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Background & Introduction
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Significant
progress on

meson-meson
scattering in

lattice simulation

E.g. Pi-eta, KKbar, Pi-eta' scattering
[Dudek,Edwards,Wilson, PRD'16]
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Lattice simulation data:

finite-volume spectra in meson-meson scattering

Eigenenergies ™ 000]
. ?: . bg 1100 An example:
N Tinite box 0 Isoscalar S-wave pi-pi scattering
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e { [Briceno,Dudek, Edwards,Wilson, PRL'17]
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Luscher's Approach:

connect the discrete spectra in finite box to the scattering amplitudes
in the infinite volume [Luscher, NPB “91]

. . 27r _

Elastic scattering case: pcot d(p) = — 7 32 Z00(1, %)

Eem.  1000] . pL
\ / \ P=5-

1o Phase shifts

1000 | { Luscher's Zeta function

N = ( function of L, parameter free)

I “ay.,
S00 * For the elastic case, one has the one-to-one
700} . correspondance between the phase shifts and
fﬁ energy levels.

600

* The one-to-one correspondance will be lost
In the inelastic case.
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[He,Feng,Liu,JHEP'O5] [Wilson,Briceno,Dudek,Edwards, Thomas, PRD ‘15]
[Lang,Leskovec,Mohler,Prelovsek, Woloshyn, PRD'14] [Fu,PRD'12]

[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12] ......
A widely used approach in the inelastic scattering case:

K matrix + Luscher function

det [K™'(E) + M(E,p,L)] =0

— ~.

K matrix: polynomial + Include Luscher's functions
possible pole terms (complex objects)

* Free parameters in K matrix are determined by the finite-volume
spectra. Then one can determine amplitudes in infinite volume.

o K matrix does not automatically respect the QCD
symmetries, such as the chiral symmetry.
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Our approach:

Step 1: Put chiral perturbation theory (ChPT) In finite volume.

Step 2: The free parameters in ChPT, which are indepdent of
guark masses and volumes, are fitted to the finite-volume energy
levels obtained at (un)physical quark masses.

Step 3: Perform the chiral extrapolation and give the predictions
In infinite volume with physical quark masses, including phase
shifts, inelasticities, resonance poles, etc.

Two topics focused in this talk:
» pi-eta, K-Kbar, pi-eta' coupled-channel scattering : a0(980)

» D-pi, D-eta, Ds-Kbar coupled-channel scattering : D*0(2400)
D-K, Ds-eta scattering: D*s0(2317)
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Unitarized ChPT
and its finite-volume effects
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Three relevant coupled channels: nn, K-Kbar, nn’

In this case, it is essential to generalize from SU(3) to U(3) ChPT

| . 1.0, 1 1, + +
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— D - - —1.0 1 1 0
m _\% 4 \/%”8 K° 9 m EW + VETJS + 7??_.'(} K
K- K° —%’f.’x K- K° \_,—r—éf.’s + 7157![}

Leading order:

F2 2 F2 5 —
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— —1
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Instead of using higher order local counterterms,

resonance saturations are assumed in our study.
Ls = ca(Ssupu™) + cm(Sex+) + caS1{upu” ) + cmS1(x+ )

1G V4

L\ —
v2\/§

<VHV[UH? Uy]> )

One important local U(3) operator is also considered:

—No—(U"x —x"U)In det u°
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Meson-meson scattering: i — @, i — KKbar, in — o' ......

[6uo,Oller, PRD ‘11] [Guo,Oller,Ruiz de Elvira, PLB '12, PRD'12]
Self enerqgy :

O I
+ + P

Goldstone decay constant :

S

+ A~ T+ ANAANAG—

Scattering amplitude

S
Xﬁ_% _|_>C><+ —|—>ﬁ< +X + crossed
(a) (b) (c) (d) (e) (f)

e

Zhi-Hui Guo (Hebei Normal Univ.) Resonance properties from lattice energy levels @ HADRON2019



Heavy-light meson ChPT
LO ChPT with heavy-light mesons

W =D, PD*P! — M PP!
NLO ChPT with heavy-light mesons

ﬁ% = ’p( — ho(x+) — h1x+ + ha(upuut) — :‘zguﬁu”)PT

-I—Dﬁp(ha;{u#_u”} — hs{u”, Hv})DUPT

; i o
with u, =1 ('H.Tf_)”u. —u E’Hu‘) 1w = exp ( ) N+ =u'Yu' L uyu
v 2Fy
( 0 )
J37° +1, " -
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_ 0
¢= ﬂ'_ \/éﬂ +n8 KO
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D, and light pseudoscalar meson scattering amplitudes

(5.1) o
Vﬂlﬁbl—}l}zﬁbz (s,1,u) =
1 [CLo
T‘%[T(S — u) — 4Coho + 2C1hy

—2C94Hoa(s,t,u) +2C35H35(s, ¢, u):l

(S,1) Channels CLo Co Ch Cyy Oy
(-1.0) DK — DK —1 % M 1 —1
(-1,1) DK — DK 1 mi, —m3, 1 1
(2, %]I DK — DK 1 mi —m%{ 1 1
(0, Z{} Dn — Dn 1 m2 —m?2 1 1
(1,1) Dym — Dgr 0 m2 0 1 0
DK — DK 0 mi 0 1 0
DK — Dgm 1 0 —(m3. +m2)/2 0 1

(1,0) DK — DK | -2 ms —2m7, 1 2

2 a2

- . L —amp+dmy 1

DK — Dgn 3 2[] ) —f‘ﬁ’ 2 0 73

Do — Dy 0 lmcome o dme 2o IR

(0, %) Dm — Dn —2 m2 —m?2 1 1
_ am2, —m?2 —m?2 1

D.K - DK | —1 'mir —-m,i- 1 1

Dn — D 0 0 —m?2 0 1
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Unitarization: Algebraic approximation of N/D (a variant

version of K-matrix) [Oller,Oset, PRD ‘99]
__ N(s)
1+ G(s) N(s)

* The s-channel unitariy is exact. The crossed-channel dyanmics

TJ(S)

IS included in a perturbative manner.
« Unitarity condition:  ImG(s) = —p(s)

o] 152 [t

 N(s): given by the partial wave chiral amplitudes

! 1 [+
S.1 . . N
V_E',Di}{ﬁl[—}ﬂzq-}z(ﬁ) = i/—1 dcos @P;(cos rp}vglgﬁﬂz%@, t(s,cos¢))
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Finite-volume effects

Two types of finite volume dependence of scattering amplitudes:

* Exponentially suppressed type o< exp(-m,L) : s, t, u channels

e Power suppressed type o< 1/L3 : only s channel

We ignore the exponentially suppressed terms, indicating

that finite-volume effects only enter through s channel.

N(s)

) = 15760 Wie)

|.e. We only consider the finite-volume corrections for G(S).
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4
G(S)—’i/(dq , ! — s = P?

21m)% (g2 — m3 +i€)[(P — q)%2 — m3 + i€

Sharp momentum cutoff to regularize G(s)

w1 + w9

|q1<qmax 13 (ltﬂ) - 2?1)1'(1)2 E2 — (w1 () 21”7
st — | a), T
( ) v; = \/|(f|2—l—m?: s = F?
G(s) in a finite box of length L with periodic boundary condition
|71 <gmax
-1 Lo
G=— >, Iy, 7 = 7 nel
il

Finite-volume correction AG [Doring, Meissner, Oset, Rusetsky, EPJA11]

AG = é o chtoff

STt rlal<amas d3 1 wi(q) +w2(q)
{L3 Z / }2w1(q)w2(q) E? — (w1(q) +w2(q))?
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Finite-volume effects in the moving frames
Lorentz invariance is lost in finite box. One needs to work out the
explicit form of the loops when boosting from one frame to another.

R LR — —%k "
transforming qi=1,2 tO qi—1.9 — | CM quantities

PO (j;ﬁ ¢V =
=g+ ||——-1)|—=——1|P
i =i+ |(F-1) - %

—

moving frame with total four-momentum P* = (P°, P) s = E? = (P%)? — |P|?

Impose on-shell condition gV = \/Iri;-’*‘l2 +m?
{-] —
gV E + P 0 - 2
q[) _ 1‘1 q’t —p qz p— ‘(}1‘2 —I— ﬂ’l,i
T P{]
G function in the moving frame
2m
‘ql| <{max d3 _’* E | ‘<Q'max 7 = fﬁ’ ic ZJ:
~MV __ —% [ —
/ ol TTl) = O = 5o Y TG sty g

g1

Finite-volume correction AGMY: | AGMV — MV _ qeutoff

[Doring, Meissner, Oset, Rusetsky, EPJA12]
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Mixing of different partial waves in finite volume

The mixing between different partial waves is absent in the
Infinite volume:

27 I8
/ do / sin 0d0Y e (0, 0) Yy, (0, d) = Oppr O
J0O J0

The mixing appears in finite-volume case, due to the absence of the
general orthogonal conditions of spherical harmonic functions.

The mixing patterns vary in different irreducible representations
and different moving frames.

det [K™'(E) + M(E,p,L)] =0

[He,Feng,Liu,JHEP'O5] [Wilson,Briceno,Dudek,Edwards, Thomas, PRD ‘15]
[Lang,Leskovec,Mohler,Prelovsek, Woloshyn, PRD'14] [Fu,PRD'12]

[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12] ......

Zhi-Hui Guo (Hebei Normal Univ.) Resonance properties from lattice energy levels @ HADRON2019



We adapt the following approach to proceed the study of
unitarized ChpT in finite volume.
[Gockeler,Horsley,Lage, Meissner,Rakow,Rusetksy, Schierholz,Zanotti,PRD'12]

Finite-volume correction to G function: | AGMY =GNV — gl s, 8,0

|§*|{Qmax ¢
At 1 FE |7*|
~MV e -~
Y I
Gom =\ g 13 0 Z (|m*|) (@) (177

It is equavelent to the w,,, function, up to exponentially suppressed
terms [Gockeler' Horsley,Lage, et al.,PRD'12]

—1-1
Wim = 3/2\/2l—()7 lg Z ' (1, ¢ 2) . |§On*|
20.) = ¥ 7 o=,
Vi) = IrlY®. 7=
Final expression for the G function: GMV va 52060 + AGMV
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To determine the energy levels in different frames with only S and P waves:
A (000):  det[l+ Ny(s).Goo] =0

T,0000):  det[l+ Ny(s).Gpol] =0

A000):  det[] + Noy1- M{] =0,

No O A Goo iv/3G1o
Nn,l = | 3 Mﬂ,l — —_ —_ —_
0 M —’i\/g(?m Goo + 2Goyg

( No11Goop  No12Gooz No13Googs iv3No11G10.1 \
Nﬂ,zlém,l Nop.22Go0,2 Nﬂ,zﬁéﬂﬂ,a iv/3Np 21G10,1
Nu,:%létm,l Nﬂ,:ﬂénﬂ,z Nﬂ,;{%éﬂﬂ,a 'iv/gNu,;ﬂélu,l
\—i\/ﬁﬁﬁéﬂu,l 0 0 N1(Goo1 + 2@2{1,1))

A
No- My =

[ZHG,Liu,Meissner,Oller,Rusetsky, EPJC'19]
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Results and Discussions

for pi-eta, KKbar, pi-eta' scattering
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Fits to lattice finite-volume energy levels

My = 391.3+£0.7 MeV , mg = 549.5+£0.5 MeV , m, = 587.2+1.1 MeV , m, = 929.845.7 MeV

Our estimate of the leading order n-n

[Dudek, Edwards, Wilson, PRD16]

' mixing angle at unphysical masses

) = (—10.0 -

-0.1)° (gPhys = —16.2° )

We also need to estimate F, at the unphysical meson masses.

T
FprMILC e
FE—RBC —a—i

Fr = F{l——

1

[Guo, Oller, PRD'11]

4Cq Cm(m2 + 2m%)
F2MZ
1

Theo

1 1 1 1 1
100 150 200 300 350 400

Reso
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Leading order Fit (only LO amplitudes are included in the N(s) function.)

[ZHG Liu,Meissner,Oller,Rusetsky, PRD'17]
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Remark: there is only one free parameter in the fits, I.e. the
common subtraction constant !
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Phase shifts and inelasticities S =1+ 2i\/p(s) - T(s)- /p(s)
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Phase shifts and inelasticities at physical meson masses
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Pole positions and residues at physical meson masses

Resonance RS Mass (MeV) ~ Width/2(MeV)  |Residue i{f (CeV) Ratios

LO

WO%0) 11037 4410 3815 L4355 (KK/mp) 005735 (mf [my)
NLO

GO80) IV 019t Il 281l 18°03 KK/m) 0000 (mf /)
w(ldsn) Vo 17d 617 174 145 (KK/m) 0975 (afmy)

[ZHG Liu,Meissner,Oller,Rusetsky, PRD'17]
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Results for the D-pi, D-eta, Ds-Kbar scattering
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Fits [L.Liu,Orginos,

: . F.K.Guo,Meissner,
Fpl, F Fpl, F PRD'13]
# data = 56 # data =56 || # data = 65 # data = 65

I T O

Fit-1A Fit-1B Fit-2A Fit-2B Table V [24]
by —0.501912 —0.6410-17 —0.421018 —0.141019 —0.1010:0°
ho ClastE SR oafE ool onE
has 0.837013 0777014 0.76+018 0.057016 0257013

I 07420 6 0.68%03] —0.4975 17 —08135% —1.88%56)
ap” —17300% 145751, ~2.00%013 ~1.527506 ~1.887000"
Mt el asBE o owfd 20nN% sy
aiy LR cels sl cneol -1l
agc —2.72402) —2.691008 —2.4510% —1.91+)28 —1.881000
xY/dof  1167/(56—8)  124.1/(56 —8)  221.8/(65—8)  215.5/(65—8)  1.06

Data: (1) D-pi lattice energy levels from HSC, 38/47
(2) DK lattice energy levels and scattering length from Lang et al., 3

(3) Single-channel scattering lengths from Liu et al., 15
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Reproduction of the finite-volume energy levels
[Moir,Peardon,Ryan, Thomas, Wilson, JHEP'16]
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Reproduction of the finite-volume energy levels
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Reproduction of scattering lengths

[L.Liu,Orginos,F.K.Guo,Meissner, PRD'13]
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Prediction of the D-pi phase shifts and inelasticities
[ZHG,Liu, Meissner,Oller,Rusetsky, EPJC'19]
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Prediction of the D-K with I=0 phase shifts and inelasticities
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Poles of D*0(2400)

Fit RS M I'/2 (MeV) ly1] (GeV) lv2/ 11l lv3/ vl
Fit-1A I 2097.7+8% 112.21%3 9.6703 0.101903 0.78+508
Fit-1A I 2384.4125¢ 36.075 48102 1514002 2.0910 18
Fit-1B I 2106.413, 170.61137 10.1193 0.111907 0.7900
Fit-1B 11 2409.01531 78.614%3 6.110¢ 1.2270-13 2.72404
Fit-2A I 2095.7+2% 97.11193 9.4703 0.101903 0.637003
Fit-2A 11 2401.3170¢ 55.01102 5170 1.3149012 2.501 03
Fit-2B I 2117.743% 145.0139 10.240 0.0919003 0.58003
Fit-2B 11 2470.51535 104.1175°9 6.7 01 1.1419-12 2.061) 0
Poles of D*s0(2317)
Fit RS M (MeV) r'/2 (MeV) ly1] (GeV) lva/v1]
Fit-1A 1 2356.7—-2362.8 0 1.3-6.9 1.03—1.20
Fit-1A 1I 2316.7—-2362.8 0 0.4—-10.1 1.14—1.50
Fit-1B I 2357.1-2362.8 0 0.5-6.7 1.05—1.22
Fit-1B II 2316.0-2362.8 0 0.6—10.3 1.12—1.56
Fit-2A I 2345.1+147 0 8.3133 0.962 508
Fit-2B I 2350.7+30, 0 77435 0.83%(:06
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Summary

« The chiral approach illustrated in this talk provides an
efficient way to study the finite-volume energy levels.

* It can build a bridge to connect the lattice eigenenergies in
finite box obtained at unphysical masses with the physical

observables, such as phase shifts, inelasticities, at physical meson
masses.

* \We have successfully applied this approach to the pi-eta, K-
Kbar , pi-eta’ and D-pi, D-eta, Ds-Kbar coupled-channel
scattering.

« Similar study in other systems can be straightforwardly
extended.

Thanks for your attention!
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