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Background & Introduction 
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Prominent  features of many exotic resonances:   
(regardless of heavy/light flavors: X(3872), Zc/Zb, Λ(1405), Pc, ...)     

  They lie quite close to the underlying  thresholds.  

  Important question that  follows:  
 
Kinematical effects ?  Or   Hadron molecular ?  Or   Elementary/Compact state ?   

  Theoretcial  methods to probe the composition of hadrons:  
  QCD sum rules  

 Pole counting rule   

 Nc trajecotries of resonance poles  

 Weinberg's compositeness  relation  

Beyond Standard quark Model:  BSqM  
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  Pole counting rule  [Morgan, NPA'92] 

 Criteria:   Number of  nearby poles in S-wave scattering amplitudes  

• Elementary particle:  A pair of poles close to threshold 

• Molecular type:   Single pole close to threshold 
 X(3872):  elementary state,  instead of Dbar-D* molecule   

 Zc(3900):  molecule of  Dbar-D*  [Zheng et al., PRD '15 '16] 

  Nc trajecotries of resonance poles  [Guo et al., PRD '12 '15] 

ρ(770) f0(500) 
Ds0(2317) 

  Pole counting rule and Nc trajectories only give qualitative conclusions.   
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  Compositeness and elementariness relation   

  X   +  Z   =  1   

Elementariness  Compositeness   

[Weinberg, 
PR '63 ' 65] 

In the non-relativistic situation,  Quantum Mechanics gives  

[Aceti,Oset,PRD'12 ] 

[Oller,AnnP'18 ] 
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• Bound state  √:  Z and X are positive real numbers,  

allowing probabilistic  interpretations  

• Resonance  ×:  Z and X are usually complex, 

meaningless to be interpreted as probabilities   

  We propose an alternative way to generalize 
Weinberg compositeness relation for resonances.     

[Guo, Oller, PRD '16] 



 Effective range expansion, compositeness & exotic hadrons @ 呼和浩特，2019.7 郭志辉(河北师范大学) 

Probabilistic interpretation of  

compositeness relation for  resonances   
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General form of T matrix for on-shell two-body scattering      

•  Unitarity relaltion : 

• Relativistic phase space factor : 

 ( with q(s)  the CM three-momentum )  

•          :  contact interactions and crossed channel effects  
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 Bound-state pole:  Physical Riemann Sheet,  real axis,  sP < s1   

S- and T- matrix relation : 

n-channel thresholds:  s1  s2  s3   ...   sn   

 Virtual-state pole:   

      Unphysical RS (adjacent to 1st RS),  real axis,  sP < s1   

 Resonance pole:   Other cases 
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Re-derivation of Weinberg's compositeness relation 

Taking derivative with 

respect to s  at  s = sP 

Residues of T matrix  at s = sP 

 X                Z  
See also:   [Hyodo et al., PRC'12]    [Aceti et al., PRD'12] 
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 X                Z  
   Easy to demonstrate: 

•  X and Z are real  for bound state pole  sP 

•  X and Z become complex  for other poles  sP ,  thus invalid for 

probabilisitc  interpretation 

  Way out of the problems 

•  Taking real part of  X and Z  (Aceti, Oset, Hyodo, ...)  

•  Our proposal:  Rotating away the complex phases of X    
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Get rid of the complex phases of the compositeness X      

Laurent Expansion of the S matrix around  sP 

Rewrite R explicitly symmetric:  

Proper choice of  O and  λ  leads to projection operator A with rank 1   

                                                                                                  ,                                                                                                  

A deeper understanding of the compositeness reltation  

 1 stands for the proper normalization of bound/virtual/resonance states 

with rank one projection operator A     
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Open and Hidden channels      

sP 

s1                           s2                        s3           ......        sn    

Suppose there are  m open channels 

After some manipulations, we can get a very important result 

   Hidden-channel effects are identified as  "Elementariness"  ! 
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Transformed S matrix and sum rules       

This procedure gives a positive real value for X 

 XR  =  ∑m
i=1 

 Xi
R  ZR  = 1 -  XR 
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Working assumption / Condition        

sP 

s1                           s2                        s3           ......        sn    

s'P 

√ × 

Summary:   Once S matrix is known in a region (no matter 
how small) of physical real axis around  MR , we can perfrom 
analytic extrapolation from the real axis to the complex 
plane, due to the convergence of the Laurent series for s 
around MR.     
 Then, compositeness is model independently determined by  the properties           

of resonance pole ( pole position and residues)       
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Applications to some well-established hadrons       [Guo, Oller, PRD '16] 
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Effective range expansion  
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a :  scattering length  
r :  effective  range  

 Crossed-channel cuts neglected  

 Convergent radius of ERE:    dictated by the nearest 

singularity from the crossed channel      

 Invalid if there is a near-threshold CDD pole !         

Effective-range-expansion (ERE) formalism   

[Guo, Oller, PRD '16] 
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Determine  a and r  using the mass and width of resonance R  

Partial wave amplitude in the 2nd Riemann Sheet  : 

Once a and r are 
determined,  the 
partial-wave 
amplitude is 
completely fixed.  

Single-channel case 
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Residue in the variable of three-momentum k  

Expand the denorminator in k - kR : 

( Residue also fixed by the pole position ) 

Remember: 

Residue in the variable of CM energy E: 
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Compositeness for a resonance within ERE 

After some manipulations,  one can also write X explicitly in 
terms of  MR and ΓR 

( The second equality is valid   

    for  (MR - Mth)/ΓR  <<  1 ) 

  A very rough but also very simple rule for a molecule          
( taking with caution !!! ):       (MR - Mth)/ΓR  <<  1    

[Kang, Guo, Oller, PRD '16] 
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Exotic hadrons near thresholds: 

ERE & Compositeness relations 
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  Single-channel scattering is assumed for each state.  X is only 
calculated when the working condition is satisfied.    

[Gao, Guo, Kang, Oller, AdvHEP '19] 
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Scrutinizaiton of  Zb(10610) and Zb(10650) 

Inputs 

Outputs from ERE and compositeness relation 

[Kang, Guo, Oller, PRD '16] 

  Implicit assumption in the single-channel ERE:   the full widths 
of  Zb and Zb' are exclusively contributed by BB* and B*B*, 
respectively . 
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Resonance's width and its compositeness X 

In our notation 

Define (for MR  >> ΓR / 2 ) 

Then we have the standard 
formula for narrow resonance 
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Resonance's width and its compositeness X 

Decay width expression beyond the narrow resonance formula 

Integration up to ∞ denoted by  Γ(2) 
>,  up to Mth + n ΓR  by Γ(2) 

<    

 [ with n=8  ( Mth + n ΓR ) in Γ(2) 
<  to exactly reproduce the inputs ]    
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Resonance's width and its compositeness X 

( W+ = Mth + 8 ΓR )      

Taking branching ratios to 
redetermine the compositeness 
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Application to the newly observed Pentaquark candidates 

Single-channel ERE  

  Natural values of a and r at the order of 1 fm indicate the 
moleculare natures of the three Pc states. 

 Probabilistic interpretation of X=|γ|2 is not valid here, since the 
resonance pole position does not meet the working condition ! 

[Guo, Oller, PLB '19] 
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Coupled-channel analyses using compositeness relations 
Now we include the J/ψ p, Σc D/ Σc D* to study the three Pc's. 

 The probabilistic interpretation of X is valid now due to the 
introduction of the J/ψ p channel ! 

 J/ψ p Σc D/ Σc D* 

 J/ψ p Σc D/ Σc D* 
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Variation 
of X 

Try to 
include a 
different 
open 
channel 
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Summary 

  We have extended Weinberg's compositeness relation for 
canonical resonance.   And the compositeness coefficient is 
model independently given by the pole position and residues.   

谢谢大家！ 

  Combination of effective range expansion and our 
compositeness relation provides useful tool to probe the inner 
structure of hadrons near thresholds.   

  Successful descriptions achieved for: Zc(3900)、X(4020)、
X(4140)、Psi(4660)、Zb(10610)、Zb(10650)、Pc(4312)、
Pc(4440)、Pc(4457). 
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