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Motivation

Non-Perturbation

Experimental
. CD theor
Observations Q y

l l

S matrix elements Lattice QCD
Energy levels

For the 3-body system, it becomes very complicated,
1. There are two free momenta
2. How to define the S matrix of three body
3. How to deal with the divergent of three body re-scattering

But the 3-body system is extremely important to describe low
energy resonances, such as n— 3xn, ® —> 3w, N*(1440) —>Nnr .
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Motivation
* History

K. Ploejaeva and A. Rusetsky, EPJA 48(2012) 67 “Three particles in a finite volume” By S matrix

M. Hansen and S. Sharpe, PRD 90(2014) 116003

Relativistic, model independent, three-particle quantization condition Quantization Condition
PRD 92(2015) 114509

Expressing the three-particle finite-volume spectrum in terms of the three-to-three scattering amplitude

R. Briceno and Z. Davoudi, PRD 87 (2013) 094507 Dimer formalism
Three-particle scattering amplitudes from a finite volume formalism Quantization Condition

P. Guo, PRD 95 (2017) 054508

izati ens
One spatial dimensional finite volume three-body interaction for a short-range potential Quantization Condition

In 1+1 dimensional case
S. Kreuzer and H.-W. Hammer, PLB 694(2011) 424; The triton in a finite volume

EPJA 43(2010) 229; There-boson bound states in finite volume with EFT Dimer formalism
S. Kreuzer and H.-W. GrieBhammer, PLB 673 (2009) 260 Efimov physics in a finite volume
EPJA 48 (2012) 93  Three-boson bound states in finite volume with Eft Numerical solution

The quantization condition complicated, not well suited for the analysis of
the lattice data.
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Motivation

* For the large boxes (small momentum step), the
energy spectrum can be calculated, using non-
relativistic EFT in a finite volume.

Infinite Volume Finite Volume
Observations Spectrum

\ Dimer formalism /

non-relativistic EFT
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3-body System in the infinite volume

« Non-Relativistic Effective Field Theory (NREFT)
L=L1+ Lo+ L3

2 pcotdg = —— + —p
L1 =14 (75302V>1/) Y
o m o p° cot 09 = _a_2
L2 = - otoTpy — =2 @IVl 4 e + -
- (WT NV Vip — 30TV TV 2 + h.c.) T
D D
L5 = ——wlolelgpy — = (Wi VeTgwy + he) + -
—% (wwf VYpVT - Vi — ¢TI V2T Vg + h.c.) +
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3-body System in the infinite volume

2
L1 =17 (i@o - zvm> 0 S-wave

Lo = —%WLIPMMP - % (WIV2 T + hee) + -+

£y = ~ gttty — D2 (Gt + he) + -

Dimer picture (Co, C2, Dy, D5)

. V2
El — WL (7/80 _ %) lb ~ (O’, fl, h(), hg)
Lo =ocT'T + % T (W + 1YV + -+ ) + h.c.]

L3 = hoT Ty ) + hoTTT (WV% + h_c_) 4.
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3-body System in the infinite volume

Dimer picture

0 bt — 22 (12t + hc)

>< >:< >O< >~OO<

Lo=0T"T + [T" (p + froyVep + -+ ) + h.c.]

® =_0O +—C)_m_0_+—0_ O:O:+

~ k*cotdo(k*) + ik

AVNA @ S e hrrd ;nE




3-body System in the infinite volume

Dimer Particle scattering VS 3 Particles scattering

Y,
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A toy Model

S-wave & O(p) & Non-Relativistic
2
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A toy Model

S-wave & O(p) & Non-Relativistic
2
L1 =T (7;30 — va> W Lo=o0T"T+ [T+ he] Ly3=heT Ty

—

A 53
. . d’k - - -
Scattering equation M@, q,E)=Z(p,q, E) + 87r/ 8—3Z(ﬁ, k,E)t(k, EYM(k,q, E)

0 T

q -p -q “p T 1

B 4 7(k,E) =
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A toy Model

S-wave & O(p) & Non-Relativistic
2
L1 =T (iao — va) W Lo=o0T"T+ [T+ he] Ly3=heT Ty

—

A 3
. . d’k - — -
Scattering equation (5. E) = Z(7.0.5) + 87 | <5 2, E)r(FE)M(F.4.E)
0 s
q -p -q “p T 1
a*p\ - A 7(k, 1 3
;}-—. a-.p q\h t-p- —%—F Zk2—mE
a b S S _
ap =m =1 _ &
Physical Input Bs(3p) = 10 > Hy (A) vs A . E

A
F(p, Bs) :/ 4’k Z(p, k, Bs)7(k, B3)F(k, B3) \
0

00000
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A toy Model

S-wave & O(p) & Non-Relativistic
2
L= (7,80 - va> W Lo=0T'T+ [T+ he] L3=hTI Tyl

—

A 3 . . .
Scattering equation (7.0, F) = 2(3.0.5) + 57 | 52, B)r(FE)ME. . B)
0
a_ E . 1
' ' 7(k,F) =
;‘:—tu . + q\\.;{ —%‘F %k2—mE
= | > 0 . . : ; :
Physical Input Bg(3p) —10 ; 4 HO (A) vs A ]
F@.Bs) = | ERZGE BB FEB) L
0 OOOOO

M(p,q, E) is A mdependent




A toy Model

S-wave & O(p) & Non-Relativistic
2
L1 =T (’i@o — va> Y Lo = oTTT + [TWW + h.c.} L3 = hoTTTW%D

—

A 53 . . .
Scattering equation (5. E) = Z(7.0.5) + 87 | <5 2, E)r(FE)M(F.4.E)
0 T
+\'-\ T ? —
e _ T L_..; ~ Ly /32— mE
=q P q P ao
a b 10 : : 1
ap=m=1 _ §
Physical Input (3 ) _ 15 > Hp(A) vs A k
F@.B) = [ CRZGEB)rEB)FEB)
0

M(p,q, F) is A independent

P.F. Bedaque, H.-W. Hammer, and U. van Kolck NPA 646 444 (1999)
The three-boson system with short-range interactions




3-body System in the finite volume

 Infinite Volume -> Box

* Momentum space,
continuum -> discrete 2n/L)n, n = (n,n, ny)

* Propagator of dimer,

7. B) = 1 ()=
| _—L+\/§k2—mE \-/

ao L3 £l ?—;(m2+l2+g-f)—mE
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3-body System in the finite volume

e Scattering equation,
AN 3370 . . .
M(F.d.E) = 2(7.6.B) + 37 | <52 E E)yr(k, E)M(E.q. E)

g 8m3
—>

M, =5, B) = Z(i, o, By S 2, = By (L )M, T, B)
lez3
LA
o o 87T 27 o -
ML(?TL,’II,E) — ZL(m7n7 E) + ﬁ Z ZL(ma lvE)TL(laE)ML(lanaE)
iez3




3-body System in the finite volume

Symmetry
 Infinite Volume -> SO(3) group O
« Box Volume -> O,  group '
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Symmetry

 Infinite Volume -> SO(3) group O
« Box Volume -> O,  group '

Infinite Volume, M(p,q, E) = M(Rp, Rq, E)
In the finite Volume, 1? € O,,

ML(ﬁ E) ML(ROhﬁa ROhmﬂ E)




3-body System in the finite volume

Symmetry
 Infinite Volume -> SO(3) group O
« Box Volume -> O,  group '

A

Infinite Volume, M(p, ¢, E) = M(Rp, Rq, E)
In the finite Volume, R, €O,

0" =A7, 8

T, 9y et = —5Z) =0 pE—)
2F —E*@T], a+p\

3 =A0T, 0T, = ot (0= (511 871 4 )
4 —ATOEr o T 0TS, Ct( (s)r; ~(r,E)6 EGZL (r,s ))—O
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3-body System in the finite volume

« Results of Toy model and discussion

8m 1 _at
det (6’_1(8)751(7“, E)d.s — L—gaZfl (7, s,E)) = ()

Purple: excited state of dimer-

20:— .
! particle

B, Black: ground state of three particle

L] (?_

00000000000000

Red: ground state of dimer-particle

-10; St scattering state

20k

Blue: dimer — particle bound state

Orange: three body bound state
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3-body System in the finite volume

* Ainteresting crossing between black and purple
lines at larger size.

ar 1  Purple: excite state
--- zelexchedzmt 4 241 ground st : of dimer-particle

& 3-body ground siake

— Apaiyiic resul
@ S-body ground siate

Y 24l ruciied sixi=

Black: ground state
of three particle

Red: ground state
of dimer-particle
scattering state

c,, C,, ¢c; are all fixed parameters
as shown later.
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Energy shifts in the finite volume

=== i =ych=d sias & 241 growrsd siabe
# 3-body ground siabs
% J=body ground stabe

W 241 mxcied sti=

In this section,

we will discuss this
thin line and try to
give the analytical
expression of this
line up to O(L®).

4

a _
75 +O(L™")




Energy shifts in the finite volume

* Previous work : g, _l2maf ; -
3thr — 73 o + ( + J }
mL :rL L
PHYSICAL REVIEW D 96, 054515 (2017) N
Testing the threshold expansion for three-particle energies 64” a C?- 3rna 6Erﬂ
at fourth order in ¢* theory ml> ml3 I3
. 3
Stephen R. Sharpe a 3
Physies Department, University of Washington, Seartle, Washington 98195-1560, USA —|_ [ I —|_ I J —|_ 15 }C —|_ CL IU‘- (N cut}
(Received 24 July 2017; published 26 September 2017) T L
3 +Cp +C4 + C M”"JFO(L-?} (16)
New = mL/(27). ¢, = 167°(v/3 —4xn/3) FrbaT sl = e 376

and evaluated in Ref. [8]. The new amplitude entering at
O(1/L%) is the divergence-free three-to-three threshold
amplitude M3 4, which begins at (O(4?) in perturbation
theory. The numerical values of C3, C4. and Cs depend
on the choice of UV cutoff, but this dependence cancels
with that of M .. This cancellation is necessary because
AE5 4 18 a physical quantity.
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Ground State of three body scattering, i.e., 0 < mE <L

1
det (9_1(3)7';1(7‘, E)o,.s — %EZZLT (r, s, E)) = ()

Analytical Method

I ——

N —
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Ground State of three body scattering, i.e., 0 < mE <L

1-Z(1L,1)7(1)  —Z(1,2)7(2) —Z(1,N)7(N)
= ~ ~Z(2,1)7(1)  1—2Z(2,2)7(2) —Z(2,N)7(N)
det (1 — Zr(r, S)T(S)) =0 _ =0
—Z(N,1)7(1)  —Z(N,2)7(2) 1— Z(N,N)7(N)

Analytical Method

I ——

N —
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Ground State of three body scattering, i.e., 0 < mE <L

1-Z(1L,1)7(1)  —Z(1,2)7(2) -+ —Z(1,N)7(N)
= ~ —Z(2,1)7(1) 1-2Z(2,2)7(2) --- —Z(2,N)7(N)
det (1 — Zr(r, S)T(S)) =0 - ; _
—Z(N,1)7(1)  —Z(N,2)7(2) 1— Z(N,N)7(N)

Perturbative analysis of
: each elements of matrix
Analytlcal MethOd for “L” is unavailable
LA

— N o< ——
27

N —
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1-Z(LV)#1)  -Z(1,2)72) -+ —Z(1,N)7(N) 1—Z(1,1)7(1)

_Z( 71)%( I ( ) )%(2) _Z(QaN)%(N) — 11— @ 4+ O(L—l)
- n mwIr

~Z(N,1)F(1)  —Z(N,2)7(2) 1 - Z(N,N)7(N) , o = %0

F1(1)=Z(1,1) = 22(1731) (1) Z (G D)+ Y Z(1,51) 7 (1) Z (1, 42) 7 (j2) Z (2, 1)

J17#1 J1,J2#1
e D> Z(L 3R 2 J2)7(j2) Z (2, 53) F(G3) Z (1) + - -
_q;ﬁ\ﬁ.gp + ;éfzp J1,32,337#1

~ S
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127a T T xhLog|L/a T
_ ( 1 2+3 9[/]+ 3)

. rr T Lja T @ T Lap T Tja)?
’F_ Z Z 1,51) 7 (J1) Z (71, 1)+ Z Z 1,71) 7 (J1) Z(]l J2) T (jz)Z(jml)
j1#£1 J1.J271

4+ Z Z(1,31)7 (1) Z (1, 42)7 (j2) Z (2. 43) 7 (§3) Z (3, 1) + - - -

J1,J2,7371




3ag 127a T To x5Log|L/al T3
— —D E —
n= = = (L o e S G
7 =Y Z(Lj)F0) Z 0D+ > Z(1,50)7 () Z (1, 42) 7 (52) Z (j2, 1)
J171 J1,3271
+ > Z(Lj)F(G) 20 J2)7(j2) Z (2, j3) F(js) Z (s, 1) + - -
J1,J2,J371
- = 1 I(0 1 5 3J(0 —zhlog|L/a
71 (1)- (1?1>=m("’”‘ Er))+ (L] e(‘:"'”""’?- 9)* e

3 2 1 (87Hy(A ,
(L)}a).; (—I 3+ 22,19 — 73 + GL -3 (SIITJ(U} + 9K(( ])) _{LJ,/(:.}E* ( W(;ER(? )) +O(L7%)

_[_

" ~4J(0)  16v3log(L/a) 1 | s o
\(__ / S T L e Ko(d) +Ca — 24K(0)) +O(L™)

647 log(L/a) 1 e
\ / 3L ) + (?rL/a)EXI(M + O(L™*)
_ | 3=

\F\(—\. ‘Q/' XN ey H O
) - - B
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3ag 127a T To x5Log|L/al T3
— — F =
=%t = e (e G T
7 =Y Z(Lj)F0) Z 0D+ > Z(1,50)7 () Z (1, 42) 7 (52) Z (j2, 1)
J171 J1,J27#1

+ Z Z(1, 5)7(1) Z(j1, j2) 7 (jz)Z(j2,j3)%(j3)Z(j3,1@
J1,J2,J3#1

,__ = 1 I(0 1 ,  3J(0 —a4 log[L
F 1(1)_2(1\ 1) _ m (—-'3'51 - IET)) + (L}(a)g (_f_r:? +r] — ?.r[‘z }) + EL(;G[)BX{U.]

].ﬂ. (_Il+~ll1‘2_31+ﬁi__(3I]FJ([}}+QK( ))) _{ 1 (STTHD(A)) —|—@(L_3_c)

/ey T L/a)® \ a2A2
" 4@  16VBlog(L/a) . 1 N
\// = ~GLjay /o) — (wL/a)E(X”(M + Cy — 24K(0)) + O(L™>7)
_ 64mlog(L/a) 1 o
\ B _______ﬂ/ ~ " 3(L/a)® + (WL/G):;XI(-"‘) +O(L™)
e
= 1 =3=c

(Non-perturbation




Energy shift of Ground state of 3-body scattering state

12ma T T zh log|L /al T3
mE = 1 _ +--
% ( "L/a T @/ap T (Lja T (T]af
T3 = QX(A) TR Cutoff Dependence
Ho(A) X8
ol ’1T~ — — LR
X(A) . 25,;(0 i,0)7(i,0)M*"(i,0) ) | )
?Eij!hr_ (i.3,m) = F?"—G—}’—i—?- j—n T?
M*E(5,0) = 2(5,0,0) +Z %z(} i,0)7 (4, 0) M*(7, 0) rlim) = g+ TV/8R —an
1EZ3




ST - —

2(0,7,0)7(7, 0) M~ (7, 0), /\/M(0,0,0)

Divergent From

X : A iIndependence
z

— & 1
2 ogle log|e]
Tree Diagram One loop Diagram, Two loops Diagram.
. I 4da 8 2v3 ae 5 112¢(3)
A = el—%}% (L{E(U:U"D) e (E o ) a*log (2?)) “T

L Hy(A A L - .
M.(0,0,0) = “( j+8rf ~—32(0,k,0)7(k,0)M(k.0,0)




X5 : A Independence

1 q B}
Ty =+ (—113(0) +1(0)J(0) + 15K(0) + c.z)
87 V3l

TR 8”()(‘_ 27r‘2>

amplitude M. which begins at O(4?) in perturbation
theory. The numerical values of C3, C4. and Cs depend
on the choice of UV cutoff, but this dependence cancels
with that of M3 4. This cancellation is necessary because
AEx 4, 1s a physical quantity.
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Energy Shift of 3- body Ground state

mmm 24 mwched stase * 1 growrsd sk

% 3=body ground stabe

s L ,
Ground State: K‘zz% (1—|—g1 + 92 g3 In 2 + 94 _|_)
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More Energy Shift

le L B L A | T o ,‘.
F e T4l mwched stane # 247 ground st 1.5 "ul
2: -] Araiytic result #  3-body ground siats ¢ o
- 5 % 3=body ground stabe
B v % 241 excited staie y &
e [+ o # 241 mxcited state - 1.0
& : s
- £
0.5
J: ‘é' 'I3 _’Ir 0.0
L= 2 4
2 90 91 , 92 g3, mL gy
Ground State: k2 =22 [ 1+ + + In + +--
L L L2 L3 21w L3
h'D hl ho hg mL h4
Excited State: k2 —1=-—2 [ 1+ = — In = +
L L L2 LB od L3

where g4 = (5.159159617+ an(

a

hy = —1?2,001650+83,745841(I B
(1

L eANA

(n)

S 2

:




mEa?

More Energy Shift

L L L L
L

*

-------- 4] =xch=d shass & 241 growrsd] siabe

= Arahyiic resul

g Purple: excite state
' of dimer-particle

& 3-body ground siake
@ S-body ground siate
Y 24l ruciied sixi=

s+ zieaessme | Black: ground state
of three particle

Red: ground state

o of dimer-particle
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7 8  Scattering state

Ad denotes the particle-dimer
scattering amplitude at threshold




Summary

* In the infinite volume, we build the scattering equation of
dimer particle amplitude to describe the 3-body system
based on the non-relativistic effective field theory.

* By considering the symmetry and the discrete momentum
In the box, the quantization condition for the energy level of
3-body system is derived.

« Through this quantization condition, we derived the lowest
energy shift of the 3-body scattering state, and prove it is
cutoff independence.
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Outlook

* Non-relativistic -> relativistic
« S-wave dimer -> high partial wave dimer

* To apply this method to study real 3-body system,
such as 3- pions, it still needs more efforts.
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3-body System in the finite volume

There are 48 rotation operators g € O,,,

(X,y,2) => (X,Y,2) , (X.¥,-2), (X,-%,2), (X,-Y,-2), (-X.Y,2) 5 (-X.Y,-2),
(-X,-¥,2), (-X,-y,-2)
(y.X.2) , (¥.X,-2), (¥,-X,2), (¥,-X,-2), (-¥:%,2) , (-Y:X,-2),
(-y:-%,2), (-¥,-X,-2)
...... => 8 x 6 = 48 vectors

Irreducible Representation T, AT, A E=, T, T3

riis on the shell | f(7) = f(giio) = S: Y:T}jf(g)f}”?(ﬁo(s))

s, and n,is the

special vector

el P’L F*
on the shell s f Z T
ge0y,
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3-body System in the finite volume
Z1 (7, m, E) = Z1,(§7t, gm, F)

ZL’LJ r, S, E Z TF* g ZL ( )7m0(8)7E)
g€0h

Quantization condition:  det(r; ' — —Z1) =




3-body System in the finite volume

* Results of Toy model && TI'=A;"

1
det (9—1(3)751(73 E)rs0ij — ig GZL”(T S E)) 0

| )
det (9_1(5)7_1(7“ B)s,, — %ézﬁ (r.s E)) ~ 0

4
1 o
L (T’E o _aO L3 Z 47T2 (_,2

"r'sE ZZLgnO no(s), F)




Energy shift of Ground state of 3-body scattering state

B 12ma T T zh log|L /al Tg
F =5 (U et e e )
1(0 )
T = —% 2y = LO) ;J O 16v3 — 647 /3
T3 — +6:T + L (1%(0) + 1(0)3(@) + 15K (D) +0)

8rma  4J(0 16v/3 — 647/3) log(L/a
—(L/a)? (X(A) 73+ (WL(/;F +( (L/ijif L/ ))
_ Ho(h) | N8t -
X(A) o T 752(0.2.0)7(i, 0)M* (i 0), ((j:utoff
oza ependence
[1,N]




