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• The Higgs boson only provide 
~2-5 MeV for the u/d quark 
mass at 2GeV MS-bar,

• But the mass of the proton is 
938.272046(21) MeV. 

How does the mass and spin of 
nucleon arise?

 http://www.latticeaverages.org 

— The US National Academy of Science 
assessment of U.S.-based Electron-Ion Collider 

Science
https://www.nap.edu/read/25171/chapter/9#92

• Only 30% of the proton spin 
comes from the quark helicity, 
based on the experiments

• The gluon helicity and orbital 
angular momentum can have 
significant contribution to the. 
Proton spin

In order to take advantage of the full potential of the 
EIC, theory program to match its scope is essential, 

comparing both continuum and lattice QCD

http://www.latticeaverages.org/
https://www.nap.edu/read/25171/chapter/9#92


Quantum Chromodynamics
The perturbative calculation in the continuum

• Very precise at 
Q~100 GeV, the 
experiment 
confirmed the 
predictions; 

• Limited application 
for nucleon 
properties due to 
bad convergence 
at Q≤2 GeV. 

• The other 
possibilities?



Lattice QCD
Application of the statistics in QCD 

⊗ ～500

～5fm

～0.1fm

Discretization on the 4-D integral of 
the space-time 
Monte Carlo sampling in the integral 
of the gauge phase space  

A state-of-the-art calculation 
requires： 

• 4-D lattice with ~5x proton size; 

• With a lattice spacing ~1/10 proton size; 

• ~500 samples with 1000 measurement each. 

• Use 4k-8k cores per sample and handle 
different samples in parallel.



What can Lattice QCD help on 
the nucleon physics?

• How does the mass of the nucleon arise?
• How does the spin of the nucleon arise? 
• How does the gluon in the nucleon look like?



YBY, et. al., 𝛘QCD collaboration, PRD 91 (2015) 074516 

Xiangdong Ji, PRL 74 (1995) 1071-1074 

With  
The quark 

mass

The QCD anomaly
The glue
anomaly

The quark mass 
anomaly

Gauge Invariant and 
scale independent 
combinations.

The quark energy

The glue field energy

The total energy

Two sum rules of the nucleon mass



Then we have

The quark 
mass

• Renormalization scheme/scale independent in continuum; also in 
discrete case when the chiral fermion is used.

The quark mass term

in the rest frame.

Proton mass decomposition

σπN  = ⟨Hm(u)+Hm(d)⟩ = 45.9(7.4)(2.8) MeV fsN MN = ⟨Hm(s)⟩ = 40.2(11.7)(3.5) MeV 

⟨Hm(u,d,s)⟩ / MN  =  9(2)%
The best lattice result free of the systematic 
uncertainty from the explicit chiral symmetry 

breaking
YBY, et. al., 𝛘QCD collaboration, PRD 91 (2015) 074516 



Then we have

The quark/gluon energy

The quark energy

The glue field energy

The total energy

• The quark/glue energy can be deduced from the 
momentum fraction, 

• The renormalization of the quark momentum 
fraction is much more trivial, which is just mixed 
with the glue one. 

• It is more straightforward to obtain the quark/
glue momentum fraction first, and convert it 
to the quark/glue energy.

Proton mass decomposition



Comparing the momentum fractions

from the experiment 

Proton mass decomposition

S. Dulat et al, Phys. Rev. D 93  (2016), 033006

41.6(5)%
34.8(3)%, u + u-bar

19.0(3)%, d + d-bar

3.5(5)%, s + s-bar

YBY, J. Liang, et. al., 𝛘QCD collaboration, 
PRL121(2018) 212001, 1808.08677

ViewPoint and Editor’s suggestion



Glue energy
Quark energy

Trace Anomaly
Quark condensate

Total proton mass 
0.960(13) GeV

• Direct calculation of the quark/glue momentum 
fraction with non-perturbative renormalization 
and normalization. 

• Trace anomaly contribution deduced by the 
direct calculation of the quark scalar condensate 
in nucleon, based on the sum rule

YBY, J. Liang, et. al., 𝛘QCD collaboration, 
PRL121(2018) 212001, 1808.08677

ViewPoint and Editor’s suggestion



Proton mass decomposition

Trace anomaly?

Preliminary

Under the dimensional regularization, the QCD EMT can be decomposed 
into the trace part and the traceless part:

Tμν =
1
4

ψ̄γ(μDν)ψ + FμρF ρ
ν −

1
4

gμνF2

= (Tμν −
gμν

d
Tα

α) +
gμν

d
Tα

α ≡ T̄μν + ̂Tμν,

Tα
α = mψ̄ ψ − 2ϵ

F2

4
+ 𝒪(ϵ2) = (1 + γR

m)(mψ̄ ψ)R +
βR

2gR
F2

R .

Under the other regularizations: 
• The regularization introduces some tiny 

trace on the traceless QCD EMT; 
• Such a trace vanishes when the UV cutoff 

vanishes; 
• But it become finite when the quantum 

corrections are included. 



What can Lattice QCD help on 
the nucleon physics?

• How does the mass of the nucleon arise? 
• How does the spin of the nucleon arise?
• How does the gluon in the nucleon look like?



How does the spin of nucleon 
arise?

Spin/helicity (u,d,s…,g): the 
integration of the polarized parton 
distribution function (PDF) 

• The quark model (agrees with the 
lattice simulation at heavy quark limit): 

    Δu→4/3,  Δd→-1/3, Δs→0, Δg→0; 

• The phenomenology fit of quark 
distribution based on Exp.:

    Δu~0.8,  Δd~-0.4, Δs~-0.1, Δg~0.4; 

• The experiments are quite different 
from the naive theoretical 
understanding, just becomes the 
quark masses in the real world are 
actually light!

NNPDF Collaboration, NPB887 
(2014) 276, 1406.5539

YBY, 𝛘QCD collaboration, 1904.04138

E. R. Nocera, et.al. (NNPDF), NPB887(2014)276, 1406.5539

As shown in the introduction of X. Zhang and B. Ma, PRD85(2012)114048



Glue spin  
Large momentum effective theory (LaMET)

Light-cone direction

spatial direction

Coulomb gauge

Temporal gaugeor

When nucleon is boosted: 
• The Coulomb and Temporal gauge 

conditions become the light-cone one. 
• Glue spin below becomes glue 

helicity, the integration of the glue 
polarized PDF, at tree level.

X. Ji, J. Zhang, and Y. Zhao, PRL111 (2013)112002, 1304.6708



Glue spin  
Results

the glue spin at the large momentum limit
for the renormalized value at μ2=10GeV2 

will be

SG=0.251(47)(16). 

Neglect the matching and 
apply an empirical form to fit 

the data, 

D. Florian, Phys. Rev. Lett. 113, 
012001 (2014), 1404.4293

YBY, R. Sufian, et. al., 𝛘QCD collaboration, 
PRL118(2017)042001, 1609.05937

ViewPoint and Editor’s suggestion

R 0.05
0.001 dx�g(x) +

R 1
0.05 dx�g(x) ' Sg



One of eight  
APS Highlights of 2017

https://physics.aps.org/articles/v10/137

YBY, R. Sufian, et. al., 𝛘QCD collaboration, 
PRL118(2017)042001, 1609.05937

ViewPoint and Editor’s suggestion

https://physics.aps.org/articles/v10/137


Nf Disc mπ FV Ren ESC
𝛘QCD    18 2+1 o o ★ ★ ★
PNDME 18 2+1+1 o ★ ★ ★
ETMC    18 2+1+1 ★ ★ ★ ★

C. Alexandrou, et.al, ETMC collaboration, PRL119 (2017) 142002, 1706.02973, with 2018 updates

J Liang, YBY, et.al, 𝛘QCD Collaboration, PRD98 (2018) 074505, 1806.08366 
H. Lin, et.al, PNEME Collaboration, PRD98 (2018) 094512, 1806.10604 

Δu

Δd Δs

D. Florian, et.al, PRL113 (2014) 012001, 1404.4293

E. Nocera, et.al, NNPDF Collaboration, NPB887 (2014) 276, 1406.5539
C. Adoph, et.al, COMPASS Collaboration, PLB753 (2016) 18, 1503.08935

Quark spin: Present summary 



M. Deka, T. Doi, YBY, et. al., 𝛘QCD collaboration, 
PRD91(2015)014505, 1312.4816

EMTC 17: PRL119(2017), 1706.02973

Proton spin  
Lattice result of Ji AM 

YBY, 𝛘QCD collaboration, 1904.04138

Quenched result
2-flavor result  

(neglecting the difference between the 
glue momentum and AM fractions)

Preliminary 2+1 flavors 
result

Quark AM Glue AM

Perturbatively renormalized Non-Perturbatively renormalized



What can Lattice QCD help on 
the nucleon physics?

• How does the mass of the nucleon arise? 
• How does the spin of the nucleon arise? 
• How does the gluon in the nucleon look like?



Less known part 
of the parton distribution function

• If we consider the first-moment of the unpolarized PDF and the zeroth-moment 
of the polarized one, the values of the gluon case are comparable with the 
quark case. 

• But their x-dependence are very different. 
• The gluon PDF is much less unknown from the experiment.

Unpolarized PDF Polarized PDF

R. D. Ball, et al. (NNPDF), EPJC77, 663 (2017), 1706.00428 E. R. Nocera, et.al. (NNPDF), NPB887, 276 (2014), 1406.5539



And the quasi-PDF is defined by

X.D. Ji, PRL110 (2013) 262002, 1305.1539  
X. Xiong, et.al, PRD90 (2014) 014051, 1310.7471

 21

Light-cone link

spatial link

The original polarized quark PDF defined in the light front frame is,

With ,

From quasi-PDF
to PDF

q̃(x, Pz, μ̃) = ∫
dz
2π

e−ixPzz⟨P |O(z) |P⟩

q(x, μ) = ∫
dξ−

4π
e−ixP+ξ−⟨P | ψ̄(ξ−)γ+

× exp( − ig∫
ξ−

0
)dηA+(η−))ψ(0) |P⟩

O(z) = ⟨P | ψ̄(z)exp( − ig∫
z

0
)dz′�Az(z′�))ψ(0) |P⟩

Their IR behaviors (or non-perturbative properties) are the same and the 
difference in UV can be matched with Large Momentum Effective Theory



Gluon PDF and its moments
The gluon PDF is defined by:

And its odd moments can be defined through local operators, likes 
the first moment:

All the operators belong to the traceless part of the 
gauge EMT.



where.                                   and       is defined by 

So the gluon quasi-PDF can be defined through the quasi-PDF matrix elements       :

or the other alternative choice:

all of them provide the same first moment of the gluon PDF, 
while only       can be multiplicative renormalizable.  

Z. Fan, YBY, et.al, PRL121, 242001 (2018), 1808.02077 

Jian-Hui Zhang, et.al, PRL122, 142001 (2019), 1808.10824

Zheng-Yang Li, et.al, PRL122, 062002 (2019), 1809.01836

Gluon quasi-PDF



Z. Fan, YBY, et al, PRL 121 (2018) 212001, 1808.08677

• The gluon quasi-PDF still suffer from the large statistical uncertainty. 

• The coverage of the zPz region should be enlarged significantly to constraint gluon PDF. 

• The major challenge is reaching a large Pz with good signal.

First Lattice QCD attempt on the gluon quasi-PDF

R. D. Ball, et al. (NNPDF), EPJC77, 663 (2017), 1706.00428, 
replotted by Yu-Sheng Liu

u(x), d(x), . . . g(x) ∫
1

−1
dxeixzPzxg(x, μ) v . s . HRa

0 (z, Pz, μ)



H. Lin, et al, LP3 Collaboration, PRL 121(2018) 242003, 1807.07431

• The momentum smearing technique provides the possibility to reach a large Pz with 
good signal. 

• The same technique can be used for the gluon case.

Attempts to reach large Pz

Based on the momentum smearing technique introduced by 
G. S. Bali, et.al,  PRD93, 094515 (2016), 1602.05525

Eeff (Pz, t) t → ∞ EN = m2
N + P2

z Δu(x) − Δd(x), based on the quasi PDF calculation at Pz = 3.0 GeV

G. S. Bali, et.al,  PRD93, 094515 (2016), 1602.05525



Gluon polarized PDF from Lattice QCD
Revisit the zeroth moment

YBY, R. Sufian, et al., (𝛘QCD), PRL118, 042001(2017), 1609.05937

Figure from Yu-Sheng Liu. Based on 
E. R. Nocera, et.al. (NNPDF), NPB887, 276 (2014), 1406.5539

Gluon spin under the Coulomb gauge 
• Sizable contribution to the proton spin; 
• Convergence of the LaMET matching is poor at 1-loop 

level; 
• Gauge dependence should be checked with the 

calculation under the other gauge conditions.

Δg̃ = ∫
∞

0
dzΔH̃g(z) |Pz→∞ = ∫

∞

0
dzΔHg(z) + 𝒪(αs) = Δg + 𝒪(αs) .

ΔH̃g(z) = ∑
i=x,y

⟨PS |Fiz,a(z)(e ∫z
0 igAz(z′ �)dz′�)abF̃iz,b(0) |PS⟩

ΔHg(z) = ∑
i=x,y

⟨PS |F+μ,a(ξ−)(e ∫ξ−
0 igA+(η−)dη−)abF̃+,b

μ (0) |PS⟩ = ∫ dxP+xeixξ−P+g(x)

ΔHg(ν/P+)/P+

Gluon spin can also be obtained through the 
following gauge invariant definition: 



Summary
• Lattice QCD can provide a systematic way to 

predict the non-perturbative characters of nucleon 
and many results have come out recently; 

• Gluon provide significant contribution to nucleon 
mass and spin; 

• We are on the way to determine the distribution of 
gluon in the nucleon, from Lattice QCD.


