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Introduction

Introduction

2008, Belle, e+e−→D0D−π+ PRL 100, 062001 (2008)

B[ψ(4415)→D0D−π+
nonresonant]

B[ψ(4415)→DD̄∗2(2460)→D0D−π+]
< 0.22 (1)

2009, Belle, e+e−→D0D∗−π+ + c.c.: found no evidence of ψ(4260),
ψ(4360), ψ(4415), ψ(4630) or ψ(4660) with limited statistics PRD 80,

091101 (2009)

2018, BESIII, e+e−→D0D∗−π+: Y (4220), ψ(4415) PRL 122, 102002 (2019)

the correction factor for vacuum polarization [23], BðD0 →
K−πþÞ ¼ ð3.93� 0.04Þ% [12], and ϵ is the detection
efficiency. Values of all above variables are given in
Supplemental Material [14]. Efficiencies at

ffiffiffi
s

p ¼ 4.2263,
4.2580, 4.3583, 4.4156, and 4.5995 GeVare calculated with
MC simulated data samples [24] that are generated by the
data-driven BODY3 generator based on EVTGEN [18], taking
into account the influence of possible intermediate states
[Zcð3885Þ− in theD0D�− system [20,25] and highly excited
D states in the πþD0 or πþD�− systems]. Since the BODY3

generator requires a large selected sample obtained from
events in the signal region after subtracting the background
contribution (estimated with the events in the sideband
region for BKG2 and MC simulation from BKG1), it is
used only for the five energy points with high luminosity.
Efficiencies at the other energy points are estimated with
PHSP MC samples, with appropriate uncertainties included
later. The obtained Born cross sections, which are consistent
with and more precise than those of Belle [13], are
summarized in Supplemental Material [14].
The systematic uncertainties in the cross-section mea-

surements are listed in Table I. The uncertainty in lumi-
nosity is 1.0% at each energy point [26]. The uncertainty in
BðD0 → K−πþÞ is 1.0% [12]. The uncertainty in the ISR
correction factor is 3.0% [22]. The uncertainties associated
with the detection efficiencies include the tracking and
particle identification (PID) efficiencies (1.0% per track),
D0 and D�− mass window requirements, and signal
MC model. The uncertainties associated with the D0 and
D�− mass windows are estimated by repeating the analysis
with an altered mass window requirement; the relative
changes in the cross sections are taken as systematic
uncertainties. The uncertainties associated with the
BODY3 signal MC model consist of three parts: the choice

of binning and the BKG1 and BKG2 subtractions. The
uncertainty associated with the choice of binning is
estimated by repeating the simulation with an altered bin
size. The uncertainty associated with the BKG1 subtraction
is studied by replacing the PHSP MC sample with MC
samples of processes including the intermediate states
eþe− → D̄�

2ð2460Þ0D�0, D̄�
2ð2460Þ0 → πþD− and eþe− →

D1ð2460ÞþD−, D1ð2460Þþ → πþD�0. For the BKG2
uncertainty, we replace the sideband events with the
inclusive MC sample when subtracting the background.
The maximum relative changes on the detection efficiency
are taken as the corresponding uncertainties. The total
signal MC model uncertainty is the sum in quadrature of
these three contributions. To estimate the uncertainties
of the signal MC model for the low-luminosity data, we
estimate the detection efficiencies for the five energy points
of large luminosity with the PHSP MC samples; the
resultant largest difference with respect to the nominal
efficiencies, 5.3%, is assigned as the corresponding uncer-
tainty for the low-luminosity energy points. The uncertain-
ties associated with the signal shape, background shape,
and fit range in the signal yield extraction are determined
by changing the signal shape to the pure MC shape, by
changing the background function from a linear polynomial
function to a second-order one and by changing the fit
range, respectively. Because or limited statistics, fit results
at the energy points with low luminosity suffer large
statistical fluctuations in such refits; thus, the largest
systematic uncertainties from the five large-luminosity data
samples are adopted. Assuming no significant correlations
between sources, the total systematic uncertainty is
obtained as the sum in quadrature.
The dressed cross section, which includes vacuum

polarization effects, is shown in Fig. 2. Two enhancements
around 4.23 and 4.40 GeV, denoted hereafter as R1 and R2,
respectively, are clearly visible. A maximum likelihood fit
to the dressed cross section is performed to determine the

TABLE I. Breakdown of the systematic uncertainties (%) in the
measurements of the Born cross section, separately for the five
energy points with high-luminosity data and the other points. Part
of the systematic uncertainties is, in fact, due to the finite statistics
of the data.

ffiffiffi
s

p
(GeV) 4.2263 4.2580 4.3583 4.4156 4.5995 Other

Luminosity 1.0 1.0 1.0 1.0 1.0 1.0
BðD0 → K−πþÞ 1.0 1.0 1.0 1.0 1.0 1.0
ð1þ δÞϵ 3.0 3.0 3.0 3.0 3.0 3.0
Tracking 3.0 3.0 3.0 3.0 3.0 3.0
PID 3.0 3.0 3.0 3.0 3.0 3.0
D0 mass window 0.3 0.1 0.4 0.2 0.7 0.7
D�− mass window 0.2 0.1 0.2 0.3 0.3 0.3
Signal MC model 2.5 2.1 2.9 2.3 2.2 5.3
Signal shape 0.1 1.5 0.8 1.5 2.1 2.1
Background shape 0.4 0.2 0.2 0.1 0.1 0.4
Fit range 0.1 0.2 0.1 0.1 0.1 0.2

Sum in quadrature 6.0 6.0 6.2 6.1 6.2 8.0

(GeV)CME

4.1 4.2 4.3 4.4 4.5 4.6

 (
pb

)
dr

es
s

σ

0

500

1000

FIG. 2. Fit to the dressed cross section of eþe− → πþD0D�−,
where the black dots with error bars are the measured cross
sections and the blue line shows the fit result. The error bars are
statistical only. The pink dashed triple-dot line describes the
phase-space contribution, the green dashed double-dot line
describes the R2 contribution, and the light blue dashed line
describes the R1 contribution.

PHYSICAL REVIEW LETTERS 122, 102002 (2019)

102002-5
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Introduction

Introduction

2010, Belle, Υ(5S)→B0,+ + others: PRD 81, 112003 (2010)

f(BB̄π) = (0.0± 1.1± 0.3)%, (2)
f(BB̄∗π +B∗B̄π) = (7.3+2.3

−2.1 ± 0.8)%, (3)
f(B∗B̄∗π) = (1.0+1.4

−1.3 ± 0.4)%. (4)

3P0 model, X(4660)[cc̄]→ ΛcΛ̄c: Xiao et al. EPJC 78, 605 (2018)

Γψ(4S,5S,6S) ∼ MeV
Γψ(3D,4D,5D) ∼ 0.1 MeV

0++

0++

A

B

D

C
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2
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4
5

6

1
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3P0 Model

3P0 Model

In the 3P0 model, a light qq̄ pair is created with the vacuum quantum
number JPC = 0++, and then rearranged with the quarks within the
initial meson to produce two final mesons.

JPC = 0++ ⇒ L = 1 , S = 1⇒ 2S+1LJ = 3P0 (5)

The quark pair creation process from vacuum can be
described as

T ¼ −3γ
ffiffiffiffiffiffiffiffi

96π
p X

m

h1m1 −mj00i
Z

dp3dp4δ
3ðp3 þ p4Þ

× Ym
1

�

p3 − p4

2

�

χ341−mϕ
34
0 ω34

0 b†3iðp3Þd†4jðp4Þ; ð1Þ

where γ is a dimensionless constant that denotes the
strength of the quark-antiquark pair creation with momen-
tum p3 and p4 from vacuum; b†3iðp3Þ and d†4jðp4Þ are the
creation operators for the quark and antiquark, respectively;
the subscriptions, i and j, are the SU(3)-color indices of the
created quark and antiquark; ϕ34

0 ¼ ðuūþ dd̄þ ss̄Þ= ffiffiffi

3
p

and ω34
0 ¼ 1

ffiffi

3
p δij correspond to flavor and color singlets,

respectively; χ341;−m is a spin triplet state; and YlmðkÞ≡
jkjlYlmðθk;ϕkÞ is the lth solid harmonic polynomial. The
factor ð−3Þ is introduced for convenience, which will
cancel the color factor.
In the center-of-mass (c.m.) frame of the initial meson A,

the helicity amplitude can be written as

MMJA
MJB

MJC ðPÞ
¼ γ

ffiffiffiffiffiffiffiffi

96π
p X

MLA
;MSA

;
MLB

;MSB
;

MLC
;MSC

;m

I
MLA

;m
MLB

;MLC
ðPÞhLAMLA

; SAMSA jJAMJAi

× h1m; 1 −mj00ihLBMLB
; SBMSB jJBMJBi

× hLCMLC
; SCMSC jJCMJCihϕ13

B ϕ24
C jϕ12

A ϕ34
0 i

× hχ13SBMSB
χ24SCMSC

jχ12SAMSA
χ341−mi; ð2Þ

with the integral in the momentum space,

I
MLA

;m
MLB

;MLC
ðPÞ ¼

Z

d3p3Ψ�
nBLBMLB

�

m3P
m1 þm3

− p3

�

×Ψ�
nCLCMLC

�

−m3P
m2 þm3

þ p3

�

ΨnALAMLA

× ðP − p3ÞY1mðp3Þ: ð3Þ

In the above equations, (JA, JB and JC), (LA, LB and LC)
and (SA, SB and SC) are the quantum numbers of the total
angular momenta, orbital angular momenta and total spin
for hadrons A, B, C, respectively; in the c.m. frame of
hadron A, the momenta PB and PC of mesons B and C
satisfy PB ¼ −PC ≡ P; m1 and m2 are the constituent
quark masses of the initial hadron A; m3 is the mass of the
antiquark created from vacuum; ΨnALAMLA

, ΨnBLBMLB
and

ΨnCLCMLC
are the radial wave functions of hadrons A, B

and C, respectively, in the momentum space, while ϕ12
A , ϕ13

B
and ϕ24

C (χ12SAMSA
, χ13SBMSB

and χ24SCMSC
) are the flavor (spin)

wave functions of hadrons A, B and C, respectively;
hϕ13

B ϕ24
C jϕ12

A ϕ34
00i and hχ13SBMSB

χ24SCMSC
jχ12SAMSA

χ341−mi are the

flavor and spin matrix elements, respectively; hLAMLA
;

SAMSA jJAMJAi and hLBMLB
; SBMSB jJBMJBi, hLCMLC

;

SCMSC jJCMJCi and h1m; 1 −mj00i are the corresponding
Clebsch-Gordan coefficients.
A partial wave amplitude can be obtained by using the

Jacob-Wick formula [49]

MJLðA→BCÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4πð2Lþ1Þp

2JAþ1

X

MJB
;MJC

hL0JMJA jJAMJAi

× hJBMJBJCMJC jJMJAiMMJA
MJB

MJC ðKÞ;
ð4Þ

where MJA¼MJBþMJC , J≡JBþJC and JA≡JBþJCþL.
Then the strong decay width for a given decay mode of

meson A is given by

Γ ¼ 2πjPjEBEC

MA

X

JL

jMJLj2; ð5Þ

whereMA is the mass of the initial hadron A, while EB and
EC stand for the energies of final hadrons B and C,
respectively.
When calculating a decay width of a charmonium state,

we adopt the numerical wave function for a charmonium
state calculated by the LP and SP models from our previous
work [17]. For the emitted charmed mesons in a decay
process, such as D and D�, we use simple harmonic
oscillator wave functions as an approximation,

ΨnLML
ðPÞ ¼ ð−1Þnð−iÞL

βð3=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n!
Γðnþ Lþ 3=2Þ

s

�

P
β

�

L

× e
−P2

2β2LLþ1=2
n

�

P2

β2

�

YLML
ðΩPÞ; ð6Þ

where β is the universal harmonic oscillator parameter, and

LLþ1=2
n ðp2

β2
Þ is an associated Laguerre polynomial.

FIG. 1. The strong decay mechanism for meson two-body
decays A → BC in the 3P0 model.

STRONG DECAYS OF HIGHER CHARMONIUM STATES … PHYS. REV. D 98, 016010 (2018)

016010-3

L. Micu, Nucl. Phys. B 10, 521 (1969).
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3P0 Model

Transition operator

Interaction Hamiltonian PRD 54, 6811 (1996)

Hint = gs

∫
d3xψ̄ψ (6)

where
γ = gs/2mq (7)

Decay amplitude

δ(3) (Pf −Pi)MMJA
MJB

MJC = 〈f |Hint | i〉 (8)

In the nonrelativistic limit, the transition operator reads

T =− 3γ
∑
m

〈1m; 1−m | 00〉
∫

d3k4d3k5δ
3(k4 + k5)Ym1

(k4 − k5
2

)
χ45

1,−mϕ
45
0 ω

45
0 b
†
4i(k4)d†5j(k5) (9)
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3P0 Model

Transition operator

Two pairs of qq̄ are created in the three body open flavor decay
processes

0++

0++

A

B

D

C

1

2

3

4
5

6

1

At the 2nd order EPJC 78, 605 (2018)

δ(3) (Pf −Pi)MMJA
MJB

MJC =
∑
k

〈f |Hint | k〉 〈k |Hint | i〉
Ek − Ei

≈〈f |HintHint | i〉
2mq

(10)

where we take Ek − Ei as a constant: Ek − Ei ≈ 2mq (closure
approximation). PRD 44, 799 (1991); PRL 67, 1066 (1991)
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3P0 Model

Closure approximation: Ek − Ei ≈ 2mq

(focus on 1−− charmonium)
quark level

intermediate state − initial state ∼ qq̄

hadron level
Intermediate states: Ek ∼ (4.0− 4.1) GeV:

DD̄1, D
∗D̄1, D

∗D̄0, D
∗D̄2, J/ψf0(500),

hc(1P )π, hc(1P )η, χc0(1P )ω, χc2(1P )ω, . . .

Higher mass states [ψ(4660), ψ(4415), ψ(4360)]: X
Lower mass states [ψ(4040), ψ(4160)]: ×

Xin-Zhen Weng (PKU) Three body decays of higher vector QQ̄ 2019/08/18 8 / 22



3P0 Model

Transition operator

Transition operator T2∼T 2
1 /2mq

T = 9γ2

2mq

∑
mm′

〈1m; 1−m | 00〉
〈
1m′; 1−m′

∣∣ 00
〉 ∫

d3k3d3k4d3k5d3k6

× δ3(k3 + k4)δ3(k5 + k6)Ym1
(k3 − k4

2

)
Ym′1

(k5 − k6
2

)
× χ34

1,−mϕ
34
0 ω

34
0 a
†
3i(k3)b†4j(k4)χ56

1,−m′ϕ
56
0 ω

56
0 c
†
5i′(k5)d†6j′(k6)
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3P0 Model

Mock state

Meson ∣∣∣B (n2SB+1
B LBJBMJB

)
(PB)

〉
=
√

2EB
∑

MLB
MSB

〈LBMLB
SBMSB

| JBMJB
〉

×
∫

d3kad3kbδ3(ka + kb −PB)

× ψnBLBMLB
(ka,kb)χabSBMSB

ϕabB ω
ab
B |qa(ka)q̄b(kb)〉

Normalization 〈
B(PB)

∣∣B(P′B)
〉

= 2EBδ3(PB −P′B) (11)

Spatial wave function → simple harmonic oscillator (SHO).

C. Hayne and N. Isgur, Phys. Rev. D 25, 1944 (1982).
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3P0 Model

Decay width

Helicity amplitude

Decay width

Γ =
∫ ∞

0
dEBdEC

π3

MA

1
2JA + 1

∑
MJA,B,C,D

∣∣∣MMJA
MJB

MJC
MJD

∣∣∣2 .
(12)
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Numerical Result

Parameter

γcc̄ = 6.95, γbb̄ = 10.42 PRD 72, 054026 (2005); PRD 92, 054034 (2015)

mu = md = 330 MeV, ms = 419 MeV,
mc = 1628 MeV, mb = 4977 MeV PRD 32, 189 (1985)

SHO strength β PRD 69, 054008 (2004); 72, 054026 (2005); 92, 054034 (2015); 93, 034035 (2016)∫
d3p

∣∣∣ψSHO
nlm (p)

∣∣∣2 p2 =
∫

d3p |Φ(p)|2 p2

βcc̄ = 500±50 MeV

βbb̄ = 600±50 MeV

αqq̄ = 400 MeV
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Numerical Result

Decay width: ψ(4360)

Possible assignment: ψ(3D), ψ(4S) PRD 79, 094004 (2009); Int. J. Mod. Phys. E 22,

1330026 (2013).

S- and D-waves are of same order.
DD∗π mode is dominant.

B[ψ(43S1)→DD∗π] ∼ 1.5%, B[ψ(33D1)→DD∗π] ∼ 1.3%.
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Numerical Result

Decay width: ψ(4415)

Assignment: ψ(4S) PLB 72, 57 (1977); PRD 72, 054026 (2005);

B[ψ(4S)→DD∗π] ∼ 3.2% — PDG upper limit (11%) PRD 98, 030001 (2018)

B[ψ(4S)→DDπ] ∼ 0.6% — Belle upper limit (2.2%) PRL 100, 062001 (2008)

Other assignments: ψ(5S), ψ(3D) PRD 79, 094004 (2009); Int. J. Mod. Phys. E 22,

1330026 (2013)
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Numerical Result

Decay width: ψ(4660)

Possible assignment: ψ(4S, 5S, 6S), ψ(3D, 4D, 5D).
D(∗)D(∗)π modes dominant.
DDρ, DDω and DD∗η modes are also important.
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Numerical Result

Decay width

The variation of the ΓD+D−π0 with the mass of the charmonium
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Numerical Result

Decay width

The variation of the ΓD+D∗−π0 with the mass of the charmonium
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Numerical Result

Decay width

The variation of the ΓD∗+D∗−π0 with the mass of the charmonium
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Numerical Result

Decay width

The partial widths are sensitive to mass.
The partial widths increased as the mass increase.
partial widths are not sensitive to β.
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Numerical Result

Υ(10860), Υ(11020)

Υ(10860): BBBπ and BB∗B∗π are consistent with the exp. data,
while BBB∗π is smaller but very close to the Belle’s measurement.
Υ(11020): BBB∗π and BB∗B∗π are quite large.

PLB 671, 55 (2009)
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Summary

Summary

Extended the 3P0 model to study the three body open flavor decays
of heavy quarkonium
Charmonium

Γ[ψ(4360)→DD∗π] can reach up to 1 MeV.
B[ψ(4415)→DD(∗)π] are within the exp. upper limits.
ψ(4660) decays dominantly into D(∗)D(∗)π.

Bottomonium
B[Υ(5S)→BBπ/B∗B∗π] are consistent with the exp.
B[Υ(5S)→BB∗π] is smaller but close to the Belle measurement.
Γ[Υ(6S)→BB∗π/B∗B∗π] can reach up to several MeV.

Xin-Zhen Weng (PKU) Three body decays of higher vector QQ̄ 2019/08/18 21 / 22



Thank You!
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