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ekl
Top quark

@ The heaviest particle in SM
o Perturbative QCD and EWSB,;
o Large background to many processes (tt + X (Higgs, W, Z,7));
o New physics(heavy particles, tt + DM, - - );
@ Experiment*
o o, 2014(4/s=8 TeV): 3.5%, RUN 2(2015): 4.4% QLHC;
o Differential cross section
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*Ulrich Husemann :1704.01356, CMS. :1803.08856, 1811.06625
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Massive soft function

@ Phenomenology

o Large logarithm log(w/us), log(m:/Myz);
o Major bottleneck in extending threshold resummation to N3LL.

@ Theoretical interests

o Non-trivial correlation among three partons;

e Cancellation of soft singularities with three parton correlation.

Ul

Example for three-parton-correlation diagram
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General concepts Factorization and soft function

Factorization

e Kinematics of N(Py) + N(P) — t(p3) + t(pa) + Xs(ps):

s=(Pi+P)*, §=(p1+p2)?, M>=(p3s+ps)?,

M? M? [ am? M?
Z = 3 7'277 ﬁ: _W, t1:—7(1—50059).

@ QCD factorization theorm™:

d*o _ 8np
dMdcosf  3sM

1
dz
E /7ﬁz‘j(T/Z,/lf)Cij(vavmtaCOSQMf)7
g T

@ Threshold limit z — 1%:
Cij =Tr [Hij(M, my,cos 0, i) Sij(\/g(l —2), M, mt,coséhuf)]
+0(1—-=2). (1)

>k.]ohn C. Collins, et al. arXiv:hep-ph/0409313
]LVA Ahrens, et al. arXiv:1003.5827
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Factorization and soft function
Soft Function

@ Soft Wilson line:

0
Sy, (x) = Pexp <z’gS / dsv; - A%(x + sv;) Tia> , (2)

— 00

where v? = 0 for massless partons and v? > 0 for massive partons.
@ Soft function:
1 _
S=q. > (OIT [01(0)] 1X,) (X[ T [05(0)] [0)6 (@ —vo - px.) ,

Xs
O,(z) = [Sv1slt2sl3sv4] (z), (3)
where vy = (2,0,0,0).
@ Convenient parameterization:
U1 :(1707071)a U3:_(170758in97ﬁy)7
Vg = (1a0707_1)a V4 = _(]—70a —Bsin9,—ﬁy). (4)
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General concepts [VETRROFIEIIERNE

Main ingredients

@ Integration by parts(IBP)

0 1
d . —_— = M
/ <|ZI d kz) 8]{:?(]/1 |l| D;zl 0; (5)

o Differential equation(DE):
(e, z) = eB() - §le, x), (6)
D / da' B(a') 7™ (') ;

o Generalized polylogarithms(GPLs)

da’
!/
x al

G(al,...,an;aj)z/ G(ag,...,ap;2'), (7)
0

with G(;x) =1 and G(0,...,0;z) = log"(z)/n!.
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NLO soft function as an example
Workflow

@ Generate Feynman diagrams and amplitudes and square the
amplitudes to get soft function, at NLO:

1 1 Ui * Uj
SéafeNZ wz(j) /ddk(er(kz)Wfs(W—UO'k); (8)
2]

o Simplification and finding integral families;
@ IBP reduction with Cutkosky rule

1 1 1
F2y — 52 Q(10) — - _
o7 (k") = 0(k") 6(k) 2m’<k‘2—|—i0 k2—i0>’
1 1 1
6(wvohk)%i(w—vo-k—&-iOw—vmk—iO)’ 9)

o Differential equations and boundary conditions
@ QGRAF, FORM, Reduze2 and FIRE5.
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NLO soft function as an example
Calculation of NLO soft function

@ Only one integral family in NLO case:

Fuvs = [[10K]0(0 =0 K) oo (1_v3 a0
o Master integrals: f(e, 3,y,w) = (Fo, Fo1, F1.1)7;
o Differential equation:
95.f(e, B,y,w) = Ale, B,y,w) fle, B,y,w); (11)
e Canonical basis: g(e, 8,y) = T(e,ﬁ,y,w) f(e,ﬁ,y,w), where
fo 2002 1_026 6(36 8 . (12)

1—e, ,1—2¢ _
T w F(l 6) 0 0 60.)2 (1 _ ﬁy)
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NLO soft function as an example
Calculation of NLO soft function

@ The new vector ¢ satisfies dgg(e, 5,y) = eé(ﬁ,y) g(e,B,y), with

° 11m5*>0,885§(6,,8, y) = hmﬂHO/BeE(ﬁ?y) g(ea 57,@) = 07
@ Boundary conditions:

92(8=0)=0, g3(B=0) =—-2g:1(8=0),

7T1_€20£(_22:F2(?— 6) /[dk] 5(w — g - k) =1; (14)

91(67 07 y) =
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Calculation of soft function Main results for NNLO soft function

Double-real corrections

One- or two-Wilson-line diagrams
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Calculation of soft function Main results for NNLO soft function

Double-real corrections

One- or two-Wilson-line diagrams
@ Two integral families

{(k1 + kz)z, vy - ko, vr - (K +k2), v2 - ki, vs -k, vz (kL +k2)),  (15)
{(k1 + k2)?, v1 - ko, v1 - (k1 + k2), va - k1, vs - k1, vs - (k1 + k2)};  (16)

@ General feynman integral for double real case:

6
B = / (k] [dhs] 6 (w0 — o - (k + k) [[(D)~, (17)

i=1

o Master integrals in the first integral family:

1) — (D) (1) (1 (1) (1)
f —(Fo,o,o,o,o,mF1,0,0,0,71,27Fo,0,0,0,1,o»Fo,0,0,0,1,1aFo,1,0,0,0,27

(1) (1) (1) (1) (1)
FO,O,l,O,O,Q’ F0,1,0,0,1,17 F1,1,o,o,1,—1a F1,1,—1,0,1,07 F1,1,o,0,1,0a

(1) (1) (1) (1) T
F1,0,1,0,1,07 F0,0,1,o,1,()v F0,1,1,0,1,1, F1,1,0,1,o,0) . (18)
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Calculation of soft function Main results for NNLO soft function

Double-real corrections

@ The linear transformation matrix:

_ 8T(1—4e)
77-[-2—26 w3—4e 1"2(1 _ 6)

x Diag{ (1 = 26)(1 = 4¢)(3 — e), (1 — 26)’B, €(1 = 2€)(1 — 4e)eoB,
(1~ 4e)w?8%, B2, e(1 - 20w B2, S’ B(1 - By), 4w,
B, Ewt(1 - By), —w(1 - By), (1 — 4e)w’(1+yp),
Swl(1 - By)?, —w'}; (19)

7

@ The simplified differential equation:

O N XC P CO R € 2(1)
agﬁ(l)=e<—a++ A ‘ )5(1). (20)

B—1" B " B+1 B+lly B-1Jy
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Calculation of soft function Main results for NNLO soft function

Double-real corrections

@ Boundary conditions:

9 (€,0,9) = 61 (¢,0,9)

1
9%2)

1
g§4)

(6,0,y) =

_26

=T (P2 42¢((3) + 271 + O(Y)

(¢, 0,

y) =

AT(4 — 4e)

T w2203 (1 — ¢)2

:1,

/ (k] [dka] 0o — v - (k1 + Ko)]

8T(2 — de) Slw — o - (k1 + k2)]

2—2€ y,1—4e F(—6)2 /[dkl] [de] (kl _|_k;2) vg - kl
2

82 T'(—de) witie Olw — o - (k1 + k2)]

_AD(=2¢) (1 — 2¢)

722 (—¢)? /[dkl] [dk] (k1 +ko)2 vy - ko v - k1’

T(1 — ) T'(=3¢) 3Fy(—€,—¢,—61—¢,-361).  (21)
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Calculation of soft function Main results for NNLO soft function

Double-real corrections

Three- and four-Wilson-line diagrams

(a) (b)

@ The contributions of the above two non-Abelian diagrams:
D — yif* Tt TP T T, DY) — —if* T T T T (22)
Bov ol [(2k1 + ka)y gup + -+ 0lw —vo - (k1 + k
1 g S bt 1 th )
(]{51 +/€2) v; - kl vj - kg Vg * (kl + kg)

@ Total contribution of non-Abelian three-Wilson-line diagrams is pure
imaginary.
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Calculation of soft function Main results for NNLO soft function

Double-real corrections

@ The summation of the above two Abelian diagrams:

i"l)j’Ui"Uk(S(w—UQ'(kl-l-kg))
’Ui~k11}i-ki2’l)j~k‘11}k'k‘2 '

DD sy, / [dki1] [dks] & (23)

@ All the reassigned integrals from the Abelian three- and
four-Wilson-line diagrams relate to NLO integrals by convolution.
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Calculation of soft function Main results

Virtual-real corrections

Feynman diagrams for Virtual-real corrections

i i i
i g A q
¢y i ) Gi ey
i i
-

for NNLO soft function
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\
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

Three-Wilson-line diagrams for virtual-real contributions.

1 1
vi~kvi-(k+l)vj-lvk~k+vi-lvi-(k‘+l)vj-lvk-k
_ 1
Ui-k’l}i-lvj~l1}k-]€’
TETYTY I - TYTE T T = i T T I (24)
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

@ Two integral families

(K2, 12, (k+ 0% vk, vi -1, va- (k+1), vs -k, v3-1}, (25)
{k2, 12 (k —i—l)27 vy -k, vl g (K+1), vs-kyvg -1} (26)

@ General feynman integral:

8

Fﬁg?:a)ﬂ»a37a47a57a67ﬂ77ﬂ8 = /ddk d’l 5((’“} — Vo k) Disc [(kz)ial] H(Di)iai ,
=2
Disc[(k?) "] = QLM (k2 +i0) — (k% — i0)1] . (27)

@ The forth integral family is the most complicated.
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

@ The forth integral family:

4) _ 4) 4) (4) 4
f (F1,1,1,o 0,0,0,1> F2 0,1,0,0,0,0,2> £1,2.0,0,0,1,1,00 £1,1,0,1,0,2,0,0°

Fl(jl()),l,l,O,O,O,Z’ FQ(jll),O,O,O,l,O,lv Ff,?,o,o,og,o,u F1(j11),0,o,0,1,1,1a
1(,40),1,1,0,1,0,1a F1(j11),1,0,0,1,0,17 Fl(jll),o,l,o,l,o,lv Fl(jll),l,o,l,l,(),ov
F1(jl1),1,71,1,1,0,07Fl(ﬁ),1,o,1,1,71,0,F1(j11),1,71,1,1,1,0aF1(j11),1,o,1,1,1,07
Fl(jll),l,O,l,l,l,—l’ F1(,41),1,1,—1,1,0,17 Fl(jll),l,l,O,l,—l,h Fl(jll),l,l,O,l,O,h
Fl(jll),l,l,fl,l,fl,l)-r’ (28)
@ The linear transformation:
V(e B.y) =TD (e, B, y,w) - F D (e, B,y,w). (29)
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

@ The simplified differential equation:

~(4 72(4 ~(4 7(4 ~(4
8ﬂ§(4):€<_a(> ) a4 d@ e())

F-17 5 TBx1 B-1jy (B+ijy

. (30)

@ Loop integrals for boundaries™:

(a) _ d 1
M = [ d°l
! / (12 +i0) [(k 4+ 1)2 +40] (—v; - 1 +140)
1
MY = /ddl ) g2
Y (12 4i0) (—v; - 1 +140) [—v; - (k + 1) +40] — M3, DB,
N (12 +40) [(I + k)% +i0] (—v; - L +140) [—v;j - (k 4+ 1) + 0]

(31)

I Bierenbaum, et al. arXiv:1107.4384
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

Boundary conditions:

- —2iTe —1+4e
W e I'(—2¢)w p
96 (€, B,y) = 2732 1'2(—¢) T(2e)

0w —wvg - k)

[dk] &t 2vg-l[—vg- (k+1)]

w
ot 204
)BT 20T+
41-2¢D(1 —¢) ’
W e T(1 — 20) w3 g Ow—v-k)
99 (€,B,y) = 4326 T2(—¢) [(2e /dk Jd% 12 (—vy-k)vs -1
1
(e —1)B* (1 —2¢) (1 +¢€)
23-4€T(1 —¢)
— LB 0.y). (32)

2
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

Boundary conditions:

99(e,0,y) = 957 (6,0,y) =

e~ 2 (1 — 2€) (2 — 2¢) /[dk] 2 d(w — v - k)
32624 T2(1 — €)[(2€) (k+1D)2wv3-1

=1

3

( : e T (1 — 4e) T(—2e) §(w—vg - k)
(e, 0,y) = 232 14 T2 (—¢) T(2¢) /[dk} d'l 12 [—vy - (k —(i)— D)wvs-1
€2 (1 — 3¢) T2(—26) (1 + €)
I(1 —4¢)I2(—e) ’
ie —2iTe w1+4e F(l _ 26) 5((,0 — g k)
910 '(e,0,9) = AT3-2¢T2(—¢) I'(2e€) /[dk] d“l 12 (k+1)2[—v -O(k + 1) vyl
e=3Ime 12(1 — 26) T2(1 + ¢)

T 2T(1 40T +2¢) (33)
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Calculation of soft function Main results for NNLO soft function

Virtual-real corrections

Boundary conditions:

je—2ime ,1+4e F(l o 26) 5((.«) — g - k)
4m3=2¢T2(—€) T'(2¢) /[dk] @ 2 (k+1)?[-ve- (k+1)]vs-1

x| —2 42
—Ul'k+i0

1 dm w2, (38¢(3)  4imd\ 5 [2097%  79im((3)\ 4
36 _€+( ) a0 T )

957(€,0,y) =

9 3

+0 (%) . (34)
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Renormalized soft function

@ Expansion of bare soft function in d = 4 — 2¢ dimension:

Share = Sl()a?«e ZT(S Séa?‘e + (Z7TS> Sk()aZe +oee (35)
@ Renormalized coupling constant « relates to the bare one by MS
scheme:
Z04055H2E =e E (47’[‘)60ng)
Boavs 11 4
“ 4me’ Po 3 Ca 3 Ff (36)
@ In Laplace space:
/ dw exp( ) S(w),

8(L,p) = Z (L, p) sbare(A) Zs(L, 1) (37)
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Soft anomalous dimension matrix

@ RGE for renormalization factor:

d
@ZS(L,B,COSG,ILL) = _ZS(L567COS0?M) FS(L,ﬁ,COSQ,M) ) (38)

@ Soft anomalous dimension matrix for gg channel

I = [Cr Yeusp(ats) (L — i) 4+ Cr Yeusp(Baa, ais) + 29%(

) +
N 2
+ ? |:’7cusp(as) (hl Mt2 2 + Zﬂ') - '7cusp(6347as):| (8 ?)
[ (0 CF 0 39
+'Ycusp(0‘8) n;% |:(1 N) + ZQ(BM) (—N >:| . (39)

@ Decompose I's into the form:
Ly(L{v} p) =

Qg Qg 2
(AL +T0)+ (T2) (AiLi+Th),  (40)
where Ly = L —im, L

— In(A2/p2)

A. Ferroglia,et al. arXiv:0908.3676
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Renormalization

@ Renormalization factor up to O(a?):

A ApL T
AP RETENARS

Ar 2¢2 2¢
O i e
@ The renormalized NNLO soft function
52 (L, p) = 5(2) + ZT(2)§(0) + g(O)Z(Q)
+Zi05D 15 Z0) L 71 50) g () _ ﬂo s
— finite (42)
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Check with known results

@ Our renormalized soft function satisfies the RGE
d . - -
G o Lom) = —T(L, 1) 8(L, 1) — 8(L, ) T (L, 1) - (43)

@ In the limit of 5 — 0, our result is consistent with [1]* for
color-singlet state of t¢ and [2]T for color-octet state of ¢t
@ In the limit of 3 — 1, our result agrees with [3]*
. A? _ A? _ m37A?
Smassive (hl E’ B, cos b, H) = Smassless (ln Ea cosf, M) 32D <1n MtT’uga ,u)

+O(m2/M?). (44)

*A. V. Belitsky, arXiv:hep-ph/9808389
TI\I. Czakon, et al. arXiv:1311.2541
iAA Ferroglia, et al. arXiv:1205.3662
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Numerical results

Definition for numerical calculation

@ The numerical impact of the NNLO correction

2

n ! as n ~(n A
Sz(j)(ﬂ,,u/ludef) :/_1dcos9 (E) ’I‘r[Hi(J(-))(@cosH) sz(-j)(lnlﬂ,ﬁ,cos€>}

S (B, 1/ paes)

R;\“—o /87 (S
j ( H/Md f) S(O)(ﬁ /j,/lu,def)
S (B, 1/ paer)
RZ»NLO(Baﬂ/Ndef) = W

@ Two kind of choices for default soft scales™

Hdef,1 = A, tdef,2 = Ay/1 — B2 cos? 0

*B. D. Pecjak, et al. arXiv:1601.07020, M. Czakon, et al. arXiv:1803.07623
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Numerical results

Numerical results for gq channel

02F T T T T - 02F

~
— NLO, ptaet,1 — NLO, paer2
=011 =0.11
— NNLO, ptaet 1 — NNLO, paer.2
-0.2k L L L L L -020 L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
B B

Relative soft corrections as a function of 3 for two choices of the default
scale: piger1 = A (left) and puger,2 = Ay/1 — 52 cos? 0 (right) for ¢g channel
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Numerical results

Numerical results for gg channel

0.4 0.4f
— NLO, pder,1 — NLO, paer2
0.3 03
— NNLO, ftgef,1 — NNLO, ftder,2
=) =
Q:i*‘ 02r Q:’*" 02r
0.1 0.1
0.0k L L L L 0.0k L L L L
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
B B

Relative soft corrections as a function of 3 for two choices of the default
scale: piger1 = A (left) and pger2 = Av/1 — 52 cos? 6 (right) for gg channel

Guoxing Wang (Peking University) NNLO soft function December 30, 2018 31/33



Conclusion

Conclusion

@ IBP and DE are very powerful methods for calculation of phase space
integrals;

@ Our result of NNLO soft function is checked in different aspects and
reliable;

@ It's a good verification of the cancellation of the IR singularity with
three parton correlation;

@ Our result gives a chance to extend the theoretical precision to
NNLO + NNNLL in soft limit in the future.
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Thanks!
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