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Superfluidity and Superconductivity

Basic superfluids in nature:

Condensed Bose atoms, e.g., 4He liquid at T<2.17K,

atomic Bose condensates (23Na, 87Rb, ...)

Neutral BCS-paired Fermi atoms, e.g., 3He liquid at T<1mK,

atomic fermions (6Li,40K), neutrons in neutron stars, 

color-flavor locked paired quarks

Charged BCS-paired fermions -- superconductors

e.g., electrons in metal, protons in neutron stars



The many faces of superfluidity
(A.J. Leggett, RMP 71, S318 (1999)) 

Flow through capillaries without friction
(viscosity h < 0.0006 hHe I)

Frictionless flow of object (e.g., ion) through system

Superfluid flow: metastable
flow around a closed pipe “forever”

Vortices

Hess-Fairbank effect: equilibrium 

Collective excitations, e.g., second sound

Josephson effect



Hess-Fairbank experiment (Phys. Rev. Lett. 19, 216 (1967))

Rotate thin (d<<R) annulus of liquid 4He at W

R

d

1) Rotate slowly at T>Tl:  W<Wc ~ 1/mR2

liquid rotates classically with angular 
momentum L=IclassicalW.  

Iclassical ~NmR2

2) Cool to T<Tl: liquid rotates
with reduced moment of inertia
I(T) < Iclassical.. I(T=0) = 0.

Only the normal fluid rotates.    I(T) = (rn/r)Iclassical
The superfluid component remains stationary in the lab.

Reduction of moment of inertia is an equilibrium phenomenon.

W



Superfluid flow

W

R

d

1) Rotate rapidly at T>Tl:  W >Wc
liquid rotates classically with angular 
momentum L=IclassicalW.  

2) Continue rotating, cool to T<Tl: 
liquid rotates classically

3) Stop rotation of annulus.  Liquid keeps
rotating with L = IsW,
where Is = (rs/r) Iclassical.

Only the superfluid rotates.  The normal component is stationary.

Superfluid flow is metastable (albeit with huge lifetime in 
macroscopic system)



Landau critical velocity (                                ) neither necessary 
nor sufficient to destroy superfluidity.  When violated, rs <r.

Landau Two-Fluid Model
Can picture superfluid 4He as two interpenetrating fluids:

Normal: density rn(T), velocity vn
Superfluid: density rs(T), velocity vs

Mass current = rsvs+rnvn
Entropy current =  Tsvn

:carried by normal fluid only

Second sound (collective mode) = 
counter-oscillating normal and superfluids



Meissner effect and reduced moment of inertia 
depend on existence of non-zero rs

Critical defining property of superfluids and superconductors:

Reduced moment of inertia I = (rs /r)Iclassical

Meissner mass M ó 1/ penetration depth of magnetic field

M2 ~  g2 !2(rs /r)



Bose-Einstein Condensation

Hot atoms (bosons) in a box

Cool below Bose-Einstein
transition temperature

At absolute zero temperature 
motion “ceases”

Bose-Einstein condensateGravity



Free Bose gas

Box Potential well (trap)

In condensed system have macroscopic occupation of 
single (generally lowest) mode

: ground state

: flow state (vortex)



Order parameter of condensate

Superfluid velocity:

Defined more rigorously by eigenfunction cf. 
largest eigenvalue of density matrix

Chemical potential: 

Superfluid acceleration eqn.: 

wave function of mode into which particles condense

-



Order parameter of BCS paired fermions

Supercurrent velocity:

Pairing seen in amplitude to remove a pair of fermions (",+)
then add pair back, and come back to same state:

Order parameter.                                             , as in Bose system 

[Cf.,                                                  in Bose system]

Similar physics as in Bose system

Chemical potential: -



BCS applied to nuclear systems - 1957
Pairing of even numbers of neutrons or 
Protons outside closed shells

*David Pines brings BCS to Niels Bohr’s Institute in Copenhagen, 
Summer 1957, as BCS was being finished in Urbana. 

*Aage Bohr,  Ben Mottelson and Pines (57) suggest BCS pairing 
in nuclei to explain energy gap in single particle spectrum 
– odd-even mass differences

*Pairing gaps deduced from odd-even mass differences:
D ~ 12 A-1/2 MeV for both protons and neutrons



Energies of first excited states:
even-even (BCS paired) vs. odd A (unpaired) nuclei

Energy gap





Rotational spectra of nuclei:  E = J2/ 2I, indicate moment of 
inertia, I, reduced from rigid body value, Icl .
.Reduction of moment of inertia due to BCS pairing = analog of 
Meissner effect.   Detailed calculations by Migdal (1959).



Classical vortices

Sinks and bathtubs

Airplane wingtips Turbulence: sphere vs. golf ball

Tornadoes





Spin fast enough.  Form vortex in center of liquid!

Quantized vortices in superfluids

Spin glass of water – the water always turns 
with the glass.

But spin container of superfluid helium 
slowly.  Helium liquid remains at rest!

Circulation around vortex quantized in units of              !2⇡~/m
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E. J. Yarmchuk, M. J. V. Gordon, 
R. E. Packard

Phys. Rev. Lett. 43, 214 (1979)

Superfluid 4He,
rotating bucket:

Type-II superconductors

Bell Labs

Dilute atomic gas
Bose-Einstein 
Condensate

JILA
MIT
ENS

Oxford

Quantum Hall Systems

W

Quantized vortices in condensed matter physics



Rapidly rotating superfluid contains
triangular lattice of vortices

Abo-Shaeer et al. 
(MIT) 2001

Engels et al.
(JILA) 2002

Solid body rotation on average



Pairing gaps and Tc’s estimated from scattering phase shifts

Neutron fluid in crust BCS-paired
in relative 1S0 states (singlet spin)

Neutron fluid in core 3P
2

paired
(triplet spin)

Proton fluid 1S0 paired

CRUST LIQUID
CORE

Superfluidity of nuclear matter in neutrons stars  
Migdal 1959, Ginzburg & Kirshnits 1964;  Ruderman 1967; GB, Pines & Pethick, 1969

Neutron stars (very big Dewars) have the preponderence of 
superfluids in the universe, and with the highest Tc ’s ~ 1010-11 K 



Quantum Monte Carlo 1S0 nn gap in crust       
Alex Gezerlis



Rotating superfluid neutrons
Rotating superfluid threaded by triangular 
lattice of vortices parallel to stellar rotation axis   

Bose-condensed 87Rb atoms
Schweikhard et al., PRL 92 040404 (2004)

Quantized circulation of 
superfluid velocity about vortex: 

Vortex core ~ 10 fm
Vortex separation ~ 0.01P(s)1/2cm;  Vela (PSR0833-45) ~ 1017 vortices



Superconducting protons in magnetic field

Proton fluid threaded by triangular (Abrikosov) lattice of 
vortices parallel to magnetic field (for Type II 
superconductor)

Quantized magnetic flux 
per vortex: 

Vortex core ~ 10 fm,  
nvort = B/f0 => spacing ~ 5 x 10-10 cm (B /1012G)-1/2

Even though superconductors expel magnetic 
flux, for magnetic field below critical value, flux 
diffusion times in neutron stars are >> age  of 
universe.  Proton superconductivity forms with 
field present.

= f0 = 2 X 10-7 G.

I

C
A · d` = 2⇡~c

2e
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Pulsar glitches
Sudden speedups in rotation period, relaxing back in days to 
years, with no significant change in pulsed electromagnetic 
emission:  to date 536 glitches detected in 189 pulsars

Vela (PSR0833-45) Period=1/Ω =0.089sec   
20 glitches since discovery in 1969
ΔΩ/Ω ~ 10-6 Largest = 3.14 X 10-6 on Jan. 16, 2000

Moment of inertia ~ 1045 g-cm2   => ΔErot ~ 1043 erg

Crab (PSR0531+21) P = 0.033sec    28 glitches since 1969,  DW/W ~ 10-8 -10-9

Feb. 28, 1969

Radhakrishnan and Manchester, Nature 1969Reichley and Downs, Nature 1969



Starquake?

As star slows down, mechanical stresses 
increase in crust -- possibly past the breaking 
point of matter.  Cracking = starquake tends to make crust more 
spherical (Ruderman 1968, GB et al. 1969, GB & Pines 1971).

Conservation of angular momentum => DW/W = -DI /I

Surface motion of ~ 1 cm would give DW/W ~10-6

BUT  
D E ~ 1043 erg/glitch too much energy to store in crust to enable 
~ 4-5 glitches per decade.



Sendai earthquake (or gravitational wave?)
Tokyo, March 11, 2011



Time scales

Slowing down:    P/(dP/dt) ~ age of pulsar ~ 103-106 y

Spin down of charged particles: t ~ tAlfven ~ R(4pr)1/2/B ~ 10 s

Normal quasiparticle scattering: tnp ~ Ef /T2 ~ 10-11s

Superfluid q.p. scattering:  tnp ~ eD/T/Ef (D/T ~ 102 -103)

Vortex dynamics only promising way to get required time scales

Neutron vortex-charged particle scatterings:
te-- vortex core exc. ~ temeDn2/EfT ~ 1020 s (1S0 vortices)
te--3P2

~ 108P(sec)/Dn(MeV) ~ 2 mos.  (magnetized 3P2 vortices) 
(Sauls, Stein, & Serene, Muzikar, Sauls, & Serene)  

Need intermediate time scale (~ months) to understand glitches.



Length scales

Spacing of n vortices ~ 10-2 cm

Spacing of p vortices ~ 5 X 10-10 cm

Spacing of nuclei ~ 2 X 10-12 (r/rnm ) 1/3 cm

Nuclear size, RA ~ 10-12 cm

Neutron superfluid coherence length,  xn ~ 10-12 cm ~ RA

neutron liquid
p

rp
rn

N pairing inside and outside nuclei connected



Physical picture of glitches
Since pulse structure not notably affected by glitch, must be 
internal phenomenon in the neutron star.  Long time scales for
response indicate well-oiled machinery -- superfluidity!
[Metastable superfluid flow (Packard 1972).]

Pulses connected - via magnetic field - to the crust.

Neutron superfluids in interior act as a reservoir of angular momentum.  
Transfer of angular momentum to crust speeds it up => glitch

Where in neutron star is the reservoir?

How is the differential velocity between the
crust and liquid maintained?

How is the reservoir tapped?



Vortex model of glitches
Pin vortices on nuclei in inner crust. 
E ~  few Mev/nucleus.
(Bogoliubov- de Gennes calculations suggest 
pinning between nuclei)

nvortices fixed => Wsuperfluid fixed;  Wcrust decreases as star radiates.
As Wsf - W crust  grows,   Magnus force = rs W X (vvortex-vsuperfl)
drives unpinning (glitch) and outward relaxation.

Collective outward 
motion of many (~1014)
Vortices produces 
large glitch



Glitches vs. earthquakes?

b ~ 1

Distribution of earthquakes of amplitude A ~ 10M

Energy release E ~ A3/2

Simulation of neutron star glitches via Gross-Pitaevskii eqn., with 
pinning sites (Warszawski and Melatos, MNRAS 415, 1611 (2011)):

similar power law falloff
vs. amplitude D W/W

(Sendai 2011, M = 9.0, E ~ 480 Megatons TNT)

(M=Richter mag.)



Glitch distribution vs. relative amplitude is bimodal
Fuentes et al., Espinoza et al., A&A 608, A131 (2017)



Vortices in superfluids: quantized circulation
Order parameter

Superfluid velocity

Quantized circulation

Singly quantized (n=1) vortex flow:
n = integer

 (~r ) = | |ei�(~r )

~v (~r ) = (~/m)r�

v'(r) = ~/mr

I

C
~v · ~d` = 2⇡~n

m

p = ~r�
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Vortices in superfluids: quantized circulation
Order parameter

Superfluid velocity

Quantized circulation

Singly quantized (n=1) vortex flow:
n = integer

But what m should one use in an interacting system?

 (~r ) = | |ei�(~r )

~v (~r ) = (~/m)r�

v'(r) = ~/mr

I

C
~v · ~d` = 2⇡~n

m

p = ~r�
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Vortices in superfluids: quantized circulation
Order parameter

Superfluid velocity

Quantized circulation

Singly quantized (n=1) vortex flow:

n = integer

But what m should one use in an interacting system?

How is the superfluid velocity related to the momentum?

μ = chemical potential including rest mass

In circulation, replace m by μ more correctly

 (~r ) = | |ei�(~r )

~v (~r ) = (~/m)r�

v'(r) = ~/mr

� = ~p · ~r � µt ) ~v = ~p/µ

I

C
~v · ~d` = 2⇡~n

m

I

C
~v · ~d` = 2⇡~n

µ

p = ~r�
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Vortices in superfluids: quantized circulation
Order parameter

Superfluid velocity

Quantized circulation

Singly quantized (n=1) vortex flow:
n = integer

But what m should one use in an interacting system?

How is the superfluid velocity related to the momentum?

μ = chemical potential including rest mass

In circulation, replace m by μ more correctly

In superfluid 4He, -7.17K correction to m4 is only ~ 1 : 6 X1012

 (~r ) = | |ei�(~r )

~v (~r ) = (~/m)r�

v'(r) = ~/mr

� = ~p · ~r � µt ) ~v = ~p/µ

I

C
~v · ~d` = 2⇡~n

m

I

C
~v · ~d` = 2⇡~n

µ

p = ~r�
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Neutron star interior

1S0 neutrons
1S0 protons
3P2 neutrons

Color-Flavor
Locked quarks

Superfluids

GB, T. Hatsuda, 
T. Kojo, P. D. Powell, 
Y. Song, and 
T. Takatsuka, 
From hadrons to 
quarks in neutron stars:
a review. 
Reports on Progress 
in Physics 81 (2018) 
056902 
arXiv:1707.04966



Quark-gluon plasma

Hadronic matter
2SC

CFL
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Baryon chemical potential

Neutron stars

?

Ultrarelativistic 
heavy-ion collisions

Nuclear 
liquid-gas

Color pairing in quark matter
In quark matter have “free quarks” = spin ½ with flavor u,d,s and
color = internal degree of freedom for SU(3) gauge symmetry.

Two interesting pairing states:

2SC (u,d)                 Color-flavor locked (CFL) (mu=md=ms ) 

2SC similar to superconducting protons:  
e.m. vortices in magnetic field. 
London moment under rotation

CFL similar to superfluid neutrons:  
U(1)B vortices under rotation 
(Partial screening of magnetic fields.)



Neutron stars =>

Possible quark-hadron continuity:
E. Fradkin & S. Shenker, PRD19, 3682 (1979) 
T. Schaefer & F. Wilczek, PRL 82, 3956 (1999)

T. Kojo



Vortices threading 
rotating neutron star

!

nnr

neutron 
matter

quark 
matter

???

How do neutron vortices
interface with quark (CFL)
vortices??

M. Alford, GB,  K. Fukushima,
T. Hatsuda, & M. Tachibana,
Phys. Rev. D 99, 036004 
(2019); arXiv:1803-05115

ρnm



Try to match circulations

Circulation:                                               v = superfluid velocity p/μ

In paired hadronic phase μ = 2μn (μn=neutron chemical potential).

In paired quark phase μ = 2μq = 2μn/3 (μq= quark chemical potential), 
since nucleon is made of 3 quarks,   μn = 3μq

=> quark phase superfluid velocity = 
3 X velocity in hadronic phase.  

Continuity in flow states in neutron 
star,  would require 3  hadron vortices
merging into a single quark vortex. 

A boojum!

C =

I

C
~v · ~d` = 2⇡~n

µ



David Mermin
Physics Today
April 1981

A boojum tree



BCS pairing in Color Flavor Locked (CFL) phase

In free equally populated up, down, and strange quark matter have 
SU(3)F symmetry in flavor (uds) and SU(3)C symmetry in color (rgb)  

Most favored BCS pairing state  is anti-symmetric in spin, flavor (i), 
and color (α):

�↵i / ✏ijk✏↵��hq�jC�5q�ki�spin�singlet

Pairing with correlation of color and flavor reduces symmetry from  
SU(3)C X SU(3)F X U(1)B to  SU(3)C+F

CFL order
parameter
in ground 
state
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Abelian vortex in CFL phase

Order parameter matrix
of Abelian CFL vortex.
Circulation = 

But this vortex is unstable against decay into three color flux tubes 
with lower kinetic energy (A. P. Balachandran et al. PR D 73 (2006);
E. Nakano et al.,  PR D 78, 045002 (2008). Phys. Lett. B 672 (2009)):

Color flux tube 

“red” flux tube order parameter

Leading phase (1/3) is U(1)B .  Phases within => color rotation, and  
do not contribute to circulation =

�(r,�) = � · f(r)ei'
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Single color flux tube has circulation 1/3 that of initial 
(unstable) Abelian CFL vortex – same as a single original 
hadronic vortex.

Conclude that three hadronic vortices can turn into three 
non-Abelian CFL vortices, with no discontinuity in 
circulation.   But:  gauge invariance???

Pairing continuity
K. Fukushima, PRD (2004)



Gauge invariant description of flux tubes

red flux tube order parameter

Then

is gauge invariant order parameter, independent of choice of 
color of the gauge fixed        .  Only one gauge invariant
physical object.
Determinant of  
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Quark-hadron continuity?

Can envision continuous evolution of 
vortices from nuclear (hadronic) phase 
to quark phase provided order 
parameter in hadronic phase is anti-
symmetric in flavor. 

BCS pairs in neutron gas have 6 quarks:  ddu + ddu. 

Cannot arrange into flavor anti-symmetric quark pairing.  
But in SU(3)flavor invariant hadronic matter with equal mass 
n, p, Λ, Σ, and Ξ baryons can have flavor antisymmetric pairings  

⌦
�
r

1

8
[⇤⇤] +

r
3

8
[⌃⌃] +

r
4

8
[N⌅]

↵

Connecting neutron matter to usual CFL quarks requires transition.
Other quark matter pairings, e.g.,  3P2 pairing, could work. 
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Stability of core of gauge invariant flux tube against (1D)
spontaneous flavor-symmetry breaking: 
M. Eto, Y. Hirono, M. Nitta, and S. Yasui, PTEP 2014, 012D01 (2014)

Fate at interface with hadronic matter of color flux in cores 
of gauge invariant flux tubes?   Should not penetrate into 
hadronic phase

Our understanding of (de)confinement is challenged by 
vortex continuity problem!!!

Further technical issues



Pairing states for ms > mu and md?   Spatially inhomogeneous
Fulde-Ferrel-Larkin-Ovchinnikov states.

Geometry of vortex arrays
in rotating CFL matter.  Triangular?

Modes of quark matter vortex arrays?   

Schweikhard et al., PRL92 040404 (2004)

Effect of vortices in quark matter on glitches?  

A few open physics issues

Tkachenko modes

k

V

vortex motion
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Early history of superfluidity

1908: liquefaction of 4He by Kamerlingh Onnes, Leiden  (T » 1.2 K)
1911: discovery of superconductivity by Kamerlingh Onnes, Leiden 
1933: Meissner effect -- superconductors expel magnetic fields
1937-38: discovery of superfluidity of 4He: Kapitza, Allen and Misener

T < Tl=2.17K = lambda point.  Called “superfluid” by Kapitza.

1938
4He phase diagram

Tl

(Superfluidity and superconductivity developed on separate tracks)



Theory landmarks

1938: Connection of superfluidity and Bose-Einstein 
condensation 
(F. London)

1941: Landau two-fluid picture : superfluid (rs) + normal (rn)                                                          

1949: Quantization of vorticity: Onsager

1957: BCS theory of superconductivity

Experimental landmarks

1967: Hess-Fairbank experiment -- reduction of moment of 
inertia

(analog of Meissner effect)

1973: superfluid 3He

1995-2000: superfluidity of trapped atomic Bose-Einstein 
condensates 



New superfluids:

3He: A and B phases

Dilute solutions of 3He 
in superfluid 4He (T3» few µ K)

Neutron and proton fluids in 
neutron stars:  pulsar speedups
Color superconductors in qcd

Trapped atomic bosonic 
& fermionic gases

Vela pulsar: Radhakrishnan &
Manchester,  Nature 1969


