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Introduction and motivations

From Boltzmann equation to quantum kinetic equation

» Classical kinetic theory: Boltzmann equation
(Ot +x-0x+p- ) f = C[f]. (1)
» EM field: Vlasov equation
0= 6(p> — m)pH[d — Fundy1F = CIf]. )

> Quantum kinetic theory: spin effect in O(h).

p .
2|p|?

» Chiral fermions: spin parallel to momentum. Berry curvature:
P> Massive fermions: New degrees of freedom for spin direction.
> Spin evolution equation.

Ref:

Chiral kinetic theory: Stephanov, Yin. 2012; Son, Yamamoto. 2013; Hidaka, Pu, Yang. 2017; Huang, Shi,
Jiang, Liao, Zhuang. 2018; Gao, Liang, Wang, Wang. 2018; Liu, Gao, Mameda, Huang. 2019.

Massive kinetic theory: Weickgenannt, Sheng, Speranza, Wang, Rischke. 2019; Gao, Liang. 2019; Hattori,
Hidaka, Yang. 2019; Wang, Guo, Shi, Zhuang. 2019.
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Introduction and motivations

Spin polarization
» Spin polarization is one of important probes in experimental physics to study the
nuclear matter in heavy ion collisions.

> Spin polarization can be induced by vorticity w and magnetic field B.(Liang, Wang.
2006; Becattini, Piccinini, Rizzo. 2008; Kharzeev, McLerran, Warringa. 2008.)

» Pauli-Lubanski vector with momentum .‘35 and spin operator 350 (Ryder. QFT.
1996.)

Wy = —cwro PSS, 3)

We can introduce the investigation of spin effects into nonequilibrium state via
quantum kinetic theory.
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Wigner operator in curved spacetime

» Wigner operator

A v/—gd* o ) —1/2y-
Wa,@(X7P)E (27r) y Py/h[ (X)el/2y D]ﬂ[e 1/2y D"p(X)]o/ (4)
Where the derivative ﬁ ) acting to the left(right).

> We emphasize that x in equation (4) is the coordinate of point(P) in curved
spacetime, and y is vector in the tangent space of point P, and p is vector in
cotangent space of P.

» Horizontal lifted covariant derivatives (Winter. 1985; Calzetta, Habib, Hu. 1988; Fonarev.

1994)

Dy

D

where V, is the
M, = —iwff’aab
connection.

0 0 i
= Vu— r;wy di)\ + ruuPA Py +ru + ﬁAH s (5)
N———
connection for spinor
— — ——
= G- 2n o M a 6
= n d YN dp pup>\ h o ( )

usual covariant derivative operator, Ay is gauge field,
is spin connection with o, = 2[’ya,'yb] and wy b the vierbein

» Vierbein: e? = eza“.
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Dynamic equation for Wigner function

Up to O(h?) order

32
h3
8 x 4!

ih A ih? -
['Y# (nu + EAH) - m} W = —~"Ruapo [Bs‘ w, O"W]

(VaRuapa 1" 0505 W, 07| (7)

with

h2 v ap hz 14 o qv h2 v
My = P = 15 (Vo Fun)O5 08 + o RO o050} pp + - ROy

72 2
Ay =Vu+(=Fux+ FZAPV)a;‘ - E(vaW)aﬁap” - Q(VxRpaw)aﬁé’,‘J@?pp
2 2
+ g R o505 Dp + 57 (VaVaFuy + 2R oy Fa,)08 0505 ,

(®)

where R“Vp(, is Riemann curvature and R, is Ricci tensor.
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Decomposition of Wigner function

1 1
W= Z[f—l— iV°P + YV + ¥ A+ EUHVSIW]'

The constraints for the decomposed coefficients

hZ
A VF = ﬂ(V,,R‘W)c’)ﬁc’)ﬁ]}“, hAyAY = —2mP,
Iz 12 vz I3 12 VAR
MV =mF = ZRuwdV", MuA* = ROy AY,
h2
hA[HVl/] —euvpaMP A7 = mSpu, — Rel"ﬂlﬁ RaﬂpaasAm
h2
RAL A = €uvpe PV = 7RGMV0¢BRQEPGBZV‘T’
I ;LL2 h2
EAH]-' NS, = _1f6RWp<;ag$PfS - Evaaﬁsp,w
h
n,Fr — EA”SW = mV,
h 1 h?
EAMP - Eewgn"spd = mA, - EWMKRPMVa;’sM,
h
n,? + ZewpgA”S”" = 0.

with X[, Y, = 2(X. Yo — X V).

(9)

(10)

(11)

(12)
(13)
(14)
(15)
(16)

(17)
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Solutions up to O(h)

» P, F and S"Y can be expressed by V¥ and A*.
» In classical limit i — 0

V(’(‘)) = 4rprfO§(p? — m?), (18)
.AEB) = 47r,szf“5(p - m?), (19)

with puszf 6(p - m?)=0.
> In O(h), we can write A, =V, + (—F, >\+FH/\py)B

Vpi = 4xmh p”f(l) + L€HVPUHVAP,!%CEO) 5(P2 _ m2)
1 2p-n
_ . 70
+Fm (MV(O) A nu> &'(p* — mz)}7
p-n

(20)

Aﬁ) = 47rh{,gz{(‘1‘)6(p2 — m?) + Fp, FO5' (p2 — mz)}7
(21)

where n* is a unit timelike frame vector, and we have pung(‘f)é(p2 —m?)=0.
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Solutions up to O(h)

0
> oty = oy +pufs” where puofy, =

=0and &* = pifD) 4 TV AL FO),

0.

» Chiral limit m = 0: we can obtain 42/‘5

(0L 1~
RE/LH = Am{ [p"fr/ £ hEEY Aufr/1] 6(P7)
£hFM pfg 8" ()}, (22)
where RH/LF = %(V“ + A#), and X," = Fllne“””"ppng is the spin tensor for

chiral fermion. Chiral kinetic equation: A {R*/LH*} = 0.
> Massive case m # 0: 1"5(0)5(p2 — m?) =0 and ‘AFO) = 47r,9f(g)l6(p2 — m?).

Redefining
1
PO o £ e Put Bl [, (23)
and using
v h v o
p-A.A;L = F,uy.A “FEE#upaA APY s (24)

the frame vector n# is eliminated in the kinetic theory.
The redefinition of f(1) in Eq. (23) is equivalent to identifying the frame n* as

. M
the particle's rest frame n* = %.
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Solutions up to O(h)

» Massive case m # 0, we define moHfy = (O)J_ + hﬂ(lﬂ_, with 62 = —1 and
pt8, = 0:
VE = 47r{p#f5(p2 — m?) + mhF" 0, £48" (P — m?)
+%EWWPVA,, (05£4) 8(p* — m2)}, (25)
AP = Am{mOF a8 (p? — m?) + BFY pu 8’ (p? — m?)}, (26)
Sy = 8TmfaZiV(p? — m?) — dnmhFy, £ (p —m?)
+?A[u (puf) 8(p* — m?), (27)
= 4rm{fs(p* — m*) — ﬁF““wafA(S'(pz —m?)}, (28)
" (29)

where Y =

1

= ——A A"
2m ¥

5 €17P70,ps is the spin tensor for massive fermion.
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Quantum kinetic theory for massive fermions

.
AR =0,  p-AA, = Fu A + ELEMVPUAVAPVU. (30)

» Two independent scalar kinetic equations
0 = 8p*—m FhES Fup)
h
><{ [pmH £ ISR (PG + 1D D) ] iy

h v
+§(fT — 1) (VpFuv08 + [Dy, D)) £k } (31)

where /| = 1 (f + fa).
» Spin evolution equation
p - AO*5(p? — m?)
1
= FPO,8(p° — m?) — 0" (p- D) 6(p7 — )
A

h

HYPY o Dy D pfS(p — mP). 32
2mfA€ P pfo(p = m) (32)
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Spin operator and frame vector

> In O(h) we have

h
axi(p BT o) = T (G I W) )

Amhmfa X" 5(p? — m?) Tr (Z{UUV,’Y)\}ID\ W(x, p))

» The spin current in Noether's theorem

S\, v
SC

>

o P}
» Spin operator in field theory

A A\
Sgy = SC’#VI‘I/\.

I
SEY = Tr (i{gw’, Ay W(x, p)) .

(33)

. (34)

(35)

(36)

(37)
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Spin polarization

» The Pauli-Lubanski vector and spin polarization density in kinetic theory

d*p

Wh(x,p) = — rop,SS, M) = [ P (x,p). (38)
h(p - n) P (2m)*v—g
» Spin polarization of massive fermions
WE = ArmOHfaS(p? — m?) + 2mhet PO p, Foe F8 (P — m?).  (39)

d4p 2 2 I pvpo P
/mé(p — m<) X (4nmO* fy — whe FooOPf) . (40)

» Spin polarization of massless fermions

I [(p“ﬁs+h2’,f”Al,f)5(p2)+hﬁ“”pyf5'(p2)]. (41)

/ Gy g PP (9 + IR A ) — 177 Fop 8], (42)

The evolution of spin polarization is dominated by kinetic theory.
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Equilibrium state for massive fermions
> £, = nelgr/,) with gy = p- B+ ap) 025w
VubBy +VuBy = 0, VB — 2w = 0\(Vawpw =0),
ar=a; = aq, Vo= Fu,pY. (43)
Finite Riemann curvature is necessary to derive 2w, = V[“ﬂu]. Without

curvature, Vwy, = 0 is sufficient constraint for wy,, in equilibrium even when
the EM field is considered.

» Spin polarization
W = —whet P paVaBsfly(p- B+ a)d(p? — m?)
+27rh,€“UpUpprafeq5/(p2 — m?). (44)

Considering the spin per particle in phase space 7 = #'* /f (Becattini, Chandra,
Zanna, Grossi. 2013)

7, = 4mhe"*Pp,VaBll — ne(p- B+ a)]s(p> — m?).  (45)

w—eq

The correspondence between magnetic field and vorticity

d*p
Neg(x) = —Wﬁ/w fg5(P2—m2)ﬁq
X ("N pBo + P BuFpo) . (46)
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Equilibrium state for chiral fermions

> fe) = nr(grL), with gg/p = p- B+ ag/ £ hEp" wuy

V#ﬁy =+ Vyﬁ‘u‘ = d)(x)g‘w, V[#ﬂy] — 20.)#,, =0 (47)
Vuar =Vyuar = Fupr. (48)

» Spin polarization

vh = [2p”(aR —ay) - hewaﬁpl’vaﬁﬁ] fead (%)
AR p, £ (52). (49)
A S

—ﬁe”ypapyvpﬂa - heuypUﬂUFpU] . (50)
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Summary and outlook

Summary
» We derive quantum kinetic theory for Dirac fermions in curved spacetime.

» We illustrate the frame dependence of spin definition in both of kinetic theory
and field theory. For massive fermions, the frame vector can be removed in
kinetic theory.

» Spin polarization is derived from kinetic theory, and the results are available in
non-equilibrium state.

» In equilibrium state, finite Riemann curvature is necessary in deriving
spin-vorticity coupling for massive fermions. Spin polarization induced by
vorticity and magnetic field is verified by the equilibrium conditions.

Outlook

» Simulation of the evolution of spin polarization for Dirac fermions.
» Quantum correction for collision term.

» From quantum kinetic theory to spin hydrodynamics.

Thank you!
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