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Background
Observables are different in experiments and lattice

o Experiments: Scattering in the infinite volume

o Quantum states: Scattering states

o Observables: Scattering observables like phase shifts §;(E)

o Lattice: Scattering in a finite periodic box

o Quantum states: Bound states

o Observables: Finite volume spectra E,, (L)
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Symmetry is different in experiments and lattice

e Experiments: Spherical symmetry — Rotation group: O(3)

o Phase shifts §;(F) are classified by the I* of O(3)
o Irreps of O(3): 0F, 1%, 2%, ...

o Lattice: Cubic symmetry — Cubic group: Oy

o Spectra E, (I, L) are classified by the irreps I' of Oy,
o Irreps of Ox: Af, A;t, E*, Tf, Tzi.
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Symmetry is different in experiments and lattice

@ Oy is a subgroup of O(3)
@ The irreps of O(3) can be reduced into the irreps of Oy,

e For each I, we have m — (T, f, a)

o I' denotes the irrep of Oy
o f counts the number of T" in the [ (It's always 1 for [ < 4)
e « counts the dimension of I'

0 =A7f
1~ =Ty
2t =BT @ TS

3 =A,0T; T,
4T =AToE 0T 0Ty
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Background
What is partial wave mixing

@ Use . to ignore higher partial wave (I > l,t) contributions
@ eyt = 0: Only s-wave phase shifts are related to A spectra
@ [t = 4: Both s- and g-wave phase shifts are related to Af spectra

o Partial wave mixing between s- and g-waves.

0" =Af
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Background
What is partial wave mixing

Use Iyt to ignore higher partial wave (I > l..) contributions

@ Iyt = 0: Only s-wave phase shifts are related to A‘f spectra

leut = 4: Both s- and g-wave phase shifts are related to Af spectra

o Partial wave mixing between s- and g-waves.

0" =Af
1~ =T,
2t =ET o TS

3 =A,0T; &T;
At =AToET T 0 T]
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Model independent relation: Liischer's formula

0;(F) and E, (T, L) are related model independently (U to exponentially smal corrections)

o It'sa relation only in the simplest cases
ol = 0: EXY(AT, L) = 100 Mev
e — equation of dp(100 MeV) p—
o — 60(100 MeV) Commun. Math. Phys., 105:153-188, 1986.

Commun. Math. Phys., 104:177, 1986.
Nucl. Phys., B354:531-578, 1991.

It's in general cases
o lew = 4 EX(A], L) = 100 Mev
e — equation of §p(100MeV) and d4(100 Mev)
o Need more than one energy levels with the same energy value

Most data fail to find their partners to apply Liischer's formula

Fitting process is necessary (to relate quantities at different energy values)

Normal approach: Parametrize the phase shifts
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Background

What is Hamiltonian effective field theory (HEFT)

Build the infinite and finite volume Hamiltonians for a system

Infinite: H = f[o +V
Finite: ﬁL = ﬂOL + VL

Parametrize the potentials of the Hamiltonians
Vo« parameters — VL

Fit the eigenvalues of Hy to E'%(I', L) to set the parameters

o Use H to calculate &;(E), which are potential model independent

o Use H and H, to study the system
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The infinite volume potential

o We start with the plane wave states: |k)
o We should deal with |k;1,m) := [ dQy Vin, (k) |k)
@ Rotational invariance only allows interaction like |k'; 1, m) (k; 1, m|

o Wigner-Eckart theorem — different m correspond to the same v,

5 K?dk [ k?dk L
V*/ (2m)? /(277)3 > ok k) K1) (ks lm]

g
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Mixing

How does potential change from infinite to finite volume

) K2 dK [ k2 dk 'y
V= /W/W ;vz(k,k) k"5 1,m) (ks 1,m)

o k— 2™n S/ é“;ﬂd)ﬁ -y N denotes |n|?
0 N=0
o u(k' k) = v(kn,kn) = % ky denotes 2Zy/N

o [k;l,m) = [dQy Yinm (k) k)

— IN;1,m) = \/El ‘Z Yim (1) [n)
n|?2=N

Ve=> 3" wilknr, kn) [N';1,m) (N;1,m|
N’ N

! lm
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Mixing

How does potential change from infinite to finite volume

. k"2 dk' [ k*dk / /
V= [ [ Gy Z e Wit et

o k— 2™n i gﬂd)ﬁ = N denotes |n|?
0 N=0
/ ~ e ’U[,(k‘N/,kN) 27
o u(k', k) — vy(kni, kn) = 58 ky denotes 27\/N

o [k;l,m) = [dQy Yinm (k) k)

— IN;1,m) = \/El ‘Z Yim (1) [n)
n|?2=N

Ve=> 3" wikn, kn) [N';1,m) (N;1,m|
N’ N

! lm

Yan Li et al. Partial Wave Mixing in HEFT



Mixing

How does potential change from infinite to finite volume

. K2 dk [ k% dk / /

o k— 2™n S f;j)’g - > N denotes |n|?
0 N=0
o u(k' k) = v(kn,kn) = % ky denotes 2Zy/N

o [k;l,m) == [dQy Yin (k) k)

— IN;1,m) = \/El ‘Z Yim (1) [n)
n|?2=N

V=Y 3" wiknr, kn) [N';1,m) (N;1,m|
N N

! lm
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Mixing
How are partial waves mixed

V=Y 3" dulkne k) [N’ 1,m) (Ns1,m]|
N’ N Im

@ (I,m) is no longer a good quantum number in the finite volume
@ |N;l,m) belong to the reducible representations of Oy,
@ |N;l,m) have components of states belonging to the irreps of Oy,

0" =A7
1 =T,
2T =ETa TS

3 =A; 0T, T
4" =AToETa T 0TS

@ vy are coupling to those states, hence coupling to the spectra of
those irreps

@ 07 and 47 can be mixed in A}
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Mixing
How are partial waves mixed

@ The infinite volume states |k; [, m) are orthogonal to each other
(K1 ! |k; 1,m) o / A Y (K)Yin (k) = 617 187 m
@ The finite volume states |N; I, m) are not

(N";U',m/|N;l,m) = 4x Z Y/ ()Y, (0)
InfP=N

e |N;l,m) with different (I,m) can contain an overlap of their
components = they are mixed
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Mixing

P-Matrix: Measure the degree of partial wave mixing

] [PN]I/,m’;l,m = <N, l',m’|N;l,m> = 471—‘ g: leikm'(ﬁ)yrlm(ﬁ)
n|?=N

o [PN]O,O;O,O = <N,0,0‘N,0,0> = | ‘22 1= Cg(N)
n|?2=N

@ Recovery of spherical symmetry:

2
L — 0o with %\/ﬁfixed — N-ooo

> —>/dQ = [Pn]vmrtm — C3(N)Oy 10mr m
N

[n]?=
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Mixing

P-Matrix: Measure the degree of partial wave mixing

s-wave p-wave d-wave f-wave g-wave
~~
100 105 175 105
1.00 -0.94 -121
1.00 153
1.00 -121 -0.94
125 125 ~1.08 -1.08
0
250 -117 140 -117
0
125 125 ~1.08 -1.08
-121 146 113
0
-0.94 088 113
153 233
~0.94 113 088
0
-121 113 146
1.05 -117 1.64 118 1.64
0
-1.08 -1.08 094 094
0
175 140 118 84 118
0
-1.08 -1.08 094 094
0
105 -117 164 118 164

[pN:11/03(1) Ca(1) = 6

[PN]imrstm o= (N3 [N L) = A S Vi () Yign ()

[nj2=N

25 x 25 matrix ordered as (I,m) = (0,0), (1,-1), (1,0), (1,1), ---, (4,4)
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Mixing

P-Matrix: Measure the degree of partial wave mixing

s-wave p-wave d-wave f-wave g-wave
~~
100 007 011 007
1.00 -0.06 -0.08
1.00 0.10
1.00 -0.08 -0.06
1.02 0.08 -0.07 ~0.09
094 -001 0.03
110 ~0.09 0.10 ~0.09
094 0.03 -0.01
0.08 102 ~0.09 ~0.07
-0.08 103 0.09
094 ~0.0
~0.06 098 0.09
0.10 110
~0.06 0.09 098
~0.03 0.94
-0.08 0.09 103
007 -0.09 1.04 011 020
003 093 ~0.04
-0.07 ~0.09 103 0.08
-0.01 085 ~0.04
011 0.10 011 130 011
~0.01 ~0.04 085
-0.09 -0.07 008 103
0.03 ~0.04 093
007 -0.09 020 011 104

[Py_ss1] / C(581) C4(581) = 336

[PN]imrstm o= (N3 [N L) = A S Vi () Yign ()

[nj2=N

25 x 25 matrix ordered as (I,m) = (0,0), (1,-1), (1,0), (1,1), ---, (4,4)




Mixing

P-Matrix: Measure the degree of partial wave mixing

s-wave p-wave
=~
1.00
1.00
1.00
1.00
0.02
001
-0.02
001
0.02
-001
-0.02
-001

d-wave f-wave g-wave
-0.01 -0.02 ~0.01
001 002
-0.02
0.02 001
1.00 -0.02 001 0.02
101 0.00 -0.00
0.98 0.02 -0.02 0.02
101 -0.00 0.00
-0.02 1.00 0.02 0.01
099 -0.02
101 0.00
1.00 -0.02
098
0.1 1.00
0.00 101
-0.02 099
0.02 099 -0.02 -0.03
~0.00 101 0.00
001 0.02 1.00 -0.01
0.00 102 0.00
-0.02 -0.02 095 -0.02
0.00 0.00 102
002 001 -0.01 1.00
~0.00 0.00 101
0.02 -0.03 -0.02 099

[PN]imrstm o= (N3 [N L) = A S Vi () Yign ()

[nj2=N

25 x 25 matrix ordered as (I,m) = (0,0), (1,-1), (1,0), (1,1), ---, (4,4)

[Pyn—ou1] / C(941)

C5(941) = 552




Mixing

P-Matrix: Measure the degree of partial wave mixing

@ P-Matrix also respects the cubic symmetry
o m— (I, f,a) = |N;l,m) — |N,I;I, f,a)

IN,LT, fr0) = > [Cllr f.am N3 1, m)

m

@ P-Matrix in new basis is obtained through a unitary transformation

o The transformation matrix is given by [C] = diag([Cb], [C4], - --)

o P-Matrix will be block diagonal according to the irreps of Oy

[CI[PN][C]Y = 01 10ar .0 (N, U T, f/ N, 1T, f, )
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Mixing

How is the dimension of the Hamiltonian matrix reduced

Neyy=600
@ Original basis [n):  >>  C3(N) ~ 60,000
N=0

600
o Basis [N;1,m) with loye = 4: > 25 ~ 600 x 25
N=0

600
e Basis [N, ;T = AT, f,a): > 2~600 x 2
N=0

@ Orthonormalization needs the inner products——P-Matrix
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© Example of Isospin-2 77 Scattering
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Example
The process

PRD 86, 034031 (2012)

@ [yt = 4, only s-, d- and g-waves are present Jozef J. Dudek et al.
@ Separable potential model: . e
up,k) = filp)GLfi(k) e
(dl X k’)l
fi(k) ~ :
(14 (d; x k)2)/*+2 i
@ 6 parameters: Gy, Go, Gy, dy, da, dy ’

@ Dimensions of Hamiltonians ( Ny = 600):

Af:923 E*:965 T3 :963 5o

The fitted data: 11 energy levels
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Example

The results

Volume dependent spectra Phase shifts with errors

ak)?

AT \ N=0 N=1 N=2 N=3 N=4 .- - oo oom oo oo oo oo oo
st | 997 02 00 00 00 - " i LN
nd| 01 974 19 02 00 - ] - ~
3rd 0.0 1.5 94.5 2.8 0.3 s E vl h

A A . _ ! ——Tis *
@ Fitting — Parameters — H and Hp, v 5 B
e H — (Sl(E) "
e H, — E,(I'L) = —
(] ]:IL — : ) ) .
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Summary

@ Partial wave mixing is discussed in HEFT

o How it happens in the viewpoint of HEFT
o P-Matrix is defined to measure the degree of partial wave mixing

o The dimension of the Hamiltonian can be highly reduced

@ Example of isospin-2 7m scattering is discussed
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) )

=

D Yim(

IN;1,m)

1=0,1,2 -
m=—l, -, +l
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N=n? | 0 1 2 3
[n) 1 6 12 3
[N;1,m) 1 00 00 00
N=0: (0,0,0)
N=1: (+1,0,0) (0,+41,0) (0,0,+1)
(-1,0,0) (0,—1,0) (0,0,-1)
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m)
N=n? | 0 1 2 3
[n) 1 6 12 8
Vi (1) 1) \]Y;l,rn) 1 00 00 00
; " with Teyt 1 (lewt +1)? (lewt +1)%  (lewe + 1)?
|N;1,m)

N=0: (0,0,0)
1=0,1,2 -, lo N=1: (+1,0,0) (0,+1,0) (0,0,+1)
m=—l, -, +l (=1,0,0) (0,—1,0) (0,0,—1)

leut

> (@214+1) = (lew+1)? = 25 for Loy = 4
=0

Dimension: big number — (leyt+1)%x Ney+-1
~ 255600 for loy = 4, Ny = 600

Yan Li et al. Partial Wave Mixing in HEFT



n)
N=n? | 0 1 2 3
[n) 1 6 12 8
Vi () |0 [N;1,m) 1 00 00 00
; " With lcut 1 (lcut + 1)2 (lcut + 1)2 (lcut + 1)2
|N71§F7 f:a> 1 Fcut Fcut Fcut
|N;1,m)
Z[Cl]ﬁfﬂ;m [N;1,m)
™ 0t =AT, Fre(D = AF leyy = 4) = 2
1 =T7
IN,I;T, f, ) P
2"=ETa@T

3 =A0T; T, ,
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n)
N=n? | 0 1 2 3
) 1 6 12 B
Vi () | [N;1,m) 1 00 00 00
; " with lcut 1 (lcut + 1)2 (lcut + 1)2 (lcut + 1)2
|N71§F7 f:a> 1 Fcut Fcut Fcut
|Nlm> |N,F704;F> 1 SFcut SFcut SFcut
Yy
Z[Cl]ﬁfﬂ;m [N;1,m)
™ 0" = A7, Fot(T = Af Iy = 4) = 2
1 =T,
IN,I;T, f, ) b

3 =A0T; T, ,
4" =AToET 0T 0T,

Orthonormalization

IN,T,; F) Dimension: big number — at most F X Neye+1
~ 2x600 for lcyt = 4, Neut = 600
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!
In) = Y v = 3 LT 2

n’,nezZ3 n’,nez3

3 vulwe, o) Yion (8) i, ()

3 Yo (8) ) o

|N,l,m> VszZL kN/ kN Z\N’lm)(Nlm\

N',N 1 m

Z[Cl]ﬁfﬂ;m [N;1,m)

m

N, T, f, ) Vi = Z ZL%'U](kN/,kN) Z N, I;T, f,a) (N,I;T, f,

NN 1 I.f.a

Orthonormalization

|N,T, a; F) Ve=>" > vrprlkn, k) Z|N/raF><NFaF\

N/ ,NT,F',F
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!
In) = Y v = 3 LT 2

n’,nezZ3 n’,nez3

3 vnles ko) Yin () Y75, ()
Lm

ZYzm(ﬁ) n)

IN;1,m)

o, r (kv k) = ZL_3Ul(kN’>kN)[Gl;F]N’,F’;N,F
[

Z[Cl]ﬁfﬂ;m [N;1,m)

m

|N7l’F7f7a>

Need to know the inner products between |N,[;T, f, )

Orthonormalization \J

|N,T, a; F) Ve=>" > v rlkn, k) Z|N T,a; F'Y(N,T,; F|

N/ ,NT,F',F
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el
n)

[PN]I’,'HL’;l,nL = <N7 l/7 7HI|N; l7 m Z Y'l/m/ lem )
> Vi (8
~ 2x2
l
|N; 1, m) Ny
25%25 -
CITP)(C] o
for leyy = 4 _— Lo
Z[Cl]ﬁfﬂ;m [N;1,m)
IN,;;T, f, a)
Orthonormalization

[PN,F,(x}l/,f’;l.,f = <N7 ZI§F7 f’va‘N ;T f7 >

IN, T, F) /

m’,m
Combination Coefficients

Z [Cl’]f‘yf/ﬁa;m’ [PN]I’,m’ l 7n[cl]l—‘ frasm

!
Yan Li et al.

[Gurlyprvr = Y (N'.D.a; FIN LT, f.a) (N2, T, f,0|N,T.a; F)
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