Chiral and Spin effects
from Wigner function approach
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Chirality/Spin in Relativistic HIC

STAR Nature 548 (2017) 62-65
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Quantum Transport Theory
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Classical Transport Theory

Particle distribution function:

—pl'p" f(t,Z,P)

f(t, %, p)
Conserved current; Energy-momentum tensor:
. d3p d3p
I = | —p*f(t,Z,p T (x) =
i (x) | 25,7 f(t, %, p) (z) 2E,

The classical Boltzmann equation with the background EM fields

p" (3u — Fuvaz) f(t, T, p)

— collision term

CLfT —

One distribution function + One transport equation



Wigner Functions and Equations

Wigner matrix elements for spin-1/2 fermion in Abelian gauge field:

T
I
v

16 independent Wigner functions: gauge link

W3 1 W3 2 W3 3

Wl 1 Wl 2 Wl 3
W2 1 W2 2 W2 3
W4-1 W4-2 W4-3

1 1
I

v v v v v
scalar  pseudo vector axial tensor
32 Wigner equations in background field : Vasak, Gyulassy, Elze, Annals Phys. 1987
ey, = mF, Gl = —2mP, G'y =0, Mle, = 0,
1 1 s
ﬂﬂg’: + EGVy,[LI/ = m'V‘u, EG“L@- - nuy)'-“/ = 0,
GML@ — E‘[Lypg I_IVy,OCF = ngfjﬂ, HNL@ —I— %f“yngVJ/’pa = O1
1 ) 1
5 (G,u% — Gy !/,u) — E,ur/parlpef’fa == my,tu/- (N7 — T ¥u) + Eeuyngpﬂa = 0.

1
n* = pt— ;jl @/_\.) Py gp Gt = 9 —jo (QA) Fr7ob A =0P. 9,



Massless Fermions

Decoupled Wigner equations for massless Fermions:

Y 1,

VA =0 M=o, 5 5 M + 56" = 0

,\\ ~ 1
G'y = 0, Ghal=0, ™5 SGuF Sy = 0,
EUVPUG'O‘Q%U = -2 (HMVU - nVyH) ) ‘\\ \,\\ _G}ng + euvpal'l”ym = 0,

/ /’ 1
E‘[LI/pO'pra = —2 (I—I'U‘dy - I_Iprfy,) . ,:> /:’ ﬂ#t@ _|_ ZE,LWpJGVy'OU — 0.
< <
8 functions 16 equations 8 functions 16 equations
. 1 .
Right/Left (s= £1) || SE=5 ks | jus [atpye, = [dbpart, 1 = [ iy

7

M =0 GufE =0, quuG J7 = =25 (M fow =T fiy)

4 independent functions + 8 coupled equations

S.Ochs, U. Heinz Annals Phys. 266 (1998), JHG, Q. Wang Phys.Lett. B749 (2015)



h Expansion in Wigner functions

Wigner functions, G*, [I"* operators expand in 7 :

St = LSy 6= L WGy M= 3w, S= )
k=0 k=0 k=0
Express .# as 70 : = %f&”)+é[j§”1),fé”2),---, éo)]

5 [ng)( 7R 4 a®. j‘(n—k)] — 0
k=0

Evolution equation for 7" :

3 g 7 - M. 7B = o

Constraint equation for /" : =

1 independent functions + 2 Wigner equations

JHG, ZT. Liang, Q. Wang, X.N. Wang, arXiv:1802.06216



Wigner Functions Disentangling Theorem

The constraint equation gives on-shell condition:

0(h°): 7O = i (%), —

O | A = wils() ++(5-9)57% ()

O(hz): H B B HE E E RN EEEEEEEEEEEEEEEEETDN
shB - P =

0%+ 0(nY) | so = woss (#+ 70 7) po =il (1-75 - )

Particle distribution function Transport equation

[ ltg(0)+SﬁG 0) . ( G(0) o ﬁ) fpd (p2_|_5ﬁ’§'ﬁﬂ =0

o = KO +RY

Po

1 independent functions + 1 transport equation atany 0(a")

JHG, Z.T. Liang, Q. Wang, X.N. Wang, arXiv:1802.06216 10



Chiral kinetic equations

Particle: integrate p, from 0 fo +o0  Particle: integrate py from —co t0 0

Chiral kinetic equation in 3D (p) i = (14218-Gy)5-7(p-Gy) B
]- — g ~ — — —
B, f + G+ RExQ,+R(E-O)B] -V
tfp (1 -|— 7. Qp) [ D ( p) ] ZL’fp
]. — — — — — — - — —
———~ |[E+ 0 x B+ R|p\Va(B- ) + R(E- B)Sy| - Vpfp =0

Stephanov & Yin PRL 109,(2012)162001, Son & Yamamoto PRD 87 (2013) 8, 085016

sp

Berry curvature: ), = 27 Berry monopole: V, - €, = 256> (i)

11



Various Chiral Effects

gt = €pBF 4w

CME: =25 CVE: ¢=%2

js = Eps B! + Esw!

. o . T 242
CSE: £85_27r2’ LPE: =77 271_25

3MT”V — Fuy])u 8//1,]“ — 0,




Massive Fermions

Wigner equations in background field at O(7): v = a¢— oy

Vi, = 0 mF = phY,

16 Wigner functions 1 32 Wigner equations

ple, = 0 my = — EV“LQ:@
1
- _ 1 3
EVHL@ - pyyim/ =0 'rn“f/;L = puf]: + EVU%LU
] 1 ) 1 ) 1
pu? + fouupavyy PP =0 mar), = Evﬂ"@ - §Elwpopyf7 e
1 , 1
(pu?v — v ¥) + §euupavpd“ =0 mFw = > (Vu = Vutu) — upop’

Choose .# and g+ as the independent fundamental components

Weickgenannt, Sheng, Speranza & Wang 1902.06513; Hattori, Hidaka & Yang 1903.01653;
Wang, Guo, Shi & Zhuang 1903.03461; Li, Yee 1905.10463

Eleven of 32 provide the expressions of other components:

h 1 h
P = — V', V.=-—pu.F ——= VVpP o/
2m H H mpu 2m>2 Cupo ¥ P
1 h
y,u,y = —Ee,uupappﬂa + m (v,upl/ — va,LL) F

Vasak, Gyulassy, Elze Annals Phys. 1987; ArXiv:1902.06510 JHG and Liang 13



Transport or Constraint Equations

Five of 32 lead to coupled transport equation for % and & :

h N
VT = —p"(O5Fu)op "
p QmP ( hY uu) D
h ~
p-V, = Fﬂyg.@f}/ -+ %p”(af\jFW)aﬁﬁ

Five of 32 modify on-shell conditions :

(p2 — mz) F = EPMFMMMV
(pz — m2> ), = —%pyﬁuy F

One of 32 provide a subsidiary condition:

All the rest 10 of the 32 Wigner equations

4 independent Wigner functions,

. sat
1 is.# , 3 arefrom 4-vector &/*

Vasak, Gyulassy, Elze Annals Phys. 1987;

pu/t = 0

are satisfied automatically !

4 on-shell conditions

isf .
y 4 transport equations

ArXiv:1902.06510 JHG and Liang

14



Solve the constraint equations

Solve the modified on-shell conditions :

h

(’p2 - mz) F = —Epﬁﬁw,@{/”, F =194 (p2 — m2) F+ %F#Vp“%l“é’ (p2 — mz)
(P )it = LBz, | T |y 2 5?4 R B (37~ )

Introduce r and 4” as new independent Wigner functions.

Convenient to deal with transient EM field:

3;7 = (pQ - mQ) Ft i \ : ” i c/@f — 5(})2 . mZ) f’/
_,; s ok : Interaction = | ¢ > A
o, = 5(p —m)A \ i gy = 5(p —m)A}u
t<t, F¥=0 o <t<ty, FM%0 | t>t;, FF=0
t =t t=tf

15



Unintegrated Kinetic Equations

Substitute the solution into the transport equations

h ~ h _
F =196 (p2 — mz) F+ %pr“,filyé" (p2 — mz) p-VZF = %p“(aprv)agﬁfu,
by = 4 h n A g
o, = 6 (P2 - m2) A+ ;pyf}w}qél (p2 - mQ) p-V, = Fupd"+ %Py(afFuu)apc%.

S

P (17 —m?) =

0

p (75 (52— m) + R a8 (52— )] = S(05Fw)a) [ (2 - )

p-V _A,u_cﬁ (p2 — m2) + %p”ﬁuyfé' (pz — m2)] = Fu lAVc? (p2 — mQ) + %p,\fj“)‘?é’ (p2 — mz)]

+%(a§ﬁw)a; [p”fa (p2 - m2)] :

Unintegrated kinetic equations:

Manifest Lorentz Covariance !

Singular Dirac delta function |

16



Integrated Kinetic Equations

Integrated kinetic equations in 4-vector form:

= (Ep,D) p = (O:ﬁ)
hpHt - _ o , p (Ep,p
pVF = o Fuwp 'V — B3 (0 Fu) 3| A' _ * _ q
P TL;OV B L _ aﬁ = (O VI) aﬂ = (0 vp)
p-VA, = FuA' — = |Fup*Vy\ - B3 (0 Fu) | F
QmEp 3
V# — v#_ F‘”‘Vdp
p’u'A;a = 0 v v
E, = Vp?+m?
Integrated kinetic equations in 3-vector form:
A "Bt Ex D)@V + BN V)= (B-0)5-V 4+ BV, V)] - A
(Vi+#-V)F = T (B+Ex0)(@-V+ENVy-Vy) = (B-0)T V4 EpV, - V)il - A
P
o L B~ o . .
(Vi+5-V)A = Bx A-E@-A) - (B+Ex0)(@-V+ENg V) F
2mkby
T=p/Ey, Vi=8+E-Vy, V=Vi+BxV, A=z 4

17



Simplified Version

Vector current and energy-momentum tensor at O (h):

gt = / dtpyt,  TH = / d*pp" I O e LA

p-V [Aﬁa (p? —m?) + % o - = Fu [A”é (p? —m?) + %pyﬁﬂﬁfp%

v

94 n?)] = Fudsnd) |+ | mda(P—n?) = 0

Inserting the solved 4" into the transport equation for F

p-V [fé (p* —m?) + %Fyypwa’ (p* - m2)] = %(afﬁuy)aﬁ phA”S (p? —m?)|

18




Simplified Version

2 __ P : Spin polarization magnitude
. s = -1, pInp g
Define: % = Ps,

s : Spin polarization direction

Decoupled equations for p and s, :

B

Spin precession of a
charged particle

- —

-

p-V {P5 (p2 — mz)] =0,
p-V {sué (p2 — mQ)] = Fuus”o (p2 — mz) .

spin angular momentm

Rewrite the transport equations for 7 as:

unifarm magnetic fiald

DV [fa (p2 —m2 - zEpAE)] — %(agfﬁﬂf’)ag [ppsgpm (p2 —m? - zEpAE)]

hP

The effective interaction energy: AE=—5 — FPppsq
P

19



Chiral separation effect :

CSE with mass correction

jE =

7’ 1

w22

Ty
27{'2B +

22

(

3 +M2+M§)w’“

Global equilibrium solution with constant Q,,,, & F,,

.Bu = uu/T

-qu = uﬁv - avﬂu

m 0 (u-p) 0 (—u-p)
—0. F=
Aw=0 2713 |e(up=p)/T 1 e=(wp—p)/T 4 1

hoy = 2 2 :'\1/ N
IZII> f (oo 1

°T ?/o dp(ny—n-), ne=pon 1
ETI hpy . h

Chiral limit: | olm=0= 52 Zero temperature limit: | olr_ 0=

Lin & Yang PRD2018

,u2—m2

272

20



Quantum magnetization effect

Wigner function associated to spin magnetic moment density:

1 ,, h _
S = ——euvpep’ 7 + -5 (Vupy = Vupy) 7
. - . 1
Spin magnetic moment vector: M), = Qeumﬁ’“y/d%ﬁmﬁ

Global equilibrium solution with constant Q,, & F,

uv -

m

0 (u-p)

27T3 e(u-p—u)/T _|_ 1 6—(u-p—}u)/T _|_ 1

0(—u-p) ]

Quantum magnetization effect

A
M, = hBy — L w,
™m

Susceptibility:

Charge density:

d

K

o= 5 [ @wr? (ns —n-)

21



Chiral Anomaly

Chiral anomaly:

2
&
oujt = —2mjs——~FE - B
pJs J5 D2
Pseudo scalar Wigner function:
= _ N ony o= 5 (2 m2 hove rst(2 2
Integrate over momentum: jE = /d4pﬂ'“ J5 = /dd'Pa@

: 2m 1
Ously = ——js + RCE - B C = [ a0 [Fr0( — m?)




Global Polarization Generation

Transient EM field process: Ay = 8 (p?—m?) A+ L (v —m?)
m

nteraction : fo_ B f_
ﬂﬁ:é(f )A’—O : gf = s -m?) Al =7
t<t, FWW=0 n<t<q,FW¢0§ t>t;, FAV=0

t = ti t = tf
Evolution equation for spin polarization vector up to 0(1):
near t; -
S\ o L L oA
(Vi+7-9)d = BxA-B@ A : >
Alt) =0 ot

No way to generate the polarization from a zero initial value !

23



Global Polarization Generation

Evolution equation for spin vector up to O (h):

(Vi+# V)4 = Bx A-E@@-A)

= h
2mkEy

(B+EXD)E-V+ BNy V) F

neart; I L Alt)=0

oA S S S
o = _QmEp(B-I—EXU)(U-V—I—Ep%x-Vp)F(tz)
Polarization seed: EM field + inhomogeneous F(t,)

Self-consistent background EM field:

O = j¥

Vasak, Gyulassy, Elze, Annals Phys. 1987

—

N Fuy = (Bujv — dujin)

Global polarization:  Vorticity — EM field — polarization

Particle scattering generation: arxiv:1904.09152, J.J. Zhang, R.H. Fang, Q. Wang, X.N. Wang

24



Summary and Outlook

e Wigner function approach can demonstrate:

Chiral systems in a background EM field can be described sufficiently by one
distribution function and one equation up to any order of 7.

e Wigner function approach can describe:

Chiral anomaly, chiral magnetic effect, chiral vortical effect, chiral separate
effect, quantum magnetization effect and global polarization.

e How can we introduce quantum gauge fields instead
of background fields systematically and consistently?

25



Thanks for your attention!



