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state of the art in lattice QCD  2

systematic control, 
but only for the simplest observables

very light quarks (physical pion mass) 

now routinely done, calculations with 

QED effects included

breaking of isospin symmetry (mu ≠ md)
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state of the art in lattice QCD  3

systematic control, 
but only for the simplest observables

very light quarks (physical pion mass) 

now routinely done, calculations with 

QED effects included

breaking of isospin symmetry (mu ≠ md)

more relevant to excited spectroscopy

large diverse basis of hadron operators (including multi-hadrons)

inclusion of qq annihilation effects (access to isoscalar mesons, hadron decays)
_

−

‘variational’ analysis of matrices of correlation functions

(reliable determination of many excited states) 

Peardon et al
much of this progress follows from

‘distilled’ and matured for ten years
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“stable” meson spectrum  4
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diagonalizing a large basis of operators ~
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isovector

isoscalar

hybrid
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(quasi) flavor-exotic hadrons  5

tempting to make use of these tools to study contemporary exotic hadrons

e.g. Zc(3900), a resonance in J/ψ π ? — probably JP=1+ 

compute correlation functions using a basis of  

tetraquark-like  

and  

meson-meson-like  

operators
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for non-interacting mesons,  
expect a spectrum 

with appropriate spin, color coupling



hadron spectroscopy from latQCD |  21 Aug 2019  |  hadron 2019, ໗຋૱

‘Zc(3900)’ channel — JP=1+  6
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‘Zc(3900)’ channel — JP=1+  7
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no tetraquark ops

see also HALQCD approach …
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‘Zc(3900)’ as a coupled channel problem  8
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Zc (if it exists) is a resonance in coupled 

J/ψ π (3S1,3D1),  
D D* (3S1,3D1), 
ηc ρ → ηc ππ (3S1,3D1) 
… 

_

this is a tough place to start …  
… take a step back …  
… establish a technique in simpler cases …
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‘scattering’ in a finite volume  9

the important feature of the lattice calculation is the periodic cubic boundary

job of the lattice is to compute the discrete spectrum 

e.g. ππ scattering in P-wave — expect the ρ resonance … 

discrete spectrum in a finite-volume ↔ scattering amplitudes in infinite volume “Lüscher method”

e.g. in elastic case
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operator basis : 
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“qq-like”

_
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r e ce n t  pe da gog i c  r e v i e w

_
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an elastic resonance — the ρ in ππ  10
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an elastic resonance — the ρ in ππ  11
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an elastic resonance — the ρ in ππ  12
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an elastic resonance — the ρ in ππ  13
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Bali et al | u,d | mπ~150 MeV

just a sample of results…
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coupled-channel scattering  14

one approach: parameterize the energy dependence of 

solved by some discrete

phase-space scattering 
matrix

matrix of known 
finite-volume functions
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fit parameters by describing lattice spectrum
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πη, KK S-wave  15
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mπ ~ 391 MeV
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& Chew-Mandelstam phase-space
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parameterized t-matrix describes the finite volume spectrum well

& Chew-Mandelstam phase-space
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something significant 
at KK threshold

_

Re[E]

Im[E]

a pole close to the real axis
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uncertainties include spread over different parameterizationsmπ ~ 391 MeV
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ππ→ππ

ππ→KK
_

ππ→ηη

_

expe r imen ta l  amp l i t ude s

combination of broad σ resonance  
and narrow f0(980) at KK threshold

_

two low lying resonances …

… start at a heavier quark mass …
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so the technology is coming together, will soon be ready to handle complex cases like the Zc(3900)

what about ‘exotic hadrons’ in the light sector ? 
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long been proposed to study glueballs in J/ψ radiative decay (“glue-rich”)

pu r e  YM  g l ueba l l s

2000

3000

4000

1000
Morningstar 
& Peardon

+ high quality  
new data from BES III

accessed using  
Wilson loop operators

as seen in Beijang’s plenary talk
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long been proposed to study glueballs in J/ψ radiative decay (“glue-rich”)

compute three-point correlation functions
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long been proposed to study glueballs in J/ψ radiative decay (“glue-rich”)

compute three-point correlation functions
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as seen in Beijang’s plenary talk
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helpful to build intuition, but …  
this is in pure Yang-Mills — no light quarks !
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this is too tough to start with … 

… back up and try something simpler …

scalar glueball here ?

glueballs in QCD are much more complicated beasts …

lightest glueball will be the nth resonance 
in numerous coupled channels …

scalar  
glueball ?

and then we need to couple it  
to an external current …
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compute matrix elements for each finite-volume eigenstate 
(no single one of which is the resonance)
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and there is a formalism which converts this  
to an infinite volume amplitude as a function of Eππ … 

E1(L)

E2(L)

e.g. 
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method is practical, next extend to  
coupled-channel systems …
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one recent observation in lattice QCD that has a good chance of being robust:

a double-bottom bound-state
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Francis et al (2017) 
Junnarkar et al (2018) 
Leskovec et al (2018)

Junnarkar et al (2018)
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see Eichten & Quigg (2017) for heavy quark symmetry argument

and probably a strange partner
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see Kim Maltman’s parallel talk for more details
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Francis et al (2018)
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no obvious sign of a narrow resonance …

JH EP  1 7 1 1  0 3 3  ( 2 0 1 7 )

mπ ~ 390 MeV,  
L ~ 2 fm
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just tetraquark ops

JH EP  1 7 1 1  0 3 3  ( 2 0 1 7 )

mπ ~ 390 MeV,  
L ~ 2 fm

BE CAREFUL WITH SMALL OPERATOR BASES !

completely misleading spectrum
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technology exists now in lattice QCD to determine properties of excited states 

but it needs to be applied carefully  
— avoid jumping to conclusions obtained from incomplete calculations 
— a systematic approach starts with the simplest resonances and works up to more exciting cases 

elastic scattering now well studied, especially ρ→ππ 
a few coupled-channel cases have appeared 
formalism to couple resonances to currents has been applied

initial suggestions that double-bottom, isospin=0 channel might house a QCD-stable bound state

looks unlikely that the double-charm analogue is bound or resonant, but more calculation needed

ρ, K*, σ, κ, f0, a0, f2, a2, b1

also some D-mesons, ψ′…

limitation:  
formalism to handle three-body decays in development 
— needed to go to physical pion mass


