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Lecture 1: Basic notions of dense matter. Nuclear interactions and nuclear matter, effective field theory. 

Lecture 2: Mass and radius.  Linear response,  proto-neutron star evolution, supernova neutrino 
emission and detection. 

Lecture 3: Late neutron star cooling: Thermal and transport properties of degenerate matter, cooling of 
isolated neutron stars, heating and cooling in accreting neutron stars. Observational constraints. 

Lecture 4: Neutron stars as laboratories for particle physics:Dark matter candidates (axions and other 
light weakly interacting particles, WIMPs, compact dark objects). Constraints from observations of 
neutron star masses, radii and cooling. 



Why is matter heterogeneous at sub-nuclear density? 
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P (µ, T ) = ��+ µ n+ s T = ��

V

pressure
number  
density

entropy  
density

energy  
density

free energy

The vacuum responds to a chemical potential and finite temperature and by 
producing a finite density of particles with the lowest free energy.  

first-order

“cross-over”

nB(μB)

μB
mB − B . E . mB



First-order transitions with 2 conserved Charges
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Energy cost due to Coulomb 
and surface energies. 



Surface and Coulomb Energies
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Neutron-rich nuclei   

1 NUCLEAR MASSES 19
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Figure 13: Binding energy per nucleon, BE/A, and the mass excess, ∆, for
A = 100 as a function of Z. The points connected by a line are the experimental
values and the liquid-drop model for the binding energy is shown by the dashed
line.
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Figure 13: Binding energy per nucleon, BE/A, and the mass excess, ∆, for
A = 100 as a function of Z. The points connected by a line are the experimental
values and the liquid-drop model for the binding energy is shown by the dashed
line.

At fixed A:  

(i)  The nuclear symmetry energy 
favors small (N-Z).  

(ii) Coulomb energy favors small Z.  

Figure: http://www.nscl.msu.edu/~brown/Jina-workshop/BAB-
lecture-notes.pdf

nuclei with “excess” 
neutrons or protons are 
unstable to weak 
interactions.   
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Problem : Show that for A=100, Z=44 is the most stable nucleus.       

↵sym = 28 MeV ↵C = 0.697 MeVUse:

http://www.nscl.msu.edu/~brown/Jina-workshop/BAB-lecture-notes.pdf
http://www.nscl.msu.edu/~brown/Jina-workshop/BAB-lecture-notes.pdf


Nuclei Immersed in a dense electron gas    
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What have we ignored thus far ? 

•Shell structure - 
Magic numbers 
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Figure 18: Same as in Fig. (1.16) but only for even-even nuclei.

BE
(e

xp
) -

 B
E(

liq
ui

d 
dr

op
) (

M
eV

)

N

-10

-5

0

5

10

15

20

25

0 50 100 150 200

Figure 19: Same as in Fig. (1.17) but only for even-even nuclei.

6 OVERVIEW OF THE NUCLEAR SHELL MODEL 73
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Figure 1: Neutron single-particle states in 208Pb with three potential mod-
els, harmonic oscillator (left), Woods-Saxon without spin-orbit (middle) and
Woods-Saxon with spin orbit (right). The numbers in square brackets are the
maximum number of neutrons in that each level can contain, the following num-
ber is a running sum of the total. In addition the harmonic oscillator is labeled
by the major quantum number N = 2n + ℓ, the Woods Saxon is labeled by n, ℓ
and the Woods-Saxon with spin-orbit is labeled by n, ℓ, 2j.

Figures: http://www.nscl.msu.edu/~brown/Jina-workshop/BAB-lecture-notes.pdf

http://www.nscl.msu.edu/~brown/Jina-workshop/BAB-lecture-notes.pdf
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where N and Z are the neutron and proton numbers and Eb is the binding
energy of the nucleus. The proton pairing gaps are defined in a similar way.
With the above definition, the gaps are positive for normal pairing. The
neutron pairing gaps are shown as a function of neutron number in Fig. 1.
The data for this plot was obtained from nuclear binding energies given in
the 2003 mass table.1 The upper panel shows the gaps centered on odd N .
Typically, the odd-N nuclei are less bound than the average of their even-N
neighbors by about 1 MeV. However, one sees that there can be about a
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Fig. 1. Upper panels: odd-N pairing gaps. Lower panels: even-N pairing gaps.
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Chapter 1

Nuclear pairing: basic phenomena revisited

G.F. Bertsch

Institute for Nuclear Theory and Dept. of Physics, University of

Washingtion, Seattle, Washington

I review the phenomena associated with pairing in nuclear physics, most
prominently the ubiquitous presence of odd-even mass differences and
the properties of the excitation spectra, very different for even-even and
odd-A nuclei. There are also significant dynamical effects of pairing, vis-
ible in the inertias associated with nuclear rotation and large-amplitude
shape deformation.

1. Basic phenomena

In this section I will present some of the basic manifestations of pairing in
nuclei, using contemporary sources1,2 for the experimental data. In later
sections, I will describe in broad terms the present-day theoretical under-
standing of nuclear pairing, emphasizing the many-body aspects rather than
the aspects related to the underlying Hamiltonian.

1.1. Pairing gaps: odd-even binding energy differences

The basic hallmarks of pair condensates are the odd-even staggering in
binding energies, the gap in the excitation spectrum of even systems, and
the compressed quasiparticle spectrum in odd systems. To examine odd-
even staggering, it is convenient to define the even and odd neutron pairing
gaps with the convention

∆(3)
o,Z(N) =

1

2
(Eb(Z,N +1)− 2Eb(Z,N) +Eb(Z,N − 1)), for N odd, (1)

∆(3)
e,Z(N) = −

1

2
(Eb(Z,N+1)−2Eb(Z,N)+Eb(Z,N−1)), for N even. (2)
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I review the phenomena associated with pairing in nuclear physics, most
prominently the ubiquitous presence of odd-even mass differences and
the properties of the excitation spectra, very different for even-even and
odd-A nuclei. There are also significant dynamical effects of pairing, vis-
ible in the inertias associated with nuclear rotation and large-amplitude
shape deformation.

1. Basic phenomena

In this section I will present some of the basic manifestations of pairing in
nuclei, using contemporary sources1,2 for the experimental data. In later
sections, I will describe in broad terms the present-day theoretical under-
standing of nuclear pairing, emphasizing the many-body aspects rather than
the aspects related to the underlying Hamiltonian.

1.1. Pairing gaps: odd-even binding energy differences

The basic hallmarks of pair condensates are the odd-even staggering in
binding energies, the gap in the excitation spectrum of even systems, and
the compressed quasiparticle spectrum in odd systems. To examine odd-
even staggering, it is convenient to define the even and odd neutron pairing
gaps with the convention

∆(3)
o,Z(N) =

1

2
(Eb(Z,N +1)− 2Eb(Z,N) +Eb(Z,N − 1)), for N odd, (1)

∆(3)
e,Z(N) = −

1

2
(Eb(Z,N+1)−2Eb(Z,N)+Eb(Z,N−1)), for N even. (2)

1

There is a gap in the single particle spectrum 
Systems with odd number of neutrons or protons 
have lower relative binding energy.  



Sequence of nuclei 
encountered in the neutron 

star outer crust.  

From 56Fe to 118Kr



Electron-nucleus Interaction and Lattice Energy
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Non-spherical nuclei or Pasta

Baym, Bethe, Pethick (1971)

For spherical nuclei  

Coulomb energies

3 dimensions. Energy in electric field concentrated near nucleus

2 dimensions. Typical logarithmic behavior

1 dimension. “Confining potential” � rNrc

For “d” dimensional structures: 
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For small surface tension Pasta is favored. 



Energy gain is modest and model dependent 

Baym, Bethe, Pethick (1971)



nuclei

neutron
superfluid

Neutron Star Crust:

Neutron Fraction:  

Outer Crust < 70%.   
Inner Crust ~ 90%.   
Outer Core: > 90%

Mass contained in the crust 
is small ~ few percent.  

Most of it is in the inner-
crust as either spherical or 
non-spherical nuclei 
immersed in a neutron fluid.  



Equation of State and Neutron Star Structure 
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Equation of State and Neutron Star Structure 

P (") + Gen.Rel. = M(R)

P (")

"

M(R)

R

A small radius and large maximum mass implies a rapid 
transition from low pressure to high pressure with density. 
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Dense matter EOS and NS  structure

Neutron matter calculations and a 
sound speed at higher density 
constrained by 2 solar mass NS and 
causality provide useful constraints on 
the NS properties. 

R1.4 = 9.5 - 12.5 km 
          
Mmax  = 2.0 - 2.5 Msolar

Tews, Gandolfi, Carlson, Reddy (2018), Tews, Margueron, Reddy (2018) 
Hebeler, Schwenk, Lattimer and Pethick (2010,2013) and Carlson, Gandolfi, Reddy (2012)
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Figure 8. Histograms for c2S(n), the mass-radius relation, and the EOS for all the accepted parameter sets
for the local chiral N2LO interactions of Figure 3 and ntr,1 (upper panels) and ntr,2 (lower panels). For the
c2S(n) histogram we terminate each parametrization at its maximal central density. The orange lines are the
corresponding contours for the polytropic expansion of Hebeler et al. (2013). For the mass-radius curve, we
also show the average radius for each mass (solid line) as well as 68% confidence intervals (dashed lines).

We find that the speed of sound increases rapidly in a small density range above ntr. This increase
is more drastic for softer nuclear interactions. For sti↵er interactions, cS increases slowly and peaks at
higher densities. In all cases, for a large fraction of parametrizations, the speed of sound increases to
values around cS ⇡ 0.9. For the smaller transition density, there exist parametrizations that observe
the conformal limit at all densities, while for the higher transition density all parametrizations violate
this bound, consistent with our previous findings.

For the mass-radius relation, we find a rather broad radius distribution at lower transition densities,
that narrows with increasing transition density. This highlights the fact that PNM calculations at
densities ⇠ 2n0 provide valuable information despite sizable uncertainties. We highlight this fact in
Figure 10 where we show the radius of a typical 1.4 M� NS as a function of ntr for the chiral EFT
interactions. At ntr,1, we find a radius range of 9.4� 14.0 km (10.0� 14.1 km) with a 68% confidence
interval of 12.0 ± 1.0 km (12.3 ± 0.9 km) for the TPE-only (TPE+VE, ) interaction. This range
reduces to 9.4 � 11.8 km (10.2 � 12.3 km) with a 68% confidence interval of 10.7 ± 0.5 km (11.5+0.3

�0.4

km) for ntr,2.
For the phenomenological interaction the mass-radius relation is much narrower than for the chiral

interactions because the EOS is much sti↵er and uncertainties associated with the interaction are

   2n0

n0



Neutron Star Structure: Observations
2 M⦿ neutron stars exist.
PSR J1614-2230: M=1.93(2) 
Demorest et al.  (2010)
PSR J0348+0432: M=2.01(4) M⦿ 
Anthoniadis  et al. (2013)
MSP J0740+6620: M=2.17(10) M⦿ 
Cromartie et al. (2019)
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Neutron Star Structure: Observations

ω

Figure 4

The combined constraints at the 68% confidence level over the neutron star mass and radius obtained from
(Left) all neutron stars in low-mass X-ray binaries during quiescence (Right) all neutron stars with
thermonuclear bursts. The light grey lines show mass-relations corresponding to a few representative
equations of state (see Section 4.1 and Fig. 7 for detailed descriptions.)

(Guillot et al. 2013; Guillot & Rutledge 2014; Lattimer & Steiner 2014; Özel et al. 2015). The most

recent results are displayed as correlated contours on the neutron-star mass-radius diagram4 (see
Fig. 4).

Several sources of systematic uncertainties that can affect the radius measurements have been

studied, which we discuss in some detail below.

Atmospheric Composition. The majority of qLMXBs for which optical spectra have been ob-
tained show evidence for Hα emission (Heinke et al. 2014), indicating a hydrogen rich companion.

Although none of these spectra have been obtained for globular cluster qLMXBs, assuming that
sources in globular clusters have similar companions to those in the field led to the use of hydrogen

atmospheres when modeling quiescent spectra. There is one source among the six that have been

analyzed in detail, for which there is evidence to the contrary. There is only an upper limit on the
Hα emission from the qLMXB in NGC 6397 using HST observations (Heinke et al. 2014). Because

of this, this source has been modeled with a helium atmosphere and the corresponding results are

displayed in Fig. 4.

Non-thermal Component. Assuming different spectral indices in modeling the none-thermal

spectral component also has a small effect on the inferred radii (Heinke et al. 2014). The low

counts in the spectra do not allow an accurate measurement of this parameter; however, a range of
values have been explored in fitting the data.

Interstellar Extinction. Because of the low temperature of the surface emission from qLMXBs,

the uncertainty in the interstellar extinction has a non-negligible effect on the spectral analyses. Dif-
ferent amounts of interstellar extinction have been assumed in different studies (Guillot et al. 2013;

Lattimer & Steiner 2014). A recent study explored different models for the interstellar extinction

4The full mass-radius likelihoods and tabular data for these sources can be found at
http://xtreme.as.arizona.edu/NeutronStars.
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sources in globular clusters have similar companions to those in the field led to the use of hydrogen

atmospheres when modeling quiescent spectra. There is one source among the six that have been

analyzed in detail, for which there is evidence to the contrary. There is only an upper limit on the
Hα emission from the qLMXB in NGC 6397 using HST observations (Heinke et al. 2014). Because

of this, this source has been modeled with a helium atmosphere and the corresponding results are

displayed in Fig. 4.

Non-thermal Component. Assuming different spectral indices in modeling the none-thermal

spectral component also has a small effect on the inferred radii (Heinke et al. 2014). The low

counts in the spectra do not allow an accurate measurement of this parameter; however, a range of
values have been explored in fitting the data.

Interstellar Extinction. Because of the low temperature of the surface emission from qLMXBs,

the uncertainty in the interstellar extinction has a non-negligible effect on the spectral analyses. Dif-
ferent amounts of interstellar extinction have been assumed in different studies (Guillot et al. 2013;

Lattimer & Steiner 2014). A recent study explored different models for the interstellar extinction

4The full mass-radius likelihoods and tabular data for these sources can be found at
http://xtreme.as.arizona.edu/NeutronStars.
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Inferred NS radii are small.  
Despite poorly understood systematic 
errors, x-ray observations suggest 
R ~ 9-13 km. Perhaps even preferring a 
smaller range R~ 10-12 km.  
Ozel & Freire (2016)

2 M⦿ neutron stars exist.
PSR J1614-2230: M=1.93(2) 
Demorest et al.  (2010)
PSR J0348+0432: M=2.01(4) M⦿ 
Anthoniadis  et al. (2013)
MSP J0740+6620: M=2.17(10) M⦿ 
Cromartie et al. (2019)
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Binary Inspiral and Gravitational WavesNeutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

Neutron-star mergers and 
 gravitational waves 

explore sensitivity to neutron-rich matter 
in neutron-star merger and gw signal 
Bauswein, Janka (2012), Bauswein, Janka, Hebeler, AS (2012). 

GWs are produced by fluctuating quadrupoles.
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neutron stars out to about 200 Mpc at design 
sensitivity. Detection rate ~ 1- 50  per year.  



GW170817: 
Gravitational Waves 
from Neutron Stars!   

∼100 s (calculated starting from 24 Hz) in the detectors’
sensitive band, the inspiral signal ended at 12∶41:04.4 UTC.
In addition, a γ-ray burst was observed 1.7 s after the
coalescence time [39–45]. The combination of data from
the LIGO and Virgo detectors allowed a precise sky
position localization to an area of 28 deg2. This measure-
ment enabled an electromagnetic follow-up campaign that
identified a counterpart near the galaxy NGC 4993, con-
sistent with the localization and distance inferred from
gravitational-wave data [46–50].
From the gravitational-wave signal, the best measured

combination of the masses is the chirp mass [51]
M ¼ 1.188þ0.004

−0.002M⊙. From the union of 90% credible
intervals obtained using different waveform models (see
Sec. IV for details), the total mass of the system is between
2.73 and 3.29 M⊙. The individual masses are in the broad
range of 0.86 to 2.26 M⊙, due to correlations between their
uncertainties. This suggests a BNS as the source of the
gravitational-wave signal, as the total masses of known
BNS systems are between 2.57 and 2.88 M⊙ with compo-
nents between 1.17 and ∼1.6 M⊙ [52]. Neutron stars in
general have precisely measured masses as large as 2.01#
0.04 M⊙ [53], whereas stellar-mass black holes found in
binaries in our galaxy have masses substantially greater
than the components of GW170817 [54–56].
Gravitational-wave observations alone are able to mea-

sure the masses of the two objects and set a lower limit on
their compactness, but the results presented here do not
exclude objects more compact than neutron stars such as
quark stars, black holes, or more exotic objects [57–61].
The detection of GRB 170817A and subsequent electro-
magnetic emission demonstrates the presence of matter.
Moreover, although a neutron star–black hole system is not
ruled out, the consistency of the mass estimates with the
dynamically measured masses of known neutron stars in
binaries, and their inconsistency with the masses of known
black holes in galactic binary systems, suggests the source
was composed of two neutron stars.

II. DATA

At the time of GW170817, the Advanced LIGO detec-
tors and the Advanced Virgo detector were in observing
mode. The maximum distances at which the LIGO-
Livingston and LIGO-Hanford detectors could detect a
BNS system (SNR ¼ 8), known as the detector horizon
[32,62,63], were 218 Mpc and 107 Mpc, while for Virgo
the horizon was 58 Mpc. The GEO600 detector [64] was
also operating at the time, but its sensitivity was insufficient
to contribute to the analysis of the inspiral. The configu-
ration of the detectors at the time of GW170817 is
summarized in [29].
A time-frequency representation [65] of the data from

all three detectors around the time of the signal is shown in
Fig 1. The signal is clearly visible in the LIGO-Hanford
and LIGO-Livingston data. The signal is not visible

in the Virgo data due to the lower BNS horizon and the
direction of the source with respect to the detector’s antenna
pattern.
Figure 1 illustrates the data as they were analyzed to

determine astrophysical source properties. After data col-
lection, several independently measured terrestrial contribu-
tions to the detector noise were subtracted from the LIGO
data usingWiener filtering [66], as described in [67–70]. This
subtraction removed calibration lines and 60 Hz ac power
mains harmonics from both LIGO data streams. The sensi-
tivity of the LIGO-Hanford detector was particularly
improved by the subtraction of laser pointing noise; several
broad peaks in the 150–800 Hz region were effectively
removed, increasing the BNS horizon of that detector
by 26%.

FIG. 1. Time-frequency representations [65] of data containing
the gravitational-wave event GW170817, observed by the LIGO-
Hanford (top), LIGO-Livingston (middle), and Virgo (bottom)
detectors. Times are shown relative to August 17, 2017 12∶41:04
UTC. The amplitude scale in each detector is normalized to that
detector’s noise amplitude spectral density. In the LIGO data,
independently observable noise sources and a glitch that occurred
in the LIGO-Livingston detector have been subtracted, as
described in the text. This noise mitigation is the same as that
used for the results presented in Sec. IV.
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GW170817: Observation of Gravitational Waves from a Binary Neutron Star Inspiral
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On August 17, 2017 at 12∶41:04 UTC the Advanced LIGO and Advanced Virgo gravitational-wave
detectors made their first observation of a binary neutron star inspiral. The signal, GW170817, was detected
with a combined signal-to-noise ratio of 32.4 and a false-alarm-rate estimate of less than one per
8.0 × 104 years. We infer the component masses of the binary to be between 0.86 and 2.26 M⊙, in
agreement with masses of known neutron stars. Restricting the component spins to the range inferred in
binary neutron stars, we find the component masses to be in the range 1.17–1.60 M⊙, with the total mass of
the system 2.74þ0.04

−0.01M⊙. The source was localized within a sky region of 28 deg2 (90% probability) and
had a luminosity distance of 40þ8

−14 Mpc, the closest and most precisely localized gravitational-wave signal
yet. The association with the γ-ray burst GRB 170817A, detected by Fermi-GBM 1.7 s after the
coalescence, corroborates the hypothesis of a neutron star merger and provides the first direct evidence of a
link between these mergers and short γ-ray bursts. Subsequent identification of transient counterparts
across the electromagnetic spectrum in the same location further supports the interpretation of this event as
a neutron star merger. This unprecedented joint gravitational and electromagnetic observation provides
insight into astrophysics, dense matter, gravitation, and cosmology.

DOI: 10.1103/PhysRevLett.119.161101

I. INTRODUCTION

On August 17, 2017, the LIGO-Virgo detector network
observed a gravitational-wave signal from the inspiral of
two low-mass compact objects consistent with a binary
neutron star (BNS) merger. This discovery comes four
decades after Hulse and Taylor discovered the first neutron
star binary, PSR B1913+16 [1]. Observations of PSR
B1913+16 found that its orbit was losing energy due to
the emission of gravitational waves, providing the first
indirect evidence of their existence [2]. As the orbit of a
BNS system shrinks, the gravitational-wave luminosity
increases, accelerating the inspiral. This process has long
been predicted to produce a gravitational-wave signal
observable by ground-based detectors [3–6] in the final
minutes before the stars collide [7].
Since the Hulse-Taylor discovery, radio pulsar surveys

have found several more BNS systems in our galaxy [8].
Understanding the orbital dynamics of these systems
inspired detailed theoretical predictions for gravitational-
wave signals from compact binaries [9–13]. Models of the
population of compact binaries, informed by the known
binary pulsars, predicted that the network of advanced
gravitational-wave detectors operating at design sensitivity

will observe between one BNS merger every few years to
hundreds per year [14–21]. This detector network currently
includes three Fabry-Perot-Michelson interferometers that
measure spacetime strain induced by passing gravitational
waves as a varying phase difference between laser light
propagating in perpendicular arms: the two Advanced
LIGO detectors (Hanford, WA and Livingston, LA) [22]
and the Advanced Virgo detector (Cascina, Italy) [23].
Advanced LIGO’s first observing run (O1), from

September 12, 2015, to January 19, 2016, obtained
49 days of simultaneous observation time in two detectors.
While two confirmed binary black hole (BBH) mergers
were discovered [24–26], no detections or significant
candidates had component masses lower than 5M⊙, placing
a 90% credible upper limit of 12 600 Gpc−3 yr−1 on the rate
of BNS mergers [27] (credible intervals throughout this
Letter contain 90% of the posterior probability unless noted
otherwise). This measurement did not impinge on the range
of astrophysical predictions, which allow rates as high as
∼10 000 Gpc−3 yr−1 [19].
The second observing run (O2) of Advanced LIGO, from

November 30, 2016 to August 25, 2017, collected 117 days
of simultaneous LIGO-detector observing time. Advanced
Virgo joined the O2 run on August 1, 2017. At the time of
this publication, two BBH detections have been announced
[28,29] from the O2 run, and analysis is still in progress.
Toward the end of the O2 run a BNS signal, GW170817,

was identified by matched filtering [7,30–33] the data
against post-Newtonian waveform models [34–37]. This
gravitational-wave signal is the loudest yet observed, with a
combined signal-to-noise ratio (SNR) of 32.4 [38]. After

*Full author list given at the end of the Letter.
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Component masses: m1 = 1.47 ± 0.13 M⊙

m2 = 1.17 ± 0.09 M⊙

Chirp Mass: ℳ =
(m1m2)3/5

(m1 + ms)1/5
= 1.188+0.004

−0.002 M⊙

Total Mass: M = m1 + m2 = 2.74+0.04
−0.01 M⊙
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Tidal Effects at Late Times 
• Both NSs contribute to tidal effect
• Leads to phase shift of 5–15 radians

400Hz up to merger

Matter effects
• Both NSs contribute to tidal effect
• Leads to phase shift of 5–15 radians

400Hz up to merger

Matter effects

t (s)

Measuring the EOS directly
• The tidal deformability is calculated from the EOS
• This can be inverted to find EOS parameters from observations of the tidal 

parameters and masses
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�2 = �2[p(⇢),m2]

B. Lackey, L. Wade. PRD 91, 043002 (2015)



Tidal deformations observed 
in GW170817 are small and  
suggests that the NS radius: 

           R < 13 km 

Requiring a maximum mass 
greater than 2 Msun implies: 

R > 9 km 

4

FIG. 3. The 90% credible region of the posterior probability for
the common radius R̂ and binary tidal deformability ⇤̃ with the
common EOS constraint for the three mass priors. The posteriors
for the individual parameters are shown with dotted lines at the
5%, 50% and 95% percentiles. The values of ⇤̃, and hence R̂
forbidden by causality have been excluded from the posteriors.

mon radius R̂ of the neutron stars in the binary. Our results
suggest a radius R̂ = 10.7+2.1

�1.6 ± 0.2 km (90% credible
interval, statistical and systematic errors) for the uniform
mass prior, R̂ = 10.9+2.1

�1.6±0.2 km for double neutron star
mass prior, and R̂ = 10.8+2.1

�1.6±0.2 km for the prior based
on all neutron star masses.

For the uniform mass prior, we computed the Bayes fac-
tor comparing a model with a prior ⇤s ⇠ U [0, 5000] to a
model with a prior ⇤s ⇠ U [0, 100]. We find log10(B) ⇠
1, suggesting that the data favors a model that includes
measurement of tidal deformability ⇤̃ & 100. However,
the evidences were calculated using thermodynamic inte-
gration of the MCMC chains [9]. We will investigate model
selection using, e.g., nested sampling [44] in a future work.

Finally, we note the post-Newtonian waveform family
used will result in systematic errors in our measurement of
the tidal deformability [45, 46]. However, this waveform
family allows a direct comparison to the results of Ref. [1].
Accurate modeling of the waveform is challenging, as the
errors in numerical simulations are comparable to the size
of the matter effects that we are trying to measure [47].
Waveform systematics and comparison of other waveform
models (e.g., [48]) will be investigated in a future work.

Discussion.—Using Bayesian parameter estimation, we
have measured the tidal deformability and common radius
of the neutron stars in GW170817. Table I summarizes
our findings. To compare to Ref. [1], which reports a 90%
upper limit on ⇤̃  800 under the assumption of a uni-
form prior on ⇤̃, we integrate the posterior for ⇤̃ to obtain
90% upper limits on ⇤̃. For the common EOS analyses,
these are 485, 521, and 516 for the uniform, double neu-

Mass prior ⇤̃ R̂ (km) B ⇤̃90%

Uniform 222+420
�138 10.7+2.1

�1.6 ± 0.2 369 < 485

Double neutron star 245+453
�151 10.9+2.1

�1.6 ± 0.2 125 < 521

Galactic neutron star 233+448
�144 10.8+2.1

�1.6 ± 0.2 612 < 516

TABLE I. Results from parameter estimation analyses using three
different mass prior choices with the common EOS constraint,
and applying the causal minimum constraint to ⇤(m). We show
90% credible intervals for ⇤̃, 90% credible intervals and system-
atic errors for R̂, Bayes factors B comparing our common EOS
to the unconstrained results, and the 90% upper limits on ⇤̃.

tron star, and Galactic neutron star component mass pri-
ors, respectively. We find that, in comparison to the un-
constrained analysis, the common EOS assumption signif-
icantly reduces the median value and 90% confidence up-
per bound of ⇤̃ by about 28% and 19%, respectively, for
all three mass priors. The difference between our common
EOS results for the three mass priors is consistent with the
physics of the gravitational waveform. At constant M, de-
creasing q causes the binary to inspiral more quickly [49].
At constant M and constant q, increasing ⇤̃ also causes the
binary to inspiral more quickly, so there is a mild degener-
acy between q and ⇤̃. The uniform mass prior allows the
largest range of mass ratios, so we can fit the data with a
larger q and smaller ⇤̃. The double neutron star mass prior
allows the smallest range of mass ratios, and so, a larger
⇤̃ is required to fit the data, with the Galactic neutron star
mass prior lying between these two cases.

Nevertheless, considering all analyses we performed
with different mass prior choices, we find a relatively ro-
bust measurement of the common neutron star radius with
a mean value hR̂i = 10.8 km bounded above by R̂ <

13.2 km and below by R̂ > 8.9 km. Nuclear theory and
experiment currently predict a somewhat smaller range by
2 km but with approximately the same centroid as our re-
sults [14, 50]. A minimum radius 10.5–11 km is strongly
supported by neutron matter theory [51–53], the unitary
gas [54], and most nuclear experiments [14, 50, 55]. The
only major nuclear experiment that could indicate radii
much larger than 13 km is the PREX neutron skin measure-
ment, but this has published error bars much larger than
previous analyses based on antiproton data, charge radii of
mirror nuclei, and dipole resonances. Our results are con-
sistent with photospheric radius expansion measurements
of x-ray binaries which obtain R ⇡ 10–12 km [12, 56, 57].
Reference [58] found from an analysis of five neutron stars
in quiescent low-mass x-ray binaries a common neutron
star radius 9.4 ± 1.2 km, but systematic effects includ-
ing uncertainties in interstellar absorption and the neutron
stars’ atmospheric compositions are large. Other analyses
have inferred 12± 0.7 [59] and 12.3± 1.8 km [60] for the
radii of 1.4M� quiescent sources.

We have found that the relation q
7.48

< ⇤1/⇤2 < q
5.76,

in fact, completely bounds the uncertainty for the range of

Neutron Stars are Small

De et al. PRL (2018)
See also LIGO and Virgo Scientific Collaboration arXiV:1805.11581v1    



Speed of Sound in Dense Matter 3
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Figure 1. Two possible scenarios for the evolution of the speed of sound in dense matter.

For QCD at finite baryon density, we are unaware of compelling reasons to expect that c2S <
1/3, and based on the preceding arguments, we will consider two minimal scenarios, which are
illustrated in Fig. 1. The scenario labeled (a) corresponds to the case when we assume that QCD
obeys the conformal limit c2S < 1/3 at all densities, and scenario (b) corresponds to QCD violating
this conformal bound. The behavior of cS at low and high density is constrained by theory, and
we shall show that NS observations, when combined with improved ab initio calculations of PNM,
can distinguish between these two scenarios, and provide useful insights about matter at densities
realized inside NSs.

This paper is structured as follows. In Section 2, we present constraints on the speed of sound from
nuclear physics. In Section 3, we extend the speed of sound to higher densities. In Section 3.1, we
study the EOS under the assumption that the conformal limit is obeyed and the speed of sound is
bounded by 1/

p
3. For this case, we find that cS needs to increase very rapidly above 1 � 2n0 to

stabilize a 2 M� NS. Such a rapid increase likely signals the appearance of a new form of strongly
coupled matter where the nucleon is no longer a useful degree of freedom. In Section 3.2, we release
this assumption but still find that models in which cS increases rapidly, reaching values close to c,
are favored. We study correlations in our parameterization in Section 3.3. In Section 4, we derive the
smallest possible radius for NSs consistent with nuclear physics and observations. We then investigate
the impact of possible additional observations in Section 5. Finally, we summarize our main findings
in Section 6.

2. EOS AND SPEED OF SOUND FROM NUCLEAR PHYSICS

2.1. The EOS of neutron matter

In this work, we use auxiliary-field di↵usion Monte Carlo (AFDMC) to find the many-body ground
state for a given nonrelativistic nuclear Hamiltonian (Carlson et al. 2014). In general, the nuclear
Hamiltonian contains two-body (NN), three-body (3N), and higher many-body (AN) forces,

H = T + VNN + V3N + VAN , (2)

Tews,	Carlson,	Gandolfi	and	Reddy	(2018),	Steiner	&	Bedaque	(2016)

Large observed 
maximum mass 
combined with small 
radius and neutron matter 
calculations suggests a 
rapid increase in pressure 
in the neutron star core.      
Implies a large and non-
monotonic sound speed 
in dense QCD matter. 

✔

✘
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Neutron Star Dynamics 

Measurements of neutron star masses and radii can constrain the equation of 
state. 

The thermal evolution of neutron stars is sensitive to the thermal and transport 
properties of dense matter.  

The spectrum of fluctuations at low energy is in turn very sensitive to the phase 
structure of degenerate matter.  

•Proto-neutron star evolution and neutrinos 
from a galactic supernova.  

•Cooling of isolated neutron stars  
•Cooling of accreting neutron stars 



Core-collapse Supernova

107 km

103 km

Binding 
Energy:

1053 ergs

102 km

10 km

Shock
Wave

Hot and dense proto-
neutron star forms in 

~ 1 second 



Thermal evolution of an 
isolated  neutron star from 
birth to old age.

Direct detection of 
neutrinos is only possible 
during the first minute or 
so from a galactic 
supernova. 

X-ray observations from 
the surface of a 
population of neutron 
stars informs us about 
late time thermal 
evolution.  



Proto-Neutron Star Evolution

The proto-neutron star contains 
a large fraction of the 
gravitational binding energy - 
trapped in the form of neutrinos. 

Lepton number is also trapped. 
The electron fraction is high - 
implies a large proton fraction. 

The entropy of the core is 
modest. 

The shock heated layers at 
R>10 kms has higher entropy.  

Pons, Reddy, Lattimer, Prakash 1998



Proto-Neutron Star Evolution

Pons, Reddy, Lattimer, Prakash 1998

T(t) ≈ T(0)(1 −
t
τc )
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Supernova Neutrinos 

> 10,000 events expected from a 
future galactic supernovae. 

Temporal structure set by neutrino 
diffusion + convection + fall-back.   



Supernova Neutrinos 

> 10,000 events expected from a 
future galactic supernovae. 

Temporal structure set by neutrino 
diffusion + convection + fall-back.   



Neutrino Mean Free Paths in Dense Matter

Dense Matter

(ω, ⃗q )

νx νx

2π
q

> r

r

Scattering from different target particles in the medium 
interfere. Correlations between particles important in 
determining the neutrino scattering rates.   

Correlation functions of dense matter at low energy is 
strongly influenced by interactions between target 
particles and the phased structure of matter.
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Dynamic Structure Factor
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The dynamic structure factor incorporates all of the many-body effects into the neutrino scattering 
and absorption rates. 
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In hot and dense nuclear matter single-pair, multi-particle and collective modes all 
contribute to low energy response. 

• At small ω response is governed by hydrodynamics. 
• Single-pair response dominates for |ω𝜏coll| >1 and  |ω|< qv.
• Multi-particle response dominates for |ω| >  qv. 
• Collective modes arise due to repulsive interactions.
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The lepton tensor is

L
µ⌫ = Tr

⇥
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⇤

, (7)

where q
µ = p

µ
1 � p

µ
3 = p

µ
4 � p

µ
2 is the energy-momentum transfer from the leptons to the baryons. In our case since

particle 1 is a neutrino m1 ⇡ 0 and m3 = ml where ml is the final charged lepton, ml = me for electrons and ml = mµ

muons, in the final state. The upper sign is for neutrinos while the lower sign is for antineutrinos, due to their left
and right handed character. We use the standard Feynman slash notation, where a slash denotes contraction of a
four-vector with the gamma matrices.

Inspecting the kinematics of the leptons gives the allowed range of values for the energy and momentum transfer
to the nucleons for given four-momentum of particle 1,

q =
q

p
2
1 + p

2
3 � 2p1p3µ13 (8)

q0 = E1 � E3 , (9)

where µ13 is the cosine of the angle between the momentum vectors of particles one and three and pi is the magnitude
of the momentum of particle i. The maximum and minimum values of this expression shows that the allowed range
of momentum transfers to be |p1 � p3| < q < p1 + p3. When both particles one and three are massless, these relations
imply q

2
µ < 0 and |q0| < q < 2E1 � q0, but these constraints do not hold for charged current reactions in which the

final state lepton mass cannot be neglected.
The hadronic part of the matrix element is well known in the case of free nucleons, and including mean field

corrections in the nucleon spinors only slightly alters its structure. The necessary modifications to the spin-sums are
described in Appendix B. Then, the baryon contribution to the matrix element in the mean field approximation is
given by
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the nucleon energies E2 = E

⇤
k + U2 and E4 = E

⇤
k+q + U4, where U2 and U4 are mean field potentials for 2 and 4,

respectively. The e↵ective masses of the nucleons 2 and 4 in the medium are M
⇤
2 and M

⇤
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We can now recast the absorption rate in Eq. 5 as
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as in [20] where (1 � exp (�(q0 + �µ)/T ))�1 is the detailed balance factor for charged current reactions and �µ =
µ2 � µ4. The nuclear part is now factored and contained in the tensor
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where E
⇤
k+q =

q
(~k + ~q)2 + (M⇤

4 )2 and in the second line we have employed the momentum space Dirac delta function.
Eq. 11 together with Eq. 12 can be used to calculate the charged current opacity. This would include corrections

due to mean field potentials, relativistic kinematics and weak magnetism. We calculate Iµ⌫ in detail in section II B,
but first we show that the same result can be found from linear response theory.

A. The Charged Current Polarization Tensor

The neutrino absorption rate in nuclear matter can be calculated using linear response theory because at leading
order in the weak interaction, the nucleonic and leptonic parts factorize. For the weak interaction Lagrangian in Eq. 1
linear response theory predicts [18, 30]
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tensor. The correct inclusion of these extra terms is likely to impact the response of the medium when correlations
are included through the RPA (see below). 3) They neglected weak magnetism corrections, which can be important
for predicting the di↵erence between electron neutrino and electron anti-neutrino spectra and nucleosynthesis in the
neutrino driven wind, as well as the deleptonization rates of protoneutron stars [29].

As a base line for future studies that would include correlations, we derive for the first time the charged current
absorption rates for electron neutrinos which include all of the following e↵ects: 1) di↵erent mean-field potential
energy shifts for neutrons and protons in neutron-rich matter; 2) relativistic contributions to the nucleon charged
currents; 3) weak magnetism; and 4) e↵ects due to the violation of the isospin symmetry, and consequently the lack of
conservation of the nucleon charged current in asymmetric matter [28]. We provide derivations of these results both
from the perspective of Fermi’s Golden Rule, and in the language of finite temperature quantum field theory. In the
neutral current limit, these expressions reduce to those given in [22]. A library for calculating neutrino interaction
rates based on this work is available at https://bitbucket.org/lroberts/nuopac.

The paper is structured as follows: In section II, we derive the general form of the charged current opacity from
Fermi’s Golden Rule. In section II A, we calculate the full charged current polarization tensor and show that its
imaginary part agrees with the Fermi’s Golden Rule results. We then present practical representations of the response
in section II B. We also discuss some approximations to the charged current absorption rate in section II C. In section
III, we present limiting forms of the rates and assess the impact of the new terms. Throughout, we set ~ = c = kB = 1
and use a metric with signature (+ � ��).

II. CHARGED CURRENT OPACITY

The charged current interaction at low energies is described by the Fermi weak interaction Lagrangian
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µ
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is the nucleon charged current which includes the vector, axial vector, and weak magnetism contributions, characterized
by coupling strengths gV = 1, gA = 1.26, and F2 = 3.71, respectively, and M = (Mn + Mp)/2 = 938.9 MeV and
Mp, Mn are the proton and neutron masses, respectively. Here, the currents are written using Dirac spinors  i, l and
⌫ and the � matrices are in the Dirac basis with �5 = i�

0
�
1
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2
�
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�
⌫

� �
⌫
�
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the two-particle process, l1 + N2 ! l3 + N4, where l1 and l3 are the initial and final state leptons, and N2 and N4

are the initial and final state nucleons, respectively, can be calculated from Fermi’s Golden Rule. In the relativistic
formalism, the di↵erential cross-section for the process 1 + 2 ! 3 + 4 is given by
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where vrel is the relative velocity between particles in the initial state,
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is the Lorentz invariant phase which includes e↵ects due to Pauli blocking of the final states and h|M |
2
i is the square

of the matrix element – averaged over initial spin states and summed over the final spin states. The di↵erential
absorption rate for a neutrino with energy E1 in the medium where the density of the particle 2 is n2 is given by

d�(E1) = hn2 vrel d�i = 2

Z
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where f2 is the distribution of the particle 2 in the medium and the factor of 2 on the RHS accounts for its spin
degeneracy. The distribution functions fi are assumed to be Fermi-Dirac distributions characterized by chemical
potential µi and temperature T . Using the standard decomposition of the square of weak matrix element for free
nucleons in terms of the lepton tensor and the baryon tensor, we find that
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where Lµ⌫ is the lepton tensor defined earlier in Eq. 7,

S
µ⌫(q0, q) =

�2 Im ⇧µ⌫(q0, q)

1 � exp (�(q0 +�µ)/T )
, (14)

is called the dynamic response function, and
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i(q0t�~q·~x)
h |[jµ (~x, t), j⌫(~0, 0)]| i , (15)

is the retarded current-current correlation function or the polarization tensor where jµ is the weak charged current
defined in Eq. 2 and h| · · · |i is the thermodynamic average = Tr [exp(�(H �

P
i µiNi)) · · · ]/Z where Z is the grand

canonical partition function. The relationship in Eq. 14 between the correlation function and the dynamic structure
factor is often called the fluctuation-dissipation theorem [31, 32].

This correlation function encodes all of the complexities associated with interaction between nucleons in the plasma
and is in general di�cult to calculate. When nucleons are treated as non-interacting particles, the polarization tensor
can be calculated using the free single particle Greens functions. We use the imaginary time formalism [33], where
the free nucleon propagator at zero chemical potential is given by

GF (i!n,p) =
M �6 p

E2
p � (i!n)2

. (16)

where !n is a Fermionic Matsubara frequency. The extension to non-zero chemical potential is straightforward and
is obtained by the replacement i!n ! i!n + µ (see [33] equation 5.70). The e↵ects due to a space-time independent
background mean field potential can also be similarly included since its contribution to the grand canonical Hamilto-
nian is proportional to

R
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3
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0 , similar to the chemical potential (see Appendix B). Additionally, the numerator,
which comes from a spin sum, should be replaced by the spin sums described in Appendix B. These considerations
imply that the propagator for nucleons in the dense medium is obtained by replacement i!n ! i!n + ⌫i, where
⌫i = µi � Ui, and �6 p + M ! �6 p̃ + M
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where the �a represent di↵erent interaction vertices (i.e. CV �
µ, etc.), i!m is a Bosonic Matsubara frequency, and

�µ = µ2 � µ4.
Using the Matsubara sum results from appendix C and the baryon tensor portion of the weak interaction matrix

element given above, we find that the imaginary time polarization tensor is
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where Lµ⌫ is the lepton tensor defined earlier in Eq. 7,

S
µ⌫(q0, q) =

�2 Im ⇧µ⌫(q0, q)

1 � exp (�(q0 +�µ)/T )
, (14)

is called the dynamic response function, and

⇧µ⌫(q0, q) = �i

Z
dt d

3
x ✓(t) e

i(q0t�~q·~x)
h |[jµ (~x, t), j⌫(~0, 0)]| i , (15)

is the retarded current-current correlation function or the polarization tensor where jµ is the weak charged current
defined in Eq. 2 and h| · · · |i is the thermodynamic average = Tr [exp(�(H �

P
i µiNi)) · · · ]/Z where Z is the grand

canonical partition function. The relationship in Eq. 14 between the correlation function and the dynamic structure
factor is often called the fluctuation-dissipation theorem [31, 32].

This correlation function encodes all of the complexities associated with interaction between nucleons in the plasma
and is in general di�cult to calculate. When nucleons are treated as non-interacting particles, the polarization tensor
can be calculated using the free single particle Greens functions. We use the imaginary time formalism [33], where
the free nucleon propagator at zero chemical potential is given by

GF (i!n,p) =
M �6 p

E2
p � (i!n)2

. (16)

where !n is a Fermionic Matsubara frequency. The extension to non-zero chemical potential is straightforward and
is obtained by the replacement i!n ! i!n + µ (see [33] equation 5.70). The e↵ects due to a space-time independent
background mean field potential can also be similarly included since its contribution to the grand canonical Hamilto-
nian is proportional to

R
d
3
x ̄�

0 , similar to the chemical potential (see Appendix B). Additionally, the numerator,
which comes from a spin sum, should be replaced by the spin sums described in Appendix B. These considerations
imply that the propagator for nucleons in the dense medium is obtained by replacement i!n ! i!n + ⌫i, where
⌫i = µi � Ui, and �6 p + M ! �6 p̃ + M

⇤ which gives

Gi,MF (i!n + ⌫,p) =
M

⇤
�6 p̃

E
⇤
p,i

2
� (i!n + ⌫i)2

, (17)

where M
⇤ is the e↵ective mass, p̃

µ = (±E
⇤
i,p, �~p), and E

⇤
i,p =

p
p2 + (M⇤

i )2. Using these propagators, the imaginary
time polarization functions are given by

⇧ab(i!m ��µ, ~q) =
i!m ��µ, ~q

i(!n + !m) + ⌫4,
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X

n
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3
k

(2⇡)3
Tr

h
G2,MF (i!n + ⌫2,

~k)�aG4,MF (i!m + i!n + ⌫4,
~k + ~q)�b

i
, (18)

where the �a represent di↵erent interaction vertices (i.e. CV �
µ, etc.), i!m is a Bosonic Matsubara frequency, and

�µ = µ2 � µ4.
Using the Matsubara sum results from appendix C and the baryon tensor portion of the weak interaction matrix

element given above, we find that the imaginary time polarization tensor is
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lccµ = l̄�µ(1� �5)⌫l

lncµ = ⌫̄�µ(1� �5)⌫ jµnc =  ̄i (�
µ(Ci

V � Ci
A�5) + F i

2
i�µ↵q↵
2M

)  iScattering:

Absorption:

Rate:

Dynamic structure function:

Current-current correlations functions:

Sawyer (1970s), Iwamoto & Pethick (1980s),  
Burrows & Sawyer, Horowitz & Wehrberger, Raffelt et al., Reddy et al. (1990s),   

Benhar, Carlson, Gandolfi, Horowitz, Lavato, Pethick, Reddy, Roberts, Schwenk, Shen, and others  (2000s)

difficult to calculate in general due to the non-perturbative nature of strong interactions.



Neutrino Scattering off Non-Relativistic Targets  

jµnc =  
† �µ0 + †�k �µk +O[

p

M
]Current simplifies in the non-relativistic limit:

density spin-density

d�(E1)

d⌦dE3
=

G2
F

4⇡2
E2

3

⇥
C2

V (1 + cos ✓13)S⇢(!, q) + C2
A(3� cos ✓13)S�(!, q)

⇤

dynamic response 
functions



Density-density correlation function is: 

Equation of motion for particles: 

For a large number of  classical particles the equations of motion are obtained through numerical 
simulations - Molecular Dynamics.  
The response can also be calculated diagrammatic methods. Typically require approximations and re-
summations. One such approximation is called the Random Phase Approximation or RPA.  

Carlson & Reddy (2004)



Mean Field Theory & Random Phase Approximation 
Particles interact with a space and 
time independent background 
density. The forward scattering 
changes its dispersion relation.   

Coupling to external probes is 
screened. This screening is 
accounted for by RPA. The dressed 
vertex is calculated by summing a 
class of diagrams.  

The correlation functions (response) 
are calculated using the dressed 
propagator and vertices.  



Neutrino Scattering in Nuclear Matter
d�(E1)

d⌦dE3
=

G2
F

4⇡2
E2

3

⇥
C2

V (1 + cos ✓13)S⇢(!, q) + C2
A(3� cos ✓13)S�(!, q)

⇤

Neutrinos scatter off density and spin fluctuations. Coupling to spin is stronger. 

•Nuclear interactions suppress spin 
fluctuations.  

•Density fluctuations are suppressed at 
high density and enhanced at low 
density.  

Dν ∝ ∫ dEν f(Eν)E2
ν λν(Eν)

Net effect is to speed up diffusion. 
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Potential energy difference between neutrons and protons is large - 
and related to the low density symmetry energy. 

The pseudo-potential is suitable to calculate the nucleon self-energy.   

Charged Current Reactions in Neutron-Rich Matter
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FIG. 5. (Color online) Momentum dependence of the neutron and proton single-particle energies in hot (T = 8
MeV) and dense (nB = 0.02 fm�3) beta-equilibrated nuclear matter calculated in the HF approximation from
the pseudo-potential. The solid and dashed lines are parametrized fits, with the form given in Eq. (11), of the
non-relativistic dispersion relations for protons and neutrons respectively.

theoretical band for the prediction of the HF pseudo-potential approach as shown in Fig. 4 and in all

future plots where the pseudo-potential results are shown.

The ambient conditions encountered in the neutrino-sphere span densities and temperatures in the

range nB = 0.001 � 0.05 fm�3 and T = 3 � 8 MeV. To study the nuclear medium e↵ects, we choose

baryon density nB = 0.02 fm�3 and temperature T = 8MeV to compare with earlier results obtained in

Ref. [23]. For these conditions the pseudo-potential predicts a proton fraction of Yp = 0.049 (modified

pseudo-potential: Yp = 0.038), while for the HF chiral NN potential we find Yp = 0.019. The neutron and

proton momentum-dependent single-particle energies associated with mean-field e↵ects from the nuclear

pseudo-potential are shown with filled circles and squares in Fig. 5, and qualitatively similar results were

found for the chiral NN potential and modified pseudo-potential. For convenience in calculating the

charged-current reaction rates described later in the text, we parametrize the momentum dependence

12

Q = "n(~k)� "p(~k � ~q)

= Mn �Mp + ⌃n(k)� ⌃n(k � q)

neutrons

protons



• Energy shift helps overcome 
electron final state blocking. 

• Enhances νe absorption

• Larger energy needed to 
produce neutrons suppresses 
anti-νe absorption. 

Roberts & Reddy (2012) Rrapaj, Holt, Bartl, Reddy & Schwenk (2015)

2

sphere because, by definition, this material can efficiently lose net electron neutrino number. At these densities, effects
due to strong interactions modify the equation of state and the beta-equilibrium abundances of neutron and protons.
Simple models for the nuclear equation of state predict that the nucleon potential energy is

Un/p ≈ Vis (nn + np) ± Viv (nn − np) , (1)

where Vis and Viv are the effective iso-scalar and iso-vector potentials. Empirical properties of nuclear matter and
neutron-rich matter suggest that Vis × n0 ≈ −50 MeV and Viv × n0 ≈ 20 MeV. The potential energy associated with
n → p conversion in the medium is

∆U = Un − Up ≈ 40 ×
(nn − np)

n0
MeV, (2)

where n0 = 0.16 nucleons/fm3 is the number density at saturation. It will be shown that ∆U changes the kinematics
of charge current reactions, so that the Q-value for the reaction νe + n → e− + p is enhanced by ∆U while that for
ν̄e + p → e+ + n is reduced by the same amount. The effect is similar to the enhancement due to the neutron-proton
mass difference, but is larger when the number density n > n0/20.

In section II, charged current neutrino opacities in an interacting medium are discussed. We consider how mean
fields affect the response of the medium in detail and how this depends on the properties of the nuclear equation of
state. The affect of nuclear correlations and multi-particle hole excitations are also discussed. In section III, the effect
of variations of the charged current reaction rates on the properties of the emitted neutrinos is studied.

II. THE CHARGED CURRENT RESPONSE

The differential absorption rate for electron neutrinos by the process νe + n → e− + p is given by

dΓ

cos θdEe
=

G2
F

2π
pe Ee (1 − fe(Ee)) ×

[

(1 + cos θ)Sτ (q0, q) + g2
A(3 − cos θ)Sστ (q0, q)

]

(3)

where Sτ (q0, q) and Sστ (q0, q) are the response functions associated with the Fermi and Gamow-Teller operators,
τ+ and στ+, respectively. The energy transfer to the nuclear medium is q0 = Eν − Ee, and the magnitude of the
momentum transfer to the medium is q2 = E2

ν + E2
e − 2EνEe cos θ. In a non-interacting Fermi gas, the response

functions Sτ (q0, q) = Sστ (q0, q) = SF(q0, q) given by

SF(q0, q) =
1

2π2

∫

d3p2δ(q0 + E2 − E4)f2(1 − f4), (4)

where the particle labeled 2 is the incoming nucleon, the particle labeled 4 is the outgoing nucleon. When the
dispersion relation for nucleons is given by E(p) = M +p2/2M , and neglecting for simplicity the neutron-proton mass
difference, the integrals in Eq. 4 can be performed to obtain

SF(q0, q) =
(

1 − e−z
)

−1
Im ΠF (5)

where z = (q0 + µ2 − µ4)/T and

Im ΠF =
M2T

πq
ln

{

exp [(emin − µ2) /T ] + 1

exp [(emin − µ2) /T ] + exp [−z]

}

, (6)

is the free particle-hole polarization function. µ2 and µ4 are the chemical potentials of the incoming and outgoing
nucleons, M is the nucleon mass, and

emin =
M

2q2

(

q0 −
q2

2M

)2

. (7)

emin arises from the kinematic restrictions imposed by the energy-momentum transfer and the energy conserving delta
function. Physically, emin is the minimum energy of the nucleon in the initial state that can accept momentum q and
energy q0.

Charged Currents: Asymmetric Energy Shifts are Important
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FIG. 11. (Color online) E↵ect of the in-medium neutron (proton) dispersion relation on the (anti-)neutrino
absorption mean free path in beta-equilibrated matter at density nB = 0.02 fm�3 and temperature T = 8 MeV.
The chiral NN potential and pseudo-potential are both used in HF approximation. This provides a conservative
range for the theoretical uncertainty due to the many-body treatment, which can be improved by performing
higher-order calculations. Also shown is the mean free path for the neutrino-pair absorption process.

V. CONCLUSIONS

In this study we have presented a calculation of the HF self-energy of protons and neutrons in the hot

neutron-rich matter encountered in the neutrino-sphere of supernovae and used them to calculate the

charged-current neutrino and anti-neutrino mean free paths. The mean free paths were found to be quite

sensitive to the nucleon dispersion relation, especially to the di↵erence in the energy shifts experienced

by neutrons and protons in hot and relatively low-density neutron-rich matter. The di↵erence between

the results obtained using a chiral N3LO potential and the pseudo-potential is large and indicates that

non-perturbative e↵ects in the particle-particle channel, which are approximately included in the pseudo-

potential, are important. A desirable feature of the HF pseudo-potential approach is that it reproduces
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Neutrino Scattering in Novel High Density Phase in the Core 

Two examples:  

•Generic first-order transitions.  
•Superconducting quark matter.  
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Neutrino Scattering in the Mixed Phase 

quark droplets in nuclear matter.  

number density of droplets 
weak charge of the droplet.
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Neutrino Scattering in the Mixed Phase 

quark droplets in nuclear matter.  

Coherent scattering from the 
droplets is large. Greatly reduces 

the neutrino mean free paths.  number density of droplets 
weak charge of the droplet.



Neutrino Scattering in Superconducting Quark Matter. 

Πμν(q0, q) = − i∫ d4p Tr[G(p + q)ΓμG(p)Γν]

Pairing modifies particle propagation. Particles 
can be absorbed or emitted from the condensate.

Energy gap modifies the energy spectrum.  

Response moves to high energy (time-like). 
Neutrino scattering is exponentially suppressed.  Carter & Reddy  (2000)
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Neutrino Scattering in Superfluid Quark Matter. 

•Superfluid state has a 
Goldstone boson. 

•Neutrinos couple to 
these modes. 

•Arises naturally in RPA.

•At T << Tc this is the 
only relevant mode for 
neutrino scattering.   



Ultra Dense Matter is Opaque to Neutrinos but Transparent to Photons! 
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Neutron Star Tomography with Supernova Neutrinos 

Temporal features in the late time 
neutrino signal contains valuable 
information about the core.  

May be the only direct probe of the 
densest matter in the universe.  

Its about time we had a galactic 
supernovae! 
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