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Recipes to build an amplitude
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M. Mikhasenko, AP, J. Nys et al. (JPAC), EPJC78, 3, 229
AP, J. Nys, M. Mikhasenko et al. (JPAC), EPJC78, 9, 727



How helicity formalism works
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Each set of angles is defined in a 
different reference frame



How tensor formalism works
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What do we know?
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Kinematics
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𝐵 → 𝜓 𝜋𝐾
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𝐵 → 𝜓 𝜋𝐾
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𝐵 → 𝜓 𝜋𝐾
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Helicity amplitudes
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Identify covariants

11A. Pilloni – Reaction theory and analysis methods



General expression and comparison
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There is no unique recipe to build the right amplitude, but
one can ensure the right singularities to be respected



General expression and comparison
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3-body interaction in Dalitz plots
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I. Danilkin et al. (JPAC) PRD91, 094029

The rescattering with the 
bachelor particle is known 
to modify the isobar 
lineshape 
(Khuri-Treiman equations)
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3-body unitarity

M. Mai, B. Hu, M. Doring, AP, A. Szczepaniak EPJA53, 9, 177
A. Jackura, ..., AP, et al. (JPAC), EPJC79, 1, 56
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Factorizable model

A. Pilloni – Models for Dalitz plot analyses

The unitarity equation is now
algebraic and easier to handle

Integral over the Dalitz plot (aka quasi 2-body)

M. Mikhasenko, AP, et al. (JPAC), 
PRD98 (2018) 9, 096021 

M. Mikhasenko et al. (JPAC) to appear

If one neglects the disconnected 
diagrams, one can suppress the 
dependence on the 2-body invariant 
masses
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Factorizable model
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The quasi 2-body gets 
corrections from rescattering

M. Mikhasenko, AP, et al. (JPAC), 
PRD98 (2018) 9, 096021 

M. Mikhasenko et al. (JPAC) to appear

The approximation can be relaxed, 
but one can still obtain a 
(complicated) factorized form
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One can test different parametrizations of the amplitude, which correspond to
different singularities → different natures

Szczepaniak, PLB747, 410-416
Szczepaniak, PLB757, 61-64
Guo et al. PRD92, 071502

𝑌
𝐷1

𝜋

𝐷∗
𝜋

𝐽/𝜓
 𝐷

Triangle rescattering,
logarithmic branching point

(anti)bound state,
II/IV sheet pole
(«molecule»)

Resonance,
III sheet pole
(«compact state»)

Tornqvist, Z.Phys. C61, 525
Swanson, Phys.Rept. 429
Hanhart et al. PRL111, 132003

Maiani et al., PRD71, 014028
Faccini et al., PRD87, 111102
Esposito et al., Phys.Rept. 668

Amplitude analysis for 𝑍𝑐(3900)

AP et al. (JPAC), PLB772, 200
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Amplitude model

𝑍𝑐 3900 ?

𝐷1(2420)
𝑢: 𝐷0(2400) 𝑢: 𝑍𝑐 3900 ?

"𝜎, 𝑓0(980)"

Khuri-Treiman
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Triangle singularity

Szczepaniak, PLB747, 410-416
Szczepaniak, PLB757, 61-64

Guo, Meissner, Wang, Yang PRD92, 071502

Logarithmic branch points due to exchanges in the cross channels can simulate a resonant 
behavior, only in very special kinematical conditions (Coleman and Norton, Nuovo Cim. 38, 438),
However, this effects cancels in Dalitz projections, no peaks (Schmid, Phys.Rev. 154, 1363)

...but the cancellation can be spread in 
different channels, you might still see peaks in 
other channels only!

𝑌(4260)

𝐷1

𝜋

𝐷∗

𝜋

𝐽/𝜓
 𝐷
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Testing scenarios

The scattering matrix is parametrized as 𝑡−1 𝑖𝑗 = 𝐾𝑖𝑗 − 𝑖 𝜌𝑖 𝛿𝑖𝑗

Four different scenarios considered:

• «III»: the K matrix is 
𝑔𝑖 𝑔𝑗

𝑀2−𝑠
, this generates a pole in the closest unphysical sheet

the rescattering integral is set to zero
• «III+tr.»: same, but with the correct value of the rescattering integral
• «IV+tr.»: the K matrix is constant, this generates a pole in the IV sheet
• «tr.»: same, but the pole is pushed far away by adding a penalty in the 𝜒2
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• We approximate all the particles to be scalar – this affects the value of couplings, which 
are not normalized anyway – but not the position of singularities. 
This also limits the number of free parameters
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Fit: III
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Fit: III+tr.
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Fit: IV+tr.
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Fit: tr.
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Fit summary

III+tr.

IV+tr.III

tr.

Naive loglikelihood ratio test give a ∼ 4𝜎 significance of the scenario III+tr. over IV+tr.,
looking at plots it looks too much – better using some more solid test
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Pole extraction
III+tr. IV+tr.III

Not conclusive at this stage
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How to improve the model
Molnar, Danilkin, Vanderhaeghen, 1903.08458

Ex. 𝑒+𝑒− → 𝜓′𝜋𝜋
Khuri-Treiman with spin, Omnès function for 𝜋𝜋
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How to improve the model
Molnar, Danilkin, Vanderhaeghen, 1903.08458

𝑍𝑐(3900)

𝑍𝑐(3900)
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How to improve the model
Molnar, Danilkin, Vanderhaeghen, 1903.08458

No 𝑍𝑐

Broad 𝑍𝑐′



Thank you
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Conclusions

• The study of kinematic singularities provides the 

«minimal» energy dependence of partial waves

• Isobar model remains the most effective method to 

describe Dalitz plots

• 3-body effects can be introduced in a flexible way, 

depending on the dominant effect expected
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