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Outline

Experimental signals of CEP  

AMPT results on related observables 

FRG results on QCD phase diagram 

Plan of combining AMPT with FRG



QCD phase diagram

•QCD phase diagram in the T-muB plane. 
•Critical end point (or critical point) is a key feature of QCD phase structure. 
• Experimental programs: RHIC-BES, FAIR, NICA, HIAF. 
• Some hints from RHIC-BES experiment: net-baryon (proton) cumulants, 

directed flow, HBT radii, light nuclei……



High-order net-proton cumulants
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X.Luo (STAR), PoS CPOD2014, 019 (2014)
The Hot QCD White Paper (2015)

cf. Xiaofeng Luo’s talk

•Non-monotonic energy dependence of the kurtosis => hint of entering critical region.



Directed flow

C.M. Hung, E.V. Shuryak, PRL 75, 4003 (1995).

•Non-monotonic energy dependence of directed flow 
=> softest point of EoS, related to the first-order 
transition.

STAR Collaboration, PRL 112, 162301 (2014).

Softest point collapse



HBT radii

Roy A. Lacey , PRL 114, 142301 (2015). •Non-monotonic energy dependence 
(a maximum for R2out-R2side) 

   =>critical end point?
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Light nuclei

N. Yu, D Zhang, X.F. Luo, 
arXiv:1812.04291.

•A negative slope of dbar/d vs βT  
    =>focusing effect of QCD critical point.
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also cf. Lie-Wen Chen’s talk



A multiphase transport (AMPT) model
Zi-Wei Lin, Che Ming Ko, Bao-An Li, Bin Zhang, Subrata Pal, PRC 72, 064901 (2005)

A+B

Final particle observables

Hadronization (Quark Coalescence)

HIJING (PDFs, nuclear shadowing): 
   minijet partons,      excited strings,    spectators

ART (A Relativistic Transport model for hadrons)

Partons freeze out

ZPC (Zhang's Parton Cascade)

Melt to q & qbar via 
intermediate hadrons

Hadrons freeze out (at a global cut-off time); 
strong-decay all remaining resonances

String-melting version

[2<->2 elastic collisions]



AMPT results on net-B cumulant

Original AMPT 

ELDF AMPT 

From X.F. Luo

Xiaohai Jin et al., Sci. China Phys. 
Mech. Astron. 62 (2019) 11012.

•Non-monotonic energy dependence of 
kurtosis is not seen from original AMPT and 
Extended-Local-Density-Fluctuation (ELDF) 
AMPT. 

• Physics of the critical point is missing in 
current AMPT. 



AMPT results on directed flow

Chong-Qiang Guo, Chun-Jian Zhang, Jun 
Xu, Eur. Phys. J. A 53 (2017) 233.

•Original AMPT: dv1/dy depends on partonic evolution time and hadronization. 
•We can learn about EOS & QCD phase transition from experimental data.



AMPT results on HBT radii
Zi-Wei Lin, C.M. Ko, Subrata Pal, Phys. 
Rev. Lett. 89 (2002) 152301

• Lin et al(2002): HBT is sensitive to 
partonic interactions and freeze-out 
volume. 

• Zhang et al(2014): Rout & Rside are 
greater than data; Rout/Rside is 
consistent with data. 

• Proper treatment of parton 
interaction, QCD phase transition, 
and critical point is needed.

Zheng-Qiao Zhang, S. Zhang, Y.G. Ma，
Chin. Phys. C 38 (2014) 014102



AMPT results on light nuclei
Yongseok Oh, Zi-Wei Lin, Che Ming Ko, 
Phys.Rev.C80, 064902, 2009

•Oh, Lin, and Ko (2009): Blast Wave model + ART model well describe 
deuterons’ spectra and elliptic flow. 

• Song Zhang et al (2010) studied hyper-light nuclei production with AMPT. 
• Focusing effect of QCD critical point is expected to be necessary in order to 

reproduce the negative slope of dbar/d vs βT.

Song Zhang et al., Phys.Lett. B684 (2010) 224-227 



First principle-based FRG

glue sector matter part

Functional renormalization group 
(FRG)
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QCD interaction: gluon propagator at 
finite temperature

WF, J.M. Pawlowski, F. Rennecke, 
arXiv:1905.xxxxx. 



QCD strong couplings  
among quarks and gluons

2

@t = � � �

@t = � � + +

+ (permutations of the regulator insertions)

On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].
In the past several yeas a remarkable progress on the

studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.
This paper is organized as follows. In Sec. ?? we in-

troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented
in appendices.

WF, J.M. Pawlowski, F. Rennecke, arXiv:1905.xxxxx. 

Crucial for proper treatment of  
QCD interactions in AMPT



QCD phase transitions well described by FRG

WF, J.M. Pawlowski, F. Rennecke, arXiv:1905.xxxxx. 

Chiral phase transition Deconfinement phase transition

CEP



Phase diagram and curvature
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FRG curvature of the phase boundary:

 = 0.0149± 0.0021

Lattice result:

R. Bellwied et al. (WB), arXiv:1507.07510. 

A. Bazavov et al. (HotQCD), arXiv:1812.08235. 

 = 0.016± 0.006

(TCEP, µBCEP) = (110± 5, 590+30
�20)MeV

 = 0.0167± 0.0025

WF, J.M. Pawlowski, F. Rennecke, arXiv:1905.xxxxx. 

FRG is applicable at high muB  
and well suited for search of CEP.
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QCD equation of state

R.Wen, C. Huang, WF, arXiv:1809.04233, to appear in PRD.

FRG results  
at high muB



Baryon number fluctuations from FRG

R.Wen, C. Huang, WF, arXiv:1809.04233, to appear in PRD.
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Combining AMPT and FRG 
allows us to calculate dynamical 
evolution of the fluctuations.



Plan of combining AMPT with FRG

• Model parton collisions with FRG at finite temperature and chemical potential. 

• Relate chiral and deconfinement order parameters to parton potential in AMPT. 

• Relate sigma mode near CEP to interaction potential.  

• Improve the hadronization in AMPT with FRG phase transition.  

• Study hadronic modification of CEP signals.



AMPT and FRG complement each other

•AMPT: a good dynamical model including important evolution stages of heavy-
ion collisions, can directly compare with experimental observables.

•FRG: a non-perturbative static QCD approach, well describes QCD phase 
transitions, and consistent with lattice QCD.

Thank you very much for your attention!
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Propagators and Anomalous Dimensions
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On the side of theories, lattice QCD simulation is a
nonperturbative first-principle approach, which has pro-
vided us with lots of remarkable insights and understand-
ing in recent years, such as the determination of freeze-
our parameters through the confrontation of lattice re-
sults with experiments [? ? ? ], the QCD equation
of state and fluctuations of conserved charges at finite
chemical potentials using Taylor expansions or analyti-
cal continuation [? ? ? ? ], etc. However, because of
the sign problem, lattice calculations are usually limited
to some specific region in the QCD phase diagram, say
µB/T  2, which corresponds to center-of-mass energies
& 12 GeV, and in this regime the existence of a CEP is
disfavored [? ]. Functional continuum field approaches,
e.g., the Dyson-Schwinger equation [? ? ? ? ], and the
functional renormalization group (FRG) [? ? ? ? ? ? ],
etc., which are complementary to the lattice QCD, have
also seen significant progresses on the studies of the non-
perturbative QCD and QCD thermodynamics in recent
years.

The FRG approach is a nonperturbative continuum
field theory [? ], which encodes successively quantum
fluctuations of di↵erent scales with the evolution of the
renormalization group (RG) scale. And thus a full quan-
tum e↵ective action is obtained from a classical one, af-
ter the RG scale evolves from the ultraviolet to infrared
region. For more discussions about the FRG, see, e.g.,
QCD related reviews in [? ? ? ? ? ] and recent devel-

opments in [? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ? ?
].

In the past several yeas a remarkable progress on the
studies of FRG is the first-principle calculations in the
Yang-Mills theory and QCD, e.g. the quenched [? ] and
unquenched [? ] QCD in the vacuum, the Yang-Mills
gauge theory in the vacuum [? ] and finite tempera-
ture [? ], the unquenched QCD in the vacuum with a
simplified truncation [? ? ]. In this work, we would
like to perform the first-principle QCD calculations at
finite temperature and baryon chemical potential within
the FRG approach. QCD phase transitions including the
chiral phase transition and the color deconfinement phase
transition will be investigated. We will also study the
QCD correlation functions and their dependence on the
external parameters. Moreover, a T �µB phase diagram
will be presented based on our computation.

This paper is organized as follows. In Sec. ?? we in-
troduce the functional renormalisation group approach to
QCD. In Sec. ?? correlation functions including propaga-
tors, the strong couplings, and the dynamical hadroniza-
tion are discussed. In Sec. ?? numerical results and re-
lated discussions are presented, and a summary and out-
look is given in Sec. ??. Details about our calculations,
such as the flow equations for the e↵ective potential and
couplings, anomalous dimensions, the glue potential, nu-
merical setup, and the threshold functions, are presented

Glue sector:

⌘QCD
A,k;T=0 =�

@tZ
QCD
A,k=0(p = k)

ZQCD
A,k=0

.

with

⌘A =⌘QCD
A,T=0 +�⌘glueA,T +�⌘qA,T ,



Dynamical Hadronization 

QCD phase structure at finite temperature and density

Wei-jie Fu,1, 2, ⇤ Jan M. Pawlowski,2, 3, † and Fabian Rennecke4, ‡
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We discuss the QCD phase structure at finite temperature and chemical potential within the
functional renormalisation group approach. Results are presented for Nf = 2 and Nf = 2 + 1
flavours. These results are compared with lattice results for low densities and with other functional
results for the whole density regime. The curvature of the phase boundary for small chemical
potential,  = 0.0159±0.0020, is consistent with recent lattice results. For Nf = 2+1 a critical end
point is found at (TCEP , µBCEP

) = (117± 5MeV, 645± 40MeV). This density regime is beyond the
validity regime of the current approximation, and we discuss the necessary systematic enhancements.

PACS numbers: 11.30.Rd, 11.10.Wx, 05.10.Cc, 12.38.Mh

I. INTRODUCTION

QCD phase structure is a highly active scientific re-
search topic in recent years. A plethora of relevant impor-
tant results has been obtained from both experimental
measurements and theoretical studies, see, e.g., reviews
in [? ? ? ? ? ? ? ? ] and references therein. How-
ever, our knowledge concerning the QCD phase diagram
at high baryon chemical potential remains rare and elu-
sive, and in particular, the key questions whether there
is a critical end point (CEP) in the phase diagram, and
if it exits where it is, are still open to be answered. For-

tunately, lots of e↵orts are currently being performed in
order to unravel the mysterious veil. Experimentally, the
Beam Energy Scan (BES) Program at Relativistic Heavy-
Ion Collider (RHIC) has presented significant measure-
ments [? ? ? ? ], and BES phase II is under way
for the moment; searching for CEP and studies of QCD
phase structure are also planned at other facilities all
over the world with di↵erent collision energies and lumi-
nosities, such as the FAIR/CBM in Germany [? ] , the
NICA/MPD in Russia [? ], the J-PARC-HI in Japan [?
], and the HIAF in China [? ].

@t = � � + +

� � + +

� � + +

+ (gluons $ mesons)

+ (permutations of the regulator insertions)

⇤ E-mail: wjfu@dlut.edu.cn † E-mail: j.pawlowski@thphys.uni-heidelberg.de
‡ E-mail: frennecke@bnl.gov
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The hadronization function reads



Flow of 4-quark Coupling—Gluon versus 
Meson

WF, J.M. Pawlowski, F. Rennecke, arXiv:1905.xxxxx. 



Yukawa coupling 
Two different Yukawa coupling:

h⇡ =h(⇢0) = �(3)
(q̄~⌧q)~⇡[�0] ,

h� =h(⇢0) + ⇢h0(⇢0) = �(3)
(q̄⌧0q)�[�0] .
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WF, J.M. Pawlowski, F. Rennecke, arXiv:1905.xxxxx. 



Quark and Meson Wave Function 
Renormalization

WF, J.M. Pawlowski, F. Rennecke, arXiv:1905.xxxxx. 



Baryon Number Probability Distribution

K.-x. Sun, R. Wen, WF, PRD 98, 074028, (2018)
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Some Prospects on Combining AMPT with FRG

1. Partonic dynamics with FRG at finite temperature and chemical potential.

2. Quark potential encoded with the chiral and deconfinement order parameter.

Running strong coupling 
at different T and muB. 
Gluon thermal Debye 
screening mass. 
Polyakov potential.

FRG

Interaction potential 
between partons. 
Cross section.

AMPT

Chiral: Constitent quark 
mass. 
Confinement: Polyakov loop 
potential .

Quark potential

FRG

Boltzmann transport 
equation with a 
background potential

AMPT



Some Prospects on Combining AMPT with FRG

3. Interaction potential related to the sigma mode near the CEP.

Sigma mode is most relevant collective mode near the CEP, which can 
be calculate in the FRG. 
Interaction potential related to the sigma mode in the AMPT.

4. Improvement of the hadronization with FRG phase boundary in AMPT.

Phase boundary calculated in the FRG can be used as the criteria for 
the hadronization in the AMPT.

5. Influence of hadronic dynamics on the CEP signal.
Net baryon distribution calculated in the FRG in the partonic phase 
can be evolved through the hadronic phase. 
Then, the influence of the hadronic phase on the CEP signal can be 
investigated.


