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Outline:

General Procedures in Automated Higher-
Order Computation

Automated Computation involving Wilson 

Lines

Some Hints in Sector Decomposition

Some Problems
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Automated
Higher-Order Computation
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Basic Procedures:

1. Feynman Diagrams & Amplitudes

2. Trace & Contraction

3. Partial Fragmentation & IBP Reduction

4. Master Integrals – Numerical

5. Other Processing – Plots etc.
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Basic Procedures:
1. Feynman Diagrams & Amplitudes

² FeynArts - Mathematica

http://www.feynarts.de

² Qgraf - Fortran

http://c¯f.ist.utl.pt/~paulo/qgraf.html

² FeynRules - Mathematica

http://feynrules.irmp.ucl.ac.be

² ¢ ¢ ¢
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Basic Procedures:
1. Feynman Diagrams & Amplitudes
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Basic Procedures:
2. Trace & Contraction

² FeynCalc - Mathematica Package

https://github.com/FeynCalc

² Form - C Program (tForm, parForm)

https://github.com/vermaseren/form

² FeynCalc/FormLink - Combined

https://github.com/FormLink

² ¢ ¢ ¢

16



Basic Procedures:
2. Trace & Contraction

17



Basic Procedures:
2. Trace & Contraction
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Basic Procedures:
3. Partial Fragmentation & IBP Reduction

² Apart - Mathematica

https://github.com/F-Feng

Fire - Mathematica Program & C++

http://science.sander.su

² Air - Maple Program

https://www.phys.ethz.ch/~pheno/air/

² Reduze - C (MPI supported)

https://reduze.hepforge.org

² ¢ ¢ ¢
19



Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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 Integrate By Part (IBP)

F (a1; ¢ ¢ ¢ ; an) =

Z

¢ ¢ ¢

Z
ddk1 ¢ ¢ ¢ d

dkh

Ea1

1 ¢ ¢ ¢Ean
n

where ki, i = 1; ¢ ¢ ¢ ; h, are loop momenta and the denominators Er are ei-

ther quadratic or linear with respect to the loop momenta ki of the graph.

Irreducible polynomials in the numerator can be represented as denominators

raised to negative powers.

X
®iF(a1 + bi;1; ¢ ¢ ¢ ; an + bi;n) = 0

 Basic idea:

 List of equations:
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Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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Apart function in Mathemaitca



Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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Apart Package:



Basic Procedures:
3. Partial Fragmentation & IBP Reduction
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F [l;m;n] =

Z
d4k

(2¼)4
(k ¢ p2)

¡l

(m2 ¡k2 ¡ 2k ¢ p1 ¡ p2
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Basic Procedures:
4. Master Integrals - Numerical
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Sector Decomposition
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Sector Decomposition



Basic Procedures:
4. Master Integrals - Numerical

² Fiesta - Mathematica

https://bitbucket.org/feynmanIntegrals/

² SecDec - Mathematica/Python

http://secdec.hepforge.org

² Sector Decomposition - C++

http://wwwthep.physik.uni-mainz.de/~stefanw/sector decomposition/

² CSectors - Mathematca/C++

http://prac.us.edu.pl/~gluza/csectors/

² ¢ ¢ ¢ 28



Basic Procedures:
4. Master Integrals - Numerical
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² Prepare Database

Sector decomposion done with Fiesta

² Extract Sectors

Expression in each sector exported to

Fortran format

² Numerical Integration

Run Fortran code using di®erent numer-

ical integration routines

² Combine Sector Results



Basic Procedures:
4. Master Integrals - Numerical
² CubPack - Fortran

http://nines.cs.kuleuven.be/software/cubpack/

² Cuba - C & Fortran

http://www.feynarts.de/cuba/

² ParInt - C & Fortran

https://cs.wmich.edu/parint/

² Hcubature - C & Fortran

https://github.com/stevengj/cubature

² ¢ ¢ ¢ 30



Basic Procedures:
4. Master Integrals - Numerical
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² Long-Double Precision (18 » 19 digits)

Fortran native: REAL(KIND=10)

² Quadruple Precision (33 » 36 digits)

Fortran native: REAL(KIND=16)

² Double-Quadruple Precision (» 66 digits)

http://www.davidhbailey.com/dhbsoftware/

² Arbitrarily High Numeric Precision

http://www.davidhbailey.com/dhbsoftware/

Float Precision



Basic Procedures:
4. Master Integrals - Numerical
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² Shared-Memory: OpenMP

² Distributed: Message Passing Interface(MPI)

² Hybrid OpenMP + MPI

Parallelization



5. Other Processing – Plots etc.
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1. Feynman Diagrams & Amplitudes

2. Trace & Contraction

3. Partial Fragmentation & IBP Reduction

4. Master Integrals – Numerical

5. Other Processing – Plots etc.
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Automated Computation 
involving Wilson Lines
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Wilson Lines
Feynman Rules for Gauge Links
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Wilson Lines
Feynman Rules for Gauge Links
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Wilson Lines
Feynman Rules for Composite Operator
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Wilson Lines
Feynman Rules for Composite Operator
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40
Composite Operator
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Some Hints in 
Sector Decomposition
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Contour Deformation
 Before or After Sector Decomposition
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Optimization
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Optimization
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Numerical Integration
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Numerical Integration
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Extrapolation
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Extrapolation
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Extrapolation

57



Extrapolation
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Extrapolation
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Some Problems

60



IBP Reduction
IBP identities in a rigorous way
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IBP Reduction
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IBP Reduction
IBP identities with Dirac Delta functions
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IBP Reduction
IBP identities with Dirac Delta functions
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Fuchsification
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Thanks for your attention!


