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Lecture 1: Basic notions of dense matter. Nuclear interactions and nuclear matter, effective field theory. 

Lecture 2: Mass and radius.  Linear response,  proto-neutron star evolution, supernova neutrino 
emission and detection. 

Lecture 3: Late neutron star cooling: Thermal and transport properties of degenerate matter, cooling of 
isolated neutron stars, heating and cooling in accreting neutron stars. Observational constraints. 

Lecture 4: Neutron stars as laboratories for particle physics:Dark matter candidates (axions and other 
light weakly interacting particles, WIMPs, compact dark objects). Constraints from observations of 
neutron star masses, radii and cooling. 



Neutrino Scattering in Novel High Density Phase in the Core 

Two examples:  

•Generic first-order transitions.  
•Superconducting quark matter.  
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Neutrino Scattering in the Mixed Phase 

quark droplets in nuclear matter.  

number density of droplets 
weak charge of the droplet.
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Neutrino Scattering in the Mixed Phase 

quark droplets in nuclear matter.  

Coherent scattering from the 
droplets is large. Greatly reduces 

the neutrino mean free paths.  number density of droplets 
weak charge of the droplet.



Neutrino Scattering in Superconducting Quark Matter. 

Πμν(q0, q) = − i∫ d4p Tr[G(p + q)ΓμG(p)Γν]

Pairing modifies particle propagation. Particles 
can be absorbed or emitted from the condensate.

Energy gap modifies the energy spectrum.  

Response moves to high energy (time-like). 
Neutrino scattering is exponentially suppressed.  Carter & Reddy  (2000)
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Neutrino Scattering in Superfluid Quark Matter. 

•Superfluid state has a 
Goldstone boson. 

•Neutrinos couple to 
these modes. 

•Arises naturally in RPA.

•At T << Tc this is the 
only relevant mode for 
neutrino scattering.   
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Ultra Dense Matter is Opaque to Neutrinos but Transparent to Photons! 
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Neutron Star Tomography with Supernova Neutrinos 

Temporal features in the late time 
neutrino signal contains valuable 
information about the core.  

May be the only direct probe of the 
densest matter in the universe.  

Its about time we had a galactic 
supernovae! 
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Thermal evolution of an 
isolated  neutron star from 
birth to old age.

Direct detection of 
neutrinos is only possible 
during the first minute or 
so from a galactic 
supernova. 

X-ray observations from 
the surface of a 
population of neutron 
stars informs us about 
late time thermal 
evolution.  



Neutron Star Cooling
Crust cools by conduction

Isothermal core cools 
by neutrino emission

Surface photon emission dominates 
at late time t > 106 yrs
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Basic neutrino reactions:

Fast: Direct URCA

Slow: Modified URCA
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Neutrino Emissivity in the Normal Phase 
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Single -particle reactions are fast.  Need unstable 
particles- beta decay is the only reaction - “Direct Urca”

Multi-particle reactions are slow.  “Modified Urca” can 
be thought of as beta-decay in the presence of a 
companion. 
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ν̄Bremsstrahlung reactions are even slower. Because the 

neutrino momenta are much smaller than that of 
electrons. 



e-

e-

νe

νe

π
n

n p

p

n

n

n

n

n

n

ν
ν̄

Direct URCA

Modified URCA

Bremsstrahlung



Neutrino Emission Rates in Normal Nuclear Matter



Proton Fraction & Direct URCA

Neutron decay at the Fermi surface cannot 
conserve momentum if xp ~ (pFp /pFn )3 < 0.1

 More massive stars have larger central 
densities and hence a larger proton fraction.  

pFn

pFp pFe T

Yakovlev & Pethick (2004) 



Neutron Star Cooling - Normal Nucleons 

Specific Heat:  

Energy Balance Equation:   

Neutrino Luminosity 
(Modified URCA) 

Photon Luminosity 
(surface) 



Analytic Model for Neutron Star Cooling 

D. Page (2009)



Neutron Star Cooling Data: Isolated Neutron Stars with Thermal Emission.  

Ages are estimated either 
from pulsar spin-down or by 
association with a 
supernova. Age 
uncertainties are estimated.  

Uncertainty in the 
temperature due to 
atmosphere and magnetic 
fields are estimated. 

D. Page (2009)



Cooling Models with only Normal Neutrons is Inadequate  

Slow

Fast

Even a small fraction of the 
normal core with DURCA can 
lead to very rapid cooling.  

This is incompatible with the 
observed trends in the neutron 
stars population.  

There is a need for an 
intermediate process between 
DURCA and MURCA. 
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Phases of Cold Dense Matter in Neutron Stars 

s-wave neutron pairing 

p-wave neutron pairing 

s-wave proton pairing 
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Pairing 

1. Too hot for electron pairing: 

Tc ⇡ ⇥ion
p exp

✓
� vFe

�em

◆
Ginzburg (1969) 

Relativistic electrons move too quickly to feel the phonon 
induced  attraction.  

2. Pairing between nucleons is inevitable.  

Typical energy scale is MeV (~1010 K)

Tc ⇡ EFn exp

✓
� �

2kFn ann

◆
Bohr, Mottelson, Pines (1958)
Migdal (1959)



S-wave pairing
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• The nucleon-nucleon interaction is 
known up to relative momenta ~ 350 MeV.  

• Perturbation theory fails, but Quantum 
Monte Carlo and lattice methods may be 
reliable.  

• Best estimates for the gap indicate that 
it reaches a maximum value ~ 1 MeV in 
the crust. 
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FIG. 2: Neutron matter pairing gap at kF a = �10 versus
particle number in periodic boundary conditions, BCS and
QMC calculations.
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in periodic boundary conditions for di⇥erent ⇤N⌅.
The line in Fig. 2 is the continuum BCS result for

kF a = �10, and the open symbols are the solutions of the
BCS equations for di⇥erent ⇤N⌅. The continuum results
are nearly identical for the AV18 interaction and the sim-
ple cosh potential adjusted to yield the same scattering
length and e⇥ective range. For the finite systems BCS re-
sults are shown for the cosh potential. Unlike the case of
cold atoms near unitarity, where �kF a >> 1 and re ⇥ 0,
the BCS gap shows sizable oscillations for small numbers
of particles. The BCS value approaches the continuum
limit (straight line) near N = 66, and oscillations from
that point on are fairly small, comparable in size to the
statistical error in the QMC calculations. We also show
as solid points the gaps obtained from particle-projected
BCS wave functions in variational Monte Carlo calcula-
tions and the odd-even staggering formula. The projec-
tion to definite particle number is a small e⇥ect.

The lower points in Fig. 2 are QMC results for
kF a = �10. At very small values of N the gap is quite
large, as is also seen in the BCS calculations. This is
due to the coarse description of the Fermi surface in such
small systems; the momentum grid spacing in occupied
states is similar in magnitude to the Fermi momentum.
When the pairing is very strong, as in cold atoms in the
unitary regime, this coarse description is not too critical.
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FIG. 3: Superfluid pairing gap versus kF a for cold atoms
(re ⇥ 0) and neutron matter (|re/a| ⇥ 0.15). BCS (solid
lines) and QMC results (points) are shown.

However for weaker coupling or the larger e⇥ective range
in neutron matter this becomes more important. The
gap in both BCS and QMC calculations reaches a mini-
mum near 44 particles (near the midpoint between closed
shells at 38 and 54), and then increases to values near the
continuum limit. Pairing gap results for N = 66� 92 are
consistent within the statistical errors.

For all values of N the gap is considerably smaller than
the BCS results. For comparison, at unitarity in cold
atoms BCS calculations give a gap of 0.69 EF while the
QMC result is 0.50(3) EF .[31] These calculations are in
good agreement with recent polarized cold atom exper-
iments [9, 32]. For cold atoms the BCS equations will
produce the exact gap in the BEC limit where the pairs
are strongly bound. No such limit is relevant for a finite-
range interaction.

In Fig. 3 we plot the pairing gap as a function of kF a
for both cold atoms and neutron matter. BCS calcula-
tions are shown as solid lines, and QMC results are shown
as points with error bars. QMC pairing gaps are shown
from calculations of N = 66 � 68 particles. For cold
atoms away from unitarity the pairing gaps are smaller
than calculated previously [21], due to more complete op-
timizations and because these larger simulations reduce
the finite-size e⇥ects.

For very weak coupling, �kF a << 1, the pairing
gap is expected to be reduced from the BCS value by
the polarization corrections calculated by Gorkov [33]
�/�BCS = (1/4e)1/3. Because of finite-size e⇥ects, it
is di⌅cult to calculate pairing gaps using QMC in the
weak coupling regime. The QMC calculations at the low-
est density, kF a = �1, are roughly consistent with this
reduction from the BCS value. At slightly larger yet still

Gezerlis & Carlson (2008)  

Cold atom experiments help validate many-body theory of strong short-range interactions.   
Bulgac, Carlson, Drut, Gandolfi, Forbes, Reddy ..



S-wave pairing
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P-wave Triplet Pairing 

Superfluidity in Cas A Dany Page
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Figure 10: Three collections of predicted pairing critical temperatures for neutrons in the 1S0 and 3P2
channels and protons in the 1S0 channel. See [35] for references to the original works.

the model has a single dimensionless parameter, |a|kF , and the dilute gas corresponds to |a|kF ≪ 1.
Assuming the pairing interaction is just the bare interactionU (which is, improperly, called the BCS
approximation), the gap equation at T = 0 can be solved analytically, giving the weak-coupling
BCS-approximation gap:

Δ(kF) −→ ΔBCS(kF) =
8
e2

(

h̄2k2
F

2M

)

exp
[

−
π

2|a|kF

]

when |a|kF → 0 . (5.4)

This result is bad news: the gap depends exponentially on the pairing potentialU . The Cooper pairs
have a size of the order of ξ ∼ h̄vF/Δ (the coherence length) and thus ξ kF ∼ exp[+π/2|a|kF ]≫ 1
in the weak coupling limit. There appear to be many other particles within the pair’s coherence
length. These particles will react, and can screen or un-screen, the interaction. Including this
medium polarization on the pairing is called beyond BCS, and in the weak coupling limit its effect
has been calculated analyticaly [18], giving

Δ(kF) −→ ΔGMB(kF) =
1

(4e)1/3ΔBCS(kF)≃ 0.45ΔBCS(kF) when |a|kF → 0 . (5.5)

So, screening by the medium reduces the gap by more than a factor two, even in an extremely dilute
system.

Pairing correlations in nuclei are part of everyday nuclear physics, and a significant amount of
work has also been devoted to the neutron star environment (see, e.g., [13] and [28] for reviews).
We show in Fig. 10 three sets of predicted Tc for the neutron star interior. At low density, corre-
sponding to the neutron star crust in the regime of dripped neutrons, the expectation of a neutron
1S0 superfluid is amply confirmed by the models. This regime was also illustrated in the inset A
of Fig. 1. At higher densities, corresponding to the neutron star core, the situation is much more
ambiguous. Due to their low concentrations, protons have small Fermi momenta in the core and
are expected to form a 1S0 superconductor. There is, however, a significant uncertainty in the
size of their gap, with predicted values of Tc ranging from ∼ 109 K up to 6× 109 K, and a larger
uncertainty in the range of Fermi momenta in which Δ(kF) is non-zero, which translates into an
uncertainty of a factor of more than 3 on the density range covered by the superconductor. In the
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Figure 9: Left panel: possible spin-angular momentum combinations for Cooper-pairs. Right panel: phase
shifts for N-N scattering as a function of the laboratory energy (middle axis) or the neutron Fermi energy
and density for a neutron star interior (lower axis). Adapted from [47].

clearly require a finite minimal energy for excitation. This energy was interpreted as being the
binding energy of the Cooper pair which must break to produce an excitation. In contrast, odd
nuclei do not show such a gap, and this is due to the fact that they have one nucleon, neutron or
proton, which is not paired and can be easily excited. The right panel of Fig. 8 shows that pairing
also manifests itself in the binding energies, even-even nuclei being slightly more bound than odd
nuclei6.

As a two-particle bound state, the Cooper pair can appear in many spin-orbital angular mo-
mentum states (see left panel of Fig. 9). In terrestrial superconducting metals, the Cooper pairs are
generally in the 1S0 channel, i.e., spin-singlets with L = 0 orbital angular momentum, whereas in
liquid 3He they are in spin-triplet states. What can we expect in a neutron star ? In the right panel
of Fig. 9, we adapt a figure from one of the first works to study neutron pairing in the neutron star
core [47] showing laboratory measured phase-shifts from N-N scattering. A positive phase-shift
implies an attractive interaction. From this figure, one can expect that nucleons could pair in a
spin-singlet state, 1S0, at low densities, whereas a spin-triplet, 3P2, pairing should appear at higher
densities. We emphasize that this is only a presumption as medium effects can strongly affect
particle interactions.

A simple model can illustrate the difficulty in calculating pairing gaps. Consider a dilute Fermi
gas with a weak, attractive, interaction potential U . The interaction is then entirely described by
the corresponding scattering length, a, 7 which is negative for an attractive potential. In this case,

6Notice that, as a result of pairing, the only stable odd-odd nuclei are 2H(1,1), 6Li(3,3), 10B(5,5), and 14N(7,7). All
heavier odd-odd nuclei are beta-unstable and decay into an even-even nucleus.

7The scattering length a is related toU by a= (m/4π h̄)U0 withUk =
∫

d3r exp(ik · r)U(r).
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S-wave interaction is repulsive at high density. 
  
Attraction is in spin-1 channel due to P-wave interaction.  

Page et al. (2011)



Neutrino Emission in Superfluid Neutron Matter 

Near the critical temperature Cooper pairs form and 
dissociate due to thermal  fluctuations.  
(Recall pair-breaking discussed earlier.) 

When two neutron quasi-particles combine to form a pair, 
the binding energy is radiated as neutrino- anti-neutrino 
pairs.  

This process is called the PBF process -  Pair Breaking 
and Formation. 

Flowers, Ruderman, Sutherland (1976) (Kundu &  Reddy (2012) Leinson (2015)
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Neutrino Emission Rates in Normal Nuclear Matter



Minimal Cooling Paradigm D. Page et al.  (2011)
A Finely Tuned Model with Neutron Pairing

Neutron stars in the their mid-
life are roughly compatible with 
a finely tuned model of 
neutrinos cooling with 3P2 
neutron superfluidity.   

The situation (in my opinion) 
suggests that there is 
something missing. 
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Transiently Accreting Neutron Stars

accretion 
luminosity:
high variability

thermal 
emission:
small variability

Cooling
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cool down to equilibrium on a much longer timescale of several
years (Rutledge et al. 2002). It is therefore possible to monitor
the cooling of such quasi-persistent transients with satellites
such as Chandra or XMM-Newton. The timescale of the cooling
is dependent on the properties of the material in the crust, such
as its thermal conductivity, and structures in the cooling curve
can give information about the nature and location of heating
sources in the crust (Brown & Cumming 2009).

Since the advent of Chandra and XMM-Newton, only a
handful of NS transients have entered quiescence after long-
duration (year or longer) outbursts. KS 1731–260 and MXB
1659–29 entered quiescence in 2001 after outbursts lasting
around 12.5 and 2.5 yr, respectively. Both sources were observed
to cool down to a constant level over a period of a few years
(Wijnands et al. 2001, 2002, 2003, 2004; Wijnands 2002, 2004;
Rutledge et al. 2002; Cackett et al. 2006, 2008), though a recent
observation of KS 1731–260 at more than 3000 days post-
outburst suggests it may still be cooling slowly (E. M. Cackett
et al. 2010, in preparation). The observed cooling timescales
were interpreted to imply a high thermal conductivity for the
crust, in agreement with more recent findings from the fitting
of theoretical models to the cooling curves (Shternin et al.
2007; Brown & Cumming 2009). In 2008, EXO 0748–676
entered quiescence after active accretion for over 24 yr. Swift
and Chandra observations of the source in the first half of the
year since the end of the outburst indicate very slow initial
cooling (Degenaar et al. 2009). In contrast to KS 1731–260
and MXB 1659–29, EXO 0748–676 has shown a significant
non-thermal component in its spectra in addition to the thermal
component. Such a non-thermal component has been seen for
many quiescent NS-LMXBs. It is usually well fitted with a
simple power law of photon index 1–2 and typically dominates
the spectrum above a few keV (Campana et al. 1998a). A number
of quiescent NS sources have spectra which are completely
dominated by the power-law component and do not require a
thermal component, e.g., the millisecond X-ray pulsar SAX
J1808.4–3658 (Heinke et al. 2007) and the globular cluster
source EXO 1745–248 (Wijnands et al. 2005). The power-law
component is common among millisecond X-ray pulsars (see,
e.g., Campana et al. 2005), but its origin is poorly understood.
Suggested explanations include residual accretion, either onto
the NS surface or onto the magnetosphere, and a shock from a
pulsar wind (see, e.g., Campana et al. 1998a). We note that it has
also been argued that low-level spherical accretion onto an NS
surface can produce a spectrum with a thermal shape (Zampieri
et al. 1995).

1.1. XTE J1701–462

XTE J1701–462 (hereafter J1701) was discovered with the
All-Sky Monitor (ASM; Levine et al. 1996) on board the Rossi
X-Ray Timing Explorer (RXTE) on 2006 January 18 (Remillard
& Lin 2006), shortly after entering an outburst (see Figure 1).
Re-analysis of earlier ASM data further constrained the start of
the outburst to a date between 2005 December 27 and 2006
January 4 (Homan et al. 2007). During the ≃1.6-year-long
outburst the source became one of the most luminous NS-
LMXBs ever seen in the Galaxy, reaching a peak luminosity
of ≃1.5 LEdd, and it accreted at near-Eddington luminosities
throughout most of the outburst (Lin et al. 2009b). The source
entered quiescence in early 2007 August (see Section 2.6 for
a discussion of our definition of quiescence for this source).
During the outburst the source was monitored on an almost daily
basis with RXTE. Spectral and timing analysis of the early phase
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Figure 1. RXTE ASM light curve of XTE J1701–462 showing the 2006–2007
outburst and the subsequent quiescent period. Data points represent 1 day
averages. The upper row of vertical bars indicates the times of the ten Chandra
observations made after the end of the outburst; the lower row indicates the
times of the three XMM-Newton observations. No other observations of XTE
J1701–462 sensitive enough to detect the source have been made since the
outburst ended.

of the outburst is presented in Homan et al. (2007), and Lin et al.
(2009b) give a detailed spectral analysis of the entire period of
active accretion. In the early and most luminous phase of its
outburst, J1701 exhibited all spectral and timing characteristics
typical of a Z source, and is the only transient NS-LMXB ever
observed to do so. During the outburst the behavior of the source
evolved through all spectral subclasses of low-magnetic-field
NS-LMXBs (Hasinger & van der Klis 1989), starting as a Cyg-
like Z source, then smoothly evolving into a Sco-like Z source
(Kuulkers et al. 1997), and finally into an atoll source (first a
bright GX-like one and subsequently a weaker bursting one).
This evolution will be discussed in detail in an upcoming paper
(J. Homan et al. 2010, in preparation). The unique behavior of
the source in conjunction with the dense coverage by RXTE has
made it possible to address long-standing questions regarding
the role of mass accretion rate in causing these subclasses and the
spectral states within each subclass (Lin et al. 2009b). Toward
the end of the outburst J1701 exhibited three type I X-ray
bursts, the latter two of which showed clear photospheric radius
expansion. From these Lin et al. (2009a) derive a best-estimate
distance to the source of 8.8 ± 1.3 kpc, using an empirically
determined Eddington luminosity for radius expansion bursts
(Kuulkers et al. 2003).

J1701 provides a special test case for NS cooling. It accreted
for a shorter time than the three cooling transients with long-
duration outbursts mentioned above, but for a longer time than
regular transients. Moreover, the level at which it accreted is
higher than for any other NS transient observed. This source
therefore allows new parameter space in NS cooling to be
probed. The close monitoring of the source with RXTE also
makes it possible to get a good estimate for the total fluence
of the outburst. This gives information about the total mass
accreted and hence about the heat generated from crustal
heating, a crucial input parameter for theoretical models of
the cooling. Flux values derived from spectral fits to RXTE
data (spectra from 32 s time bins, with linear interpolation
between data points; see Figure 3 in Lin et al. 2009b) imply a
total bolometric energy output (corrected for absorption) during
the outburst of ≃1.0 × 1046 erg for an assumed distance of
8.8 kpc and system inclination of 70◦ (D. Lin 2009, private
communication; see Lin et al. 2009b for details on the spectral
fitting). This value is likely to be uncertain by a factor of ≃2–4
due to uncertainties in the distance and inclination of the system,

XMM 

Chandra 

RXTE 
Fridriksson et al. (2010)
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Figure 4. Total unabsorbed luminosity in the 0.5–10 keV band (top panel),
redshifted effective NS surface temperature (middle panel), and unabsorbed
power-law flux in the 0.5–10 keV band (bottom panel) during quiescence. The
solid curve in the temperature panel is the best-fit exponential decay cooling
curve (with the sixth and seventh data points excluded from the fit), and the
dashed line represents the best-fit constant offset to the decay.

2.6. Cooling Curves

Figure 2 shows the transition from the final stage of outburst
to quiescence. Plotted is the total unabsorbed luminosity in the
0.5–10 keV band for the 37 RXTE observations made in the
period 2007 July 17–August 7, and the three Swift observa-
tions discussed above, as well as the first three Chandra and
XMM-Newton observations. The luminosity decreased by a fac-
tor of ∼2000 in the final ≃13 days of the outburst before starting
a much slower decay. This period of low-level and slowly chang-
ing (compared to the outburst phase) emission, taking place
after the steep drop in luminosity, is what we refer to as the
quiescent phase (see also the top panel in Figure 4). Low-level
accretion may be occurring during quiescence, but this current
phase is clearly distinct from the much more luminous and vari-
able outburst phase, during which accretion took place at much
higher rates (and which we also refer to as the period of “ac-
tive” accretion). The end of the outburst is tightly constrained
to have occurred sometime in the ≃4.3 day interval between
the final Swift observation and the first Chandra observation.
To get a more precise estimate for the end time of the out-

burst, here denoted by t0, we fit simple exponential decay curves
through the three Swift data points and the three Chandra and
XMM-Newton points in Figure 2. From the intersection of those
two curves we define t0 as MJD 54322.13 (2007 August 10
03:06 UT), i.e., ≃2.8 days before the first Chandra observation.

Table 3 lists temperatures and fluxes derived from the main
fit to the Chandra and XMM-Newton spectra discussed in
Section 2.5.2. Figure 4 shows a plot using results from this
fit. The top two panels show the total unabsorbed 0.5–10 keV
luminosity and the inferred effective NS surface temperature (as
observed at infinity). The first five data points, taken in the first
≃175 days of quiescence, show a fast drop in temperature. How-
ever, the sixth data point (XMM-3, at ≃226 days) shows a large
increase in both temperature and luminosity, and the following
Chandra observation (CXO-4) also has a higher inferred tem-
perature than before the increase. This is inconsistent with the
monotonic decrease in temperature expected for a cooling NS
crust. The last six Chandra observations all have temperatures
similar to or slightly lower than the one immediately preceding
XMM-3 (i.e., CXO-3). We assume that those are unaffected by
whatever caused the “flare-like” behavior in the sixth and sev-
enth observations, and when fitting cooling models to the data
we exclude both XMM-3 and CXO-4 but include the subsequent
observations (although some fits excluding only XMM-3 were
also made; see below). We defer further discussion of the flare
to the end of this section and Section 3.3.

We will now describe our fitting of the derived temperatures
with cooling curve models. All the fits were performed with
Sherpa, CIAO’s modeling and fitting package (Freeman et al.
2001); errors were estimated with the confidence method.12

We first fitted our temperature data with an exponential decay
cooling curve plus a constant offset, i.e., a function of the form
T ∞

eff (t) = T ′ exp[− (t − t0)/τ ]+Teq, with t0 kept fixed at the value
mentioned above. Shifts in the value of t0 do not affect derived
values for τ or Teq. The flare observations XMM-3 and CXO-4
were excluded from the fitting. We performed the temperature
fit for data from the main spectral fit (1 in Table 2), and also for
spectral parameter values corresponding to five other fits (2, 3,
7, 8, and 9), to gauge the effects on the cooling fit parameters.
The derived parameter values are shown in Table 4. The main
fit cooling curve is shown in Figure 4 along with the best-
fit constant offset (dashed line). The best-fit e-folding time is
τ = 117+26

− 19 days with an offset of Teq = 125.0±0.9 eV. For the
other values of the NS parameters (mass, radius, and distance),
the temperature values are systematically shifted by typically
5–10 eV, but the derived decay timescale is not affected to a
significant extent. The effects of changing the value of the tied
power-law index will be discussed in Section 2.6.1. Including
CXO-4 in the fit (but still excluding XMM-3) gives a longer
timescale of τ = 187+49

− 39 days; the equilibrium temperature is
not significantly affected.

As will be discussed in Section 3.2, a more physically
motivated cooling curve model is a broken power law leveling
off to a constant at late times. We therefore also fitted a broken
power-law model, excluding XMM-3 and CXO-4 as before, to
temperature data corresponding to the same six spectral fits as
before. The derived break times and power-law slopes are shown
in Table 4. The best-fit broken power-law curve to data from the
main spectral fit is shown in Figure 5 (solid curve). The data
indicate that a break in the model is needed; a simple power law
does not provide an adequate fit (χ2

ν = 2.45 for 9 dof, compared

12 See documentation at the Sherpa Web site: http://cxc.harvard.edu/sherpa/.
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Cooling Post Accretion  

•After a period of intense accretion the 
neutron star surface cools on a time 
scale of ~1000 days.


•This relaxation was first discovered in 
2001 and 6 sources have been studied to 
date. 


•Expected rate of detecting new sources 

~ 1/year.  

Figure from Rudy Wijnands (2013)

All known Quasi-persistent sources show cooling after accretion 



Thermal Evolution of the Crust

Temperature profile in the crust depends 
on the duration of the accretion phase. 

When accretion ends heat flows into the 
core and is radiated away as neutrinos. 

Timescale for cooling is set by the heat 
diffusion time.  

Shternin & Yakovlev (2007) Cumming & Brown (2009) Page & Reddy (2011)
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FIG. 3. Left panel: an example of evolution of XTE’s crust temperature during an accretion phase at Ṁ ' 0.9ṀEdd with
initial uniform T = 4 ⇥ 106 K (labelled “0d”). Profiles after 1 day (“1d”), 1 week (“1w”), 1 and 6 months (“1m” and “6m”)
and 1.6 year (“1.6y”) are shown. The profiles at 5, 10 and 20 years (“5y”, “10y” and “20y”) show the times needed to approach
the steady state. Right panel: An example of the evolution of XTE’s crust temperature profile during the cooling phase. In
both panels the background color map is the local thermal time from Fig. 1. Notice that the core temperature is increasing
both during the accretion phase and the subsequent relaxation phase.

the observed T1
e . However, on a longer time scale beyond

presently published observations, further decrease of T1
e

is naturally expected.
To explore how much three years of observations con-

strain the properties of the neutron star crust and the fu-
ture evolution of XTE we performed an extensive search
of the parameter space. A comprehensive analysis of our
results will presented in a forthcoming paper but a syn-
opsis is displayed in Fig. 2 as four bands of cooling tra-
jectories labelled as “A” to “D”. The dominant uncon-
strained parameter is the core temperature and Fig. 2
separates all our models that give a fit to the data with
a �2 better than 12 in four classes according to their
value of T0. In the case T0 is smaller than 108 K, fitting
the model parameters to the 3 years of observed evolu-
tion provides strong constraints and all models in the
cases B, C, and D, have crust microphysics very similar
to the one depicted in Fig. 1. (The same microphysics is
also compatible with modeling of KS and MXB as shown
in Fig. 2.) The future evolution of XTE appears to be
mostly determined by its previous core temperature T0

and, for a given T0, uncertainty in future time is smaller
than a factor of two.

It is remarkable that the crust relaxation model is able
to describe vastly di↵erent temporal behavior observed
in the three sources XTE J1701-462, MXB 1659-29 and
KS 1731-260 with very similar input physics in the in-
ner crust. It provides a natural explanation for the rapid
early cooling observed in XTE and predicts future cooling
solely in terms of one unknown parameter - the core tem-

perature. A robust prediction of the crust cooling model
is the correlation between the final temperature and the
future cooling rate. Continued monitoring of XTE will be
able to test our prediction. If confirmed it would firmly
establish the crust relaxation as the underlying process,
and taken together fits to these three sources will provide
useful constraints for the thermal and transport proper-
ties of the neutron star crust. Finally, results displayed in
Fig. 3 show that even the core response is not negligible,
and these systems may open a new window for studying
matter at even larger densities. We hope that the results
presented here will motivate a long term program to dis-
cover and monitor accreting neutron stars with existing
and next generation instruments.

We thank Bob Rutledge for useful discussions at
an early stage of this work and Andrew Steiner and
Joel Fridriksson for comments on this manuscript.
D.P.’s work is partially supported by grants from the
UNAM-DGAPA (# IN113211) and Conacyt (CB-2009-
01, #132400). D.P. acknowledges the hospitality of the
Theoretical Division at the Los Alamos National Labo-
ratory, where part of this work was developed. The work
of S.R. was supported by the DOE Grant No. DE-FG02-
00ER41132 and by the Topical Collaboration to study
Neutrinos and nucleosynthesis in hot and dense matter.
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To explore how much three years of observations con-

strain the properties of the neutron star crust and the fu-
ture evolution of XTE we performed an extensive search
of the parameter space. A comprehensive analysis of our
results will presented in a forthcoming paper but a syn-
opsis is displayed in Fig. 2 as four bands of cooling tra-
jectories labelled as “A” to “D”. The dominant uncon-
strained parameter is the core temperature and Fig. 2
separates all our models that give a fit to the data with
a �2 better than 12 in four classes according to their
value of T0. In the case T0 is smaller than 108 K, fitting
the model parameters to the 3 years of observed evolu-
tion provides strong constraints and all models in the
cases B, C, and D, have crust microphysics very similar
to the one depicted in Fig. 1. (The same microphysics is
also compatible with modeling of KS and MXB as shown
in Fig. 2.) The future evolution of XTE appears to be
mostly determined by its previous core temperature T0

and, for a given T0, uncertainty in future time is smaller
than a factor of two.

It is remarkable that the crust relaxation model is able
to describe vastly di↵erent temporal behavior observed
in the three sources XTE J1701-462, MXB 1659-29 and
KS 1731-260 with very similar input physics in the in-
ner crust. It provides a natural explanation for the rapid
early cooling observed in XTE and predicts future cooling
solely in terms of one unknown parameter - the core tem-

perature. A robust prediction of the crust cooling model
is the correlation between the final temperature and the
future cooling rate. Continued monitoring of XTE will be
able to test our prediction. If confirmed it would firmly
establish the crust relaxation as the underlying process,
and taken together fits to these three sources will provide
useful constraints for the thermal and transport proper-
ties of the neutron star crust. Finally, results displayed in
Fig. 3 show that even the core response is not negligible,
and these systems may open a new window for studying
matter at even larger densities. We hope that the results
presented here will motivate a long term program to dis-
cover and monitor accreting neutron stars with existing
and next generation instruments.
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an early stage of this work and Andrew Steiner and
Joel Fridriksson for comments on this manuscript.
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Connecting to Crust Microphysics

Crust ThicknessCrustal Specific Heat

Thermal Conductivity 

• Observed timescales are short. 

• Requires small specific heat and large thermal conductivity. 

• Favors a solid (with small impurity fraction) and superfluid inner crust. 
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Phonons in the Inner Crust 

Neutron superfluid: Goldstone excitation is the 
fluctuation of the phase of the condensate. 

Proton (clusters) move collectively on lattice sites. 
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Crustal Specific Heat 
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Figure 1. Heat capacity of electrons (e), transverse lattice phonons (tph) and longitudinal
excitations (lph− and lph+) in the inner crust of neutron stars at temperature T = 109 K, with
the coupling of the superfluid to the strain field (solid lines) and without (dashed lines). For
comparison, is also shown the normal neutron contribution (n), but it is strongly suppressed by
superfluidity except in the shallowest and densest parts of the inner crust where the neutron 1S0
pairing gap becomes vanishingly small.

previous study [8], is found to substantially reduce the speed of the highest longitudinal mixed
mode, especially in the shallowest layers of the inner crust. However, the thermal properties of
the crust are almost unchanged.
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Thermal Conduction

• Dissipative processes:  

electrons
lattice 

phonons
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phonons

• Umklapp is important:  
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Figure 8. Feynman diagram for the Umklapp process. The double dashed line represents
recoil-free momentum transfer ⌃Q=⌃k�⌃q to the lattice, and |⌃q|< qD lies in the first Brillouin
zone.

Ṽ (k) = FZ(k)/(k2 +k2
TFe) characterizes the screened electron-ion interaction in momentum

space where k2
TFe = 4e2k2

Fe/⇧ and FZ(k) is the charge form factor of the nucleus.
Pauli blocking restricts ⌥ ⇤ T ⇥ µe, and when S(⌥,k) contains most of its strength in

the region ⌥� 3T the conductivity can be expressed in terms of the static structure function
S(k) =

�
d⌥ S(k,⌥). However, S(⌥,k) has strength at⌥⇤⌥p and ⌅e cannot be calculated in

terms of S(k) when T < Tp. Here, the frequency dependence of the dynamic structure factor
is needed but this is generally difficult to calculate in strongly coupled quantum systems.
Fortunately, when T < TD phonons are the only relevant degrees of freedom and electron
scattering is dominated by the emission or absorption of phonons [29]. In this case, S(⌥,k)
is simpler and is characterized by discrete peaks at ⌥= vk associated with the excitation of
phonons with velocity v.

In the low-energy theory, the interaction between electron and phonons is described by
the Lagrangian density

Le�ph =
1

feph
 †

e e⌦i�i where feph =

⇧⌃ k2
D

4⇧Ze2 nI
(23)

is related to electron-phonon coupling constant [30],  e is the electron field and �i is the
ion displacement (phonon) field discussed in §3.. This form of the interaction applies to
normal processes, where the momentum transfer k < qD and displacements correspond to
excitation of longitudinal phonons. However, since kFe/qD = (Z/2)1/3 > 1 large angle
electron scattering with k > qD is possible. This Umklapp process is depicted in Fig. 8
where the electron simultaneously Bragg scatter off the lattice and excite a phonon. Elastic
Bragg scattering (without phonon emission) however does not contrbute because electrons
are eigenstates of the lattice potential. Further, unlike normal processes where only longi-
tudinal modes are involved, Umklapp scattering is dominated by the emission or absorption
of transverse phonons [28, 31].

The dynamic structure factor for single-phonon emission and absorption including
Umklapp shown in Fig. 8 is given by

S(⌥,k) = nI

MI
↵

i
↵
Q

(⌃k.⇤̂i)2

2 ⌥

�
⇥(⌥� vi q)

1� exp(��⌥) +
⇥(⌥+ vi q)

exp(��⌥)�1

⇥
⇥3(⌃k� ⌃Q�⌃q) , (24)

where the first and second terms in parenthesis represent phonon emission and absorption,
respectively [28] . The phonon momentum is restricted to the first Brillouin zone q < qD,

kFe
qD

=

✓
Z

2

◆1/3

> 1

Flowers & Itoh (1976)

Cirigliano, Reddy & Sharma (2011) 

Electron Bragg scatters and emits a transverse phonon.  

� =
1

3
Cv ⇥ v ⇥ ⇥

Electron-Impurity

Landau Damping



Superfluid Heat Conduction

Its impossible to sustain a temperature 
gradient in bulk superfluid helium ! 

Superfluid heat flow in the crust

Sanjay Reddy

December 23, 2011

1 Counter Flow

In ordinary superfluids such as helium II it is well know that a temperature gradient drives
rapid and ordered flow [1]. In the two-fluid model this is interpreted as the counterflow of
normal and superfluid components to ensure a net energy flow without associated mass flow
[2]. When a temperature gradient is imposed on a superfluid, initially superfluid flows to
the high temperature region in response to the chemical potential gradient and neutralizes
it on a short timescale that is associated with the superfluid flow critical velocity. The
subsequent steady state is one in which the temperature and pressure gradients are related
(to ensure that the chemical potential gradient is zero) and these gradients drive normal
fluid flow toward the low temperature region.

In what follows, we investigate the possibility of heat flow due to the ordered motion of
the normal component of the neutron superfluid across the neutron star inner crust due to
an imposed temperature gradient. Such gradients are likely to be realized in accreting and
magnetized neutron stars due to heat released from nuclear reactions and magnetic field
reconfiguration, respectively [3, 4]. In current models the di�usion of electrons is expected
to be the dominant contribution to the heat flux. In the presence of superfluid counterflow
an additional contribution to the energy flux arises due to uniform motion of the normal
component with velocity vn and the total heat flux is given by

↵Q = S(sPh)T↵vn � � ⇧T , (1)

where

S(sPh) =
1

3
C(sPh)
v =

2⇥2

15 c3s
T 3 (2)

is the entropy density of the superfluid (contained in the superfluid phonons (sPh) field),

cs ⇥ vF /
⌅
3 is the velocity of the superfluid phonon, and C(sPh)

v is the phonon specific
heat. � is the total thermal conductivity, characterizing all particles that contribute to
the di�usive heat flux. We note that both terms contribute with the same sign and aid in
transporting energy along the same direction (↵vn ⇤ � ↵⇧T ).

1

T>Tc T<Tc

Photographs: JF Allen and JMG Armitage (St Andrews University 1982).

Superfluid heat flow in the crust

Sanjay Reddy

December 23, 2011

1 Counter Flow

In ordinary superfluids such as helium II it is well know that a temperature gradient drives
rapid and ordered flow [1]. In the two-fluid model this is interpreted as the counterflow of
normal and superfluid components to ensure a net energy flow without associated mass flow
[2]. When a temperature gradient is imposed on a superfluid, initially superfluid flows to
the high temperature region in response to the chemical potential gradient and neutralizes
it on a short timescale that is associated with the superfluid flow critical velocity. The
subsequent steady state is one in which the temperature and pressure gradients are related
(to ensure that the chemical potential gradient is zero) and these gradients drive normal
fluid flow toward the low temperature region.

In what follows, we investigate the possibility of heat flow due to the ordered motion of
the normal component of the neutron superfluid across the neutron star inner crust due to
an imposed temperature gradient. Such gradients are likely to be realized in accreting and
magnetized neutron stars due to heat released from nuclear reactions and magnetic field
reconfiguration, respectively [3, 4]. In current models the di�usion of electrons is expected
to be the dominant contribution to the heat flux. In the presence of superfluid counterflow
an additional contribution to the energy flux arises due to uniform motion of the normal
component with velocity vn and the total heat flux is given by

↵Q = S(sPh)T↵vn � � ⇧T , (1)

where

S(sPh) =
1

3
C(sPh)
v =

2⇥2

15 c3s
T 3 (2)

is the entropy density of the superfluid (contained in the superfluid phonons (sPh) field),

cs ⇥ vF /
⌅
3 is the velocity of the superfluid phonon, and C(sPh)

v is the phonon specific
heat. � is the total thermal conductivity, characterizing all particles that contribute to
the di�usive heat flux. We note that both terms contribute with the same sign and aid in
transporting energy along the same direction (↵vn ⇤ � ↵⇧T ).

1Why does this not occur in neutron stars ?
Answer:  Fluid motion is damped by electrons.  

Two fluid model: Counter-flow transports heat. 
(Its the superfluid phonon fluid)

The velocity is limited only by fluid dynamics: (i) boundary shear viscosity or 
(ii) superfluid turbulence. 

Aguilera, Cirigliano, Reddy & Sharma (2009)
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Figure 9. Electron thermal conductivity �e vs density at four different temperatures. Scat-
tering processes e-ion, e-e, and e-imp with 6 values of Qimp = 0, 1, 2, 3, 4, and 5 (as
indicated in the left panel) are included.

of impurity scattering in the inner crust for T < 108 K and for Qimp � 1. Both of these trends
are easily understood in terms of the preceding discussion of various scattering mechanisms
and their temperature dependencies. As we discuss in §5., Qimp will play an important role
in interpreting observations in accreting neutron stars when the inner crust is cold with
T < Tum.

4.5. Phonon conduction

Phonon heat conduction can become relevant when T >⇥ 108 K when the phonon heat capac-
ity becomes comparable to that of electrons, or when the electron contribution is suppressed
either due to large Qimp or magnetic fields. Its importnace depends on the phonon mean free
path being large enough to compensate for their smaller velocity. Phonon scattering pro-
cesses have been discussed in Refs. [26, 27] and we will briefly review them here. As in
terrestrial metals [29], electrons in the inner crust are efficient at damping lattice phonons.
The phonon-electron process is shown in Fig 7 (2a) which depicts a phonon decay produc-
ing an electron-hole excitation. This, Landau damping, dominates over phonon-impurity
and phonon-phonon processes for the temperature realized in the crust [26].

The electron-phonon process discussed in §4.1. and the phonon-electron process we
discuss here are essentially similar. Only here it acts to bring into equilibrium the phonon
distribution function that carries the net thermal current relative to the electron gas. Since
transverse modes dominate the heat capacity their contribution to thermal conduction is rel-
evant and longitudinal modes can be neglected. For T � Tum, Umklapp processes dominate
and transverse phonons are absorbed and emitted by large angle electron scattering on the
Fermi surface. The mean free path for these processes was estimated by Chugunov and
Haensel in [26]. For simplicity, neglecting corrections due to the Debye-Waller factor, we

Electron Conduction

Impurity scattering is important at low temperature. 
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Figure 7. Feynman diagrams indicating the various scattering and dissipative processes
involving electrons, lattice phonons and superfluid phonons.

4. Transport Properties

The electron and phonon thermal conductivity can be written as ⇥ = Cv v ⇤/3 where Cv is
their specific heat, v is their velocity, and ⇤ is the transport mean free path. Using Eqs. 3 &
4 the electron and phonon conductivities are

⇥e =
1
9

µ2
e T ⇤e , ⇥phi =

2⌅2

45 v2
i

T 3 ⇤phi (20)

where electrons are relativistic (v = 1) with mean-free path ⇤e, and the phonon contribution
is for each phonon type with velocity vi and mean free path ⇤phi . Since µe ⇥ T , electrons
dominate at low temperature but phonon contributions can become relevant at high tem-
perature when ⇤phi � (µe/T )2 v2

i ⇤e or when the magnetic field is large enough to restrict
electron motion [26, 27]. Phonon velocity was discussed in §3., we now turn to discuss
scattering and absorption processes that determine their mean free path. Feynman diagrams
for relevant interactions are illustrated in Fig. 7 and in the following we briefly discuss the
most important of these processes in the inner crust.

4.1. Electron-phonon processes

In its general form, the electron mean free path relevant for the thermal conductivity due to
electron-ion scattering is given by

⇤�1
e =

Z2e4

4⌅µ2
e

� 2kFe

0
dk k3 |Ṽ (k)|2

� ⌃

�⌃
d⇧ F (�⇧)S(⇧,k) g⇥(k,�⇧) (21)

where

g⇥(�⇧,k) = 1+
�

�⇧
⌅

⇥2�
3

k2
Fe
k2 � 1

2

⇥
, F (�⇧) = �⇧

exp(�⇧)�1
(22)

and the dynamical structure factor S(⇧,k) embodies all relevant dynamics of the strongly
coupled system of ions [28]. Here, ⇧,k are the energy and momentum transfer. The function

Electron-phonon:
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and sums are over all reciprocal lattice vectors or lattice momenta ⌃Q, and the longitudinal
and transverse phonon states with polarization vector ⇤̂i and velocity vi. Using Eq. 24 and
the delta functions to perform the integration over k and ⌥, the electron mean free paths in
Eq. 21 can be written as

1
⇧ph

e
=

2⌃2e2 ⌥2
p

µe T  
i

K (i)(T,vi) , where , (25)

K (i)(T,vi) =
P<2kFe

 
Q

� qD

0

d3q
(2⌃)3 Ṽ (P )

P (⌃P .⇤̂i)2(1�P 2/4k2
Fe) g⌅(�viq,P )

(exp(�viq)�1)(1� exp�(�viq))
, (26)

and ⌃P =⌃q+ ⌃Q. To unravel the dependence on the temperature and the phonon velocity we
examine two limitings forms of the function K (i)(T,vi). First, when 2kFe ⇧ qD, the domi-
nant contribution comes from the Umklapp and we can set ⌃P = ⌃Q in evaluating K (i)(T,vi).
In this case, from the RHS of Eq. 26 it is easy to deduce that

lim
Q⇧q

K (i)(T,vi) �
T 3

v3
i
. (27)

In the opposite limit, when only the normal process involving longitudinal lattice modes
contribute we can set ⌃Q = 0 in the RHS of Eq. 26 to find that

lim
Q=0

K (i)(T,vl) �
T 4

v4
l
. (28)

At very low temperature, the band gap in the electron spectrum suppress Umklapp
processes. As mentioned in §3., coherent Bragg scattering by the lattice will distort the
electron Fermi surface for momenta that can coincide with the reciprocal lattice vectors
Q. Here, the spectrum will differ due to a band gap ⇥U ⌃ (4e3/3⌃) kFe. Although distorted
patches on the Fermi surface occupy only a small fraction of the total area, these regions are
important for Umklapp transitions. To understand this suppression consider the case when
the phonon momentum q ⇤ 0. In this limit, large angle electron Umklapp scattering with
⌃k ⌃ ⌃Q can only involve electrons on these patches. However, at low temperature the gap
will suppress such transitions unless the phonon momentum q ⇥ ⇥k where ⇥k ⌃ ⇥U/vFe can
"steer" electrons away from these patches. For transverse thermal phonons q ⌃ 3T/vt and
the condition on the phonon momentum implies that Umklapp occurs for T ⇥ Tum where
Tum = (4e3/9⌃) vt kFe.

From the preceding discussions we can conclude that for T > Tum the mean free path
⇧ph

e � v3
t /T 2 since vt ⌅ vl . For T ⌅ Tum where only normal processes involving longitudinal

phonons are allowed we expect ⇧ph
e � v4

l /T 3. However, the normal electron-phonon process
is too weak to compete with two other sources of electron scattering that we now discuss.

4.2. Electron-impurity scattering

As we noted in §2., in accreting neutron stars nuclear reactions that process accreted mate-
rial can produce a mix of metastable nuclei. The evolution of nuclei in the outer crust has
been studied in [5] where it was found that electron capture induced neutron emission reac-
tions populate a very diverse mix of nuclei with a large dispersion in Z and A. Although it

{

i
i

“PageReddy” — 2012/1/26 — 10:24 — page 15 — #15 i
i

i
i

i
i

15

and sums are over all reciprocal lattice vectors or lattice momenta ⌃Q, and the longitudinal
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From the preceding discussions we can conclude that for T > Tum the mean free path
⇧ph

e � v3
t /T 2 since vt ⌅ vl . For T ⌅ Tum where only normal processes involving longitudinal

phonons are allowed we expect ⇧ph
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l /T 3. However, the normal electron-phonon process
is too weak to compete with two other sources of electron scattering that we now discuss.
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and transverse phonon states with polarization vector ⇤̂i and velocity vi. Using Eq. 24 and
the delta functions to perform the integration over k and ⌥, the electron mean free paths in
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� qD

0
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and ⌃P =⌃q+ ⌃Q. To unravel the dependence on the temperature and the phonon velocity we
examine two limitings forms of the function K (i)(T,vi). First, when 2kFe ⇧ qD, the domi-
nant contribution comes from the Umklapp and we can set ⌃P = ⌃Q in evaluating K (i)(T,vi).
In this case, from the RHS of Eq. 26 it is easy to deduce that
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In the opposite limit, when only the normal process involving longitudinal lattice modes
contribute we can set ⌃Q = 0 in the RHS of Eq. 26 to find that
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v4
l
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At very low temperature, the band gap in the electron spectrum suppress Umklapp
processes. As mentioned in §3., coherent Bragg scattering by the lattice will distort the
electron Fermi surface for momenta that can coincide with the reciprocal lattice vectors
Q. Here, the spectrum will differ due to a band gap ⇥U ⌃ (4e3/3⌃) kFe. Although distorted
patches on the Fermi surface occupy only a small fraction of the total area, these regions are
important for Umklapp transitions. To understand this suppression consider the case when
the phonon momentum q ⇤ 0. In this limit, large angle electron Umklapp scattering with
⌃k ⌃ ⌃Q can only involve electrons on these patches. However, at low temperature the gap
will suppress such transitions unless the phonon momentum q ⇥ ⇥k where ⇥k ⌃ ⇥U/vFe can
"steer" electrons away from these patches. For transverse thermal phonons q ⌃ 3T/vt and
the condition on the phonon momentum implies that Umklapp occurs for T ⇥ Tum where
Tum = (4e3/9⌃) vt kFe.

From the preceding discussions we can conclude that for T > Tum the mean free path
⇧ph

e � v3
t /T 2 since vt ⌅ vl . For T ⌅ Tum where only normal processes involving longitudinal

phonons are allowed we expect ⇧ph
e � v4

l /T 3. However, the normal electron-phonon process
is too weak to compete with two other sources of electron scattering that we now discuss.

4.2. Electron-impurity scattering

As we noted in §2., in accreting neutron stars nuclear reactions that process accreted mate-
rial can produce a mix of metastable nuclei. The evolution of nuclei in the outer crust has
been studied in [5] where it was found that electron capture induced neutron emission reac-
tions populate a very diverse mix of nuclei with a large dispersion in Z and A. Although it
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is reasonable to expect that this dispersion will significantly decrease in the inner crust due
to pycno-nuclear reactions and the abundant supply of neutrons, reaction pathways in the
inner crust remain poorly understood. It is generally assumed that at each depth a specific
nucleus with large Z and the highest abundance will crystallize and the remaining mix of
nuclei can be treated as impurities in the solid. The impurity parameter

Qimp =
1

nion
⌃

i
ni (Zi �⌃Z⌥)2 , (29)

is a good measure of the dispersion in the nuclear charge. For moderate Qimp ⇤ 1 an ordered
lattice is likely with scattered impurities. If the impurities cannot diffuse easily their spatial
distribution will be uncorrelated, and electron scattering off them can become significant.
The scattering mean free path in this case is given by

⇤imp
e =

k2
Fe

4⌅e4 ⌃i ni (Zi �⌃Z̄⌥)2 ��1 =
3⌅⌃Z⌥

4e4Qimp kFe
��1 , (30)

where � ⇧ 1/2 (ln(⌅/e2)�2) is the Coulomb logarithm, and we have used charge neutral-
ity which requires ⌃Z⌥ nion = ne = k3

Fe/3⌅2 in arriving at the second equality.

4.3. Electron-electron scattering

Typically electron-electron scattering is weak but it can become important when electron-
ion scattering is suppressed at T < Tum. Scattering between relativistic electrons is dom-
inated by the current-current interaction which unlike the Coulomb interaction between
charges, this interaction is unscreened in the static limit. The corresponding mean free path
was calculated including the effects of dynamical screening (or Landau damping) in [32].
For the case of relativistic and degenerate electrons

⇤e�e =
⌅2

6⇧[3] e2 T
⇤ 188

T
, (31)

and it is remarkable that it is independent of density. The corresponding conductivity ⇥e�e ⇧
21 µ2

e is also interesting as it is independent of temperature. Consequently, electron-electron
process can become important at T < Tum when electron-phonon Umklapp scattering is
suppressed. However, in practice for T ⇥ 107 K they are only relevant in a small region
close to the crust-core boundary if Qimp ⌅ 1.

4.4. Electron conduction

Numerical calculations of the electron conductivity with several refinements that include
the role of multi-phonon excitations, Debye-Waller corrections and the nuclear form fac-
tors have been calculated and tabulated by the neutron star research group at the Ioffe in-
stitute in St. Petersburg (http://www.ioffe.rssi.ru/astro/conduct/). Since our focus here is
to emphasize the qualitative aspects at low temperature we do not review these important
refinements. The results obtained (using the fits to the tabulated results) are shown in Fig. 9
and qualitative features can be generally understood in terms of our preceding discussion.
Four panels with increasing T in Fig.9 clearly demonstrates: (i) the rapid decrease in ther-
mal conductivity for the case Qimp = 0 as T becomes larger than Tum and (ii) the importance
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Figure 9. Electron thermal conductivity �e vs density at four different temperatures. Scat-
tering processes e-ion, e-e, and e-imp with 6 values of Qimp = 0, 1, 2, 3, 4, and 5 (as
indicated in the left panel) are included.

of impurity scattering in the inner crust for T < 108 K and for Qimp � 1. Both of these trends
are easily understood in terms of the preceding discussion of various scattering mechanisms
and their temperature dependencies. As we discuss in §5., Qimp will play an important role
in interpreting observations in accreting neutron stars when the inner crust is cold with
T < Tum.

4.5. Phonon conduction

Phonon heat conduction can become relevant when T >⇥ 108 K when the phonon heat capac-
ity becomes comparable to that of electrons, or when the electron contribution is suppressed
either due to large Qimp or magnetic fields. Its importnace depends on the phonon mean free
path being large enough to compensate for their smaller velocity. Phonon scattering pro-
cesses have been discussed in Refs. [26, 27] and we will briefly review them here. As in
terrestrial metals [29], electrons in the inner crust are efficient at damping lattice phonons.
The phonon-electron process is shown in Fig 7 (2a) which depicts a phonon decay produc-
ing an electron-hole excitation. This, Landau damping, dominates over phonon-impurity
and phonon-phonon processes for the temperature realized in the crust [26].

The electron-phonon process discussed in §4.1. and the phonon-electron process we
discuss here are essentially similar. Only here it acts to bring into equilibrium the phonon
distribution function that carries the net thermal current relative to the electron gas. Since
transverse modes dominate the heat capacity their contribution to thermal conduction is rel-
evant and longitudinal modes can be neglected. For T � Tum, Umklapp processes dominate
and transverse phonons are absorbed and emitted by large angle electron scattering on the
Fermi surface. The mean free path for these processes was estimated by Chugunov and
Haensel in [26]. For simplicity, neglecting corrections due to the Debye-Waller factor, we

Electron Conduction

Impurity scattering is important at low temperature. 
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Figure 7. Feynman diagrams indicating the various scattering and dissipative processes
involving electrons, lattice phonons and superfluid phonons.

4. Transport Properties

The electron and phonon thermal conductivity can be written as ⇥ = Cv v ⇤/3 where Cv is
their specific heat, v is their velocity, and ⇤ is the transport mean free path. Using Eqs. 3 &
4 the electron and phonon conductivities are

⇥e =
1
9

µ2
e T ⇤e , ⇥phi =

2⌅2

45 v2
i

T 3 ⇤phi (20)

where electrons are relativistic (v = 1) with mean-free path ⇤e, and the phonon contribution
is for each phonon type with velocity vi and mean free path ⇤phi . Since µe ⇥ T , electrons
dominate at low temperature but phonon contributions can become relevant at high tem-
perature when ⇤phi � (µe/T )2 v2

i ⇤e or when the magnetic field is large enough to restrict
electron motion [26, 27]. Phonon velocity was discussed in §3., we now turn to discuss
scattering and absorption processes that determine their mean free path. Feynman diagrams
for relevant interactions are illustrated in Fig. 7 and in the following we briefly discuss the
most important of these processes in the inner crust.

4.1. Electron-phonon processes

In its general form, the electron mean free path relevant for the thermal conductivity due to
electron-ion scattering is given by

⇤�1
e =

Z2e4

4⌅µ2
e

� 2kFe

0
dk k3 |Ṽ (k)|2

� ⌃

�⌃
d⇧ F (�⇧)S(⇧,k) g⇥(k,�⇧) (21)

where

g⇥(�⇧,k) = 1+
�

�⇧
⌅

⇥2�
3

k2
Fe
k2 � 1

2

⇥
, F (�⇧) = �⇧

exp(�⇧)�1
(22)

and the dynamical structure factor S(⇧,k) embodies all relevant dynamics of the strongly
coupled system of ions [28]. Here, ⇧,k are the energy and momentum transfer. The function

Flowers & Itoh (1976)
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Figure 11. Models for the crust relaxation of MXB1659-29. See text for description. The
six data points in the left panel are from [40], assuming a source distance of 8.5 kpc.

5.2.1. Mapping the thermal conductivity: MXB1659-29.

The crust relaxation of MXB 1659-29 has been studied in detail by Brown & Cumming in
[43], and our results amply confirm their analysis. The accretion outburst was long enough
that the crust could reach a steady state: this is very important since it implies that the
initial T profile for the crust relaxation was independent of CV , providing some relief from
the CV/� degeneracy in ⇤th, Eq. 39.

As was shown in [43] there is a one-to-one mapping between the cooling curve, Te(t),
and the temperature profile of the crust, T (z) at the end of the outburst at time t0. At time
t � t0 after relaxation commences, the observed surface temperature Te is determined by the
temperature T (zt�t0) at a depth zt�t0 such that the thermal relaxation time from the surface
to this depth is ⇤th ⇥ t. (This is the "l2-effect" in Eq.39.) The schematic in the grey shaded
inset in the left panel of Fig. 11 shows: phase "1" when Te is determined by the outer crust
evolution; in "2" it is controlled by the evolution of matter at densities ⇥ ⇥ 1011 � 1013 g
cm�3; in phase "3" the evolution is sensitive to the deep inner crust; and, finally, in phase
"4", the crust has relaxed with the core and Te reflects the core temperature. Approximating
CV and � by power laws in T , the evolution is described by power laws, i.e., straight lines
in a Te-Log(t � t0) plot.

The thermal conductivity of a pure crystalline crust turns out to be much too high to
reproduce observed cooling, but good fits are obtained when � is reduced due to additional
scattering by impurities. The cooling curves in the left panel of Fig. 11 illustrate three
cases with impurity parameters Qimp = 2.5, 5, and 7.5, as well as a pure crystalline crust,
Qimp = 0. A value of Qimp = 5 is favored in this set of results, but is dependent on the
assumed crust thickness and accretion rate (see [43] for a complete study). A finer study
[45] with a density dependent Qimp reveals that the cooling curves are mostly sensitive to
the value of Qimp at ⇥ > 1013 g cm�3, so that MXB 1659-29, and also KS 1731-260, are

• Late time signal is sensitive to inner 
crust thermal and transport  properties. 

• Impurity parameter can be fixed at 
earlier times.  

• Variations in the pairing gap (changes 
the fraction of normal neutrons) are 
discernible !   

• If neutrons were unpaired the cooling 
time scale would be too large.  

Shternin & Yakovlev (2007) Brown & Cumming (2009) Page & Reddy (2012)  
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Measuring the Heat Capacity of the Core

CNS dT = dQ
Heat the star, allow it to relax, and observe the 
change in temperature: 
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When CNS = α T : 
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f � T 2
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CNS(Tf ) > 2
�Q

Tf
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�Q = Ḣ ⇥ tH � L⌫ ⇥ (tH + tobs)

heating 

rate

neutrino 

cooling rate

time of observation

(after heating ceases)

Cumming et al. (2016)



Observations of KS 1731-260

Accretion Phase: 12 yrs at dM/dt ≈1017 g/s
Thermal Relaxation: t ≈ 8 yrs Wijnands et al. (2002) Cackett et al. (2010)

Inferred Core Temperature: 
Insulating envelope supports a temperature gradient near the surface. 

Inferred Energy Deposition:

T1
c = 7.0⇥ 107 K

✓
T1
s

63.1 eV

◆1.82

T1
c = 3.1⇥ 107 K

✓
T1
s

63.1 eV

◆1.65

Quiescent Surface Temperature (post relaxation): Ts = 63.1 eV

Heavy element envelope:

Light element envelope:

�Q = Ḣ ⇥ tH = 6⇥ 1043 ergs

✓
Qnuc

2 MeV

◆ 
Ṁ

1017 g/s

!✓
tH

10 yrs

◆

Cumming, Page, Brown, Reddy, Horowitz and Fatttoyev  (2016)



Lower Limit on the Core Specific Heat: Current & Future

10

its on the changes in the core temperature during quiescence
(Sec. IV B); and the light contours indicate di↵erent values of
the recurrence time (Sec. IV C).

FIG. 9. Possible values of the specific heat C and neutrino luminosity
L⌫ (assumed / T̃

6) for KS 1731-260. Neutrino cooling from the core
exceeds radiative cooling from the surface to the right of the vertical
dotted line. The minimum specific heat is indicated by the lower dark
curve; it asymptotically approaches the value derived in Eq. (3) for
su�ciently small L⌫. At right, the vertical dark line indicates where
L⌫(T̃8 = 7) = Lin; this is the largest neutrino luminosity compatible
with the observed T̃ . The thin grey contours indicate values of con-
stant recurrence time. The dark grey region at lower right is excluded
by the absence of cooling (at < 13%) after 6 years in quiescence. If
cooling were absent (< 5%) after 10 years, then the light grey region
would be further excluded.

In this section, we make repeated use of the thermal evolu-
tionary equation for the core (Eq. 1),

C
dT̃

dt
= �L�(T̃ ) � L⌫(T̃ ) + Lin, (13)

where Lin = 0 during quiescence. The photon luminosity,
L�(T̃ ), follows from Equations (5) and (6):

L� = 9.8 ⇥ 1032
T̃

2.2
8 erg s�1 (heavy); (14)

L� = 7.5 ⇥ 1033
T̃

2.4
8 erg s�1 (light). (15)

This equation assumes that the core is isothermal, which holds
only if the thermal conduction time across the core is much
shorter than the cooling or heating timescale, and the core
conductivity is large enough to transport heat inwards with
a small temperature contrast. The conduction time across the
core is

cP

K
R

2 ⇠ 3 yr
 

cP

1019 erg cm�3 K�1

! ✓
R

10 km

◆2

 
K

1023 erg cm�1 s�1 K�1

!�1

, (16)

where we insert a typical value of thermal conductivity K due
to neutrons at 108 K [57, 58] and use the heat capacity of de-
generate fermions from Eq. (9). This conduction time is a
factor of a few times smaller than both the outburst timescale
and time in quiescence for KS 1731-260, and in the case of
rapid core evolution with a small C, the thermal time is even
shorter. The temperature contrast required to transport the in-
wards luminosity is also small, �T ⇡ L/4⇡RK ⇠ 106 K for
Lin ⇠ 1035 erg s�1, so the isothermal assumption is reasonable.

A. Neutrino cooling during outburst and an upper limit on the
core neutrino luminosity

The neutrino emissivity of the neutron star core is highly
uncertain, depending on the particle content and allowed weak
reactions. A large enough neutrino emissivity would remove
a significant amount of the energy deposited in the core dur-
ing the outburst and invalidate our assumption that all of the
energy that flows into the core from the crust heats the core.

Neutrino cooling processes generally divide into two
classes [40]: fast, such as direct Urca,

✏dU
⌫ ⇡ 1026 erg cm�3 s�1

✓
T

109 K

◆6
; (17)

and slow, such as modified Urca,

✏mU
⌫ ⇡ 1020 erg cm�3 s�1

✓
T

109 K

◆8
. (18)

The fast processes scale as T
6, whereas the slow go as T

8.
To estimate the corresponding neutrino luminosity, we neglect
the variation in neutrino emissivity with density and gravita-
tional redshift and write L⌫ ⇡ (4⇡R3

c
/3)✏⌫(T̃ ), with core radius

Rc = 11 km, to obtain

L⌫,dU = 6 ⇥ 1038
T̃

6
8 erg s�1 (19)

L⌫,mU = 6 ⇥ 1030
T̃

8
8 erg s�1. (20)

The modified Urca cooling exceeds photon cooling in quies-
cence (Eq. [14]) for T̃8 > 2.4. Hence, modified Urca is not im-
portant during the outburst of KS 1731-260. If a slow cooling
process (i.e., one / T̃

8) were important for regulating the core
temperature, it would need to be at least 103 times stronger
than modified Urca.

For a fast emission process, neutrino cooling exceeds radia-
tive cooling at T̃8 = 0.7 for L⌫/T̃ 6

8 > 3.8 ⇥ 1033 erg s�1, which
is about 10�5 of the direct Urca luminosity. This threshold is
indicated by the vertical dotted line in Fig. 9. We can rule out
a neutrino emission as large as direct Urca, however, because
the core neutrino luminosity cannot exceed the luminosity en-
tering the core during outburst: L⌫ < Lin ⇡ 2 ⇥ 1035 erg s�1

(Fig. 2). As the core is heated and its temperature rises (as-
suming the heat capacity is low enough to give a large temper-
ature change), the neutrino emissivity will eventually come
into balance with the heating rate, and the core temperature
will saturate. For direct Urca, the saturation temperature is
much smaller than the inferred core temperature. Setting

Normal 
Nucleons 

CFL

Leptons (nucleons are paired)

Cumming, Page, Brown, Reddy, Horowitz and Fatttoyev  (2016)

The limit is compatible with most 
models of dense matter.  

One exception is a neutron star core 
made entirely of CFL quark matter.    

If temperature variation is observed 
on a 10 year time scale, it would 
imply some form of exotic matter in 
which most baryons are frozen!



Long Term Evolution of Accreting Neutron Stars  

Balance  between neutrino 
luminosity 
and crustal heating sets the 
average core temperature. 

If we know the heating and 
accretion rate on average then 
a measurement of the neutron 
star surface temperature 
provides a constraint on the 
core neutrino luminosity! 
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Evidence for diversity.  Not all 
neutron star cores are the same!

If we observe cooling on a 10 
year timescale we can obtain 
an upper bound on the core 
specific heat as well!


