by either includ-

ing or discarding results obtained on the coarsest (N⌧ =
6) lattices leads to a systematic shift of about (2-3) MeV
in the estimates for T 0

c . This is reflected in the displace-
ment of the two bands in Fig. 4, which show averages
for T 0

c obtained with our di↵erent extrapolation ansätze.
Averaging separately over results for T� and T60 obtained
with both continuum extrapolation procedures and in-
cluding this systematic e↵ect we find for the chiral phase
transition temperature,

T 0
c = 132+3

�6 MeV . (9)

Conclusions.— Based on two novel estimators, we
have determined the chiral phase transition temperature
in QCD with two massless light quarks and a phys-
ical strange quark. Eq. 9 lists our thermodynamic-,
continuum- and chiral- extrapolated result for the chi-
ral phase transition temperature, which is about 25 MeV
smaller than the pseudo-critical (crossover) temperature,
Tpc for physical values of the light and strange quark
masses [5].
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We present our Final estimate:                     MeV 
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Figure 6: M/cM is plotted for different Nt along with the scaling expectations from different universality
classes.

MeV and 135(3) MeV, respectively. Including all systematic uncertainties, our current estimate of
T 0

c in the continuum limit is T 0
c = 132+3

�6 MeV [12]. By looking at the ratio M/cM as a function of
light quark mass, the chiral phase transition is more like a second order phase transition instead of
a first order phase transition.
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Novel estimators fG(z)-fχ(z) to determine Tc
0  

M/H � �M =
⇣
H�1h1/�fG(z) + a1(T )

⌘
�
⇣
H�1h1/�f�(z) + a1(T )

⌘

= H�1h1/� (fG � f�)

(M/H � �M ) /H1/��1
= constant (at T 0
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A novel way to determine T 0
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[
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]2)
(9)
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For O(4), Z(2), 1/δ is only 
0.4% difference 
Linear quark mass terms 
in M are subtracted
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Sanity check for T 0
c at Nτ = 12

Linear thermodynamic limit. O(4) thermodynamic limit.
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Figure: For Nτ = 12, (M/H − χM )/H1/δ−1 v.s. T .
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Linear thermodynamic limit. O(4) thermodynamic limit.
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Sanity check by looking at fG(z)-fχ(z) 

The crossing point located in the Tc
0 range we have estimated
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Linear thermodynamic limit O(4) thermodynamic limit


