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Outline

Renormalization of lattice operators 
- Motivation 

- Theoretical foundation 

- Example: quark mass renormalization from ZS 
- Renormalization of mixing operators? 

NP matching of 3/4-flavor Wilson coefficients 
- Motivation 

- Theoretical foundation 

- Result of an exploratory calculation
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※ Both use correlation functions in position-space
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Renormalization
Necessary step before continuum limit 

Example 
- Quark mass 

- Matrix Elements

�4

Xlat(a1) ! ZR/lat(µ; a1)X
lat(a1)

<latexit sha1_base64="+y9cASrz9BBv2SG1gAd1rg7C60s="></latexit>

Xlat(an) ! ZR/lat(µ; an)X
lat(an)

<latexit sha1_base64="Gkct2c0OsT7H/KlzgIDFH8jTBNA="></latexit>

a → 0... XR(µ)
<latexit sha1_base64="0BTpEhHZzJOFnkmz3JJruOSvmyk="></latexit>

mlat
q (a) ! Zm(µ; a)m

lat
q (a)

<latexit sha1_base64="0z8CXoP1TciaDvb+pb5Y5WhHjAU="></latexit>

⌦
f|Olat

i (a)|i
↵
! Z

R/lat
ij (µ; a)

⌦
f|Olat

j (a)|i
↵

<latexit sha1_base64="6G+Qf9XmDfIZ/z94VX3r4CXJdBk="></latexit>
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Position-space renormalization
X-space scheme 

- Renormalization condition 

- Z factor 

- Non-perturbative treatment: Step scaling

�5

Olat(a) ! ZX/lat(µ; a)Olat(a)
<latexit sha1_base64="N3tw6iEJivf6fdAnADgWuxGaCF4="></latexit>

⌦
OX(µ; x)OX(µ; y)†

↵
=

⌦
O(x)O(y)†

↵
|↵s!0

<latexit sha1_base64="aeu3zbYHl6MA9stBCu3DzfXMlqs="></latexit>

a!0����! OX(µ)
<latexit sha1_base64="yC1SQyLzPKJxdc670AjLg0YjMO4="></latexit>

Cichy-Jansen-Korcyl, 2016

e
Z

X/lat(µ; a; x) =

s
G

free(x)

G

lat(a; x)
<latexit sha1_base64="QY9+tw/vQf5Y/AUJXzMTzrzKFto="></latexit>

µ = 1/|x� y|
<latexit sha1_base64="GnsttRq+z4OC5NClEg2BPo31GLg="></latexit>

⌃X(µ, 2µ) = lim
a!0

ZX/lat(2µ; a)

ZX/lat(µ; a)
<latexit sha1_base64="PMosQPL2qz/WnQPf0dBs7gJnADs="></latexit>
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Matching to other schemes

Usually used for MS 
Matching condition by 2pt function 

Direct renormalization: lat → R

�6

OR(µR) = ZR/X(µR;µX)O
X(µX)

<latexit sha1_base64="WJAzQDRKwqMuz7t9+fEz7sBNqhI="></latexit>

Z

R/X(µR;µX)
2
G

X(µX; x) = G

R(µR; x)
<latexit sha1_base64="s0qFJHMSC5RRafJzKATr/x8omSM="></latexit>

) Z

R/X(µR;µX) =

s
G

R(µR; x)

G

X(µX; x)
<latexit sha1_base64="EqzYWAdkBY20dIxhnPasEmHub3U="></latexit>

Olat(a) ! ZR/lat(µ; a)Olat(a)
a!0����! OR(µ)

<latexit sha1_base64="mFMWK2ld1rLH5EaZRXCtj7Dbw9s="></latexit>

e
Z

R/lat(µ; a; x) =

s
G

R(µ; x)

G

lat(a; x)
<latexit sha1_base64="A3xlQ7Dc0I4kZ5/M+jeO+FLBX9c="></latexit>

Gauge invariant!
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Mass renormalization w/ 2pt func.

Scalar current renormalization useful 

Renormalization using 2pt functions 

- Advantages 
✦ Renormalization in a gauge invariant manner 
✦ MS calculation available to O(αs4)

�7

Chetyrkin & Maier, 2011

Zm = ZS(= ZP if chiral symmetry in lattice fermions)
<latexit sha1_base64="D5wTLQprQQPhmJTGRAetxVrhZvM="></latexit>

-1 -1

e
Z

MS/lat
S/P (µ; a; x) =

vuutG

MS
S/P(µ; x)

G

lat
S/P(a; x)

<latexit sha1_base64="HbbozZBWHcVpEvtPvImwUC63fkw="></latexit>

GS(x) =
⌦
ūd(x)¯du(0)

↵
<latexit sha1_base64="jX16lf1E+fsunKcG8TZHArseXWM="></latexit>

GP(x) =
⌦
ūi�5d(x)¯di�5u(0)

↵
<latexit sha1_base64="mPYL8wptVMFvoKLXZKbSdEiwazg="></latexit>
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x-dependence of Z

Discretization error (SDs, lat) 
- (a/x)2n 
- O(4) violation 

Truncation of perturbative calculation (LDs, MS) 
NP effects: not encoded in MS (LDs) 
- OPE effects: m<qq>x4, <GG>x4, <qqqq>x6, … 

- Instanton effects 

Window problem: a ≪ x ≪ 1/ΛQCD
�8

~

e
Z

MS/lat
S/P (µ; a; x) =

vuutG

MS
S/P(µ; x)

G

lat
S/P(a; x)

<latexit sha1_base64="oy4CNdps9kZS0N9iOe9mj81ZACU="></latexit>
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MS correlator

�9

Available up to O(αs)  [Chetyrkin, Maier (2011)] 

Bad convergence of original perturbative series 

- large coef. at O(as) 
- as blows up at ~ 0.2 fm 

No window for recently available lattice spacings
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<latexit sha1_base64="cW8ppbT+WR75fkcoJ32qJmfh7f4="></latexit>
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Resummation of perturbation
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C0 + C1as(µ) + C2as(µ)
2 + . . .

<latexit sha1_base64="a9D2SRmHXyGtMzQi2zMVTAHZrec="></latexit>

C0 + C1as(µ
⇤) + C⇤

2as(µ
⇤)2 + . . .

<latexit sha1_base64="LtHkoWg0tih13uEHaiNl+lJlBgw="></latexit>

RG equation of as:

as(µ) = as(µ
⇤)

⇣
1+ as(µ

⇤)�0 lnµ
2/µ⇤2 + . . .

⌘

<latexit sha1_base64="vrELIUIskxwqKP9wP8dwpwJYFzk="></latexit>
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µ*-dependence
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x-dependence of Z

Discretization error (SDs, lat) 
- (a/x)2n 
- O(4) violation 

Truncation of perturbative calculation (LDs, MS) 
NP effects: not encoded in MS (LDs) 
- OPE effects: m<qq>x4, <GG>x4, <qqqq>x6, … 

- Instanton effects 

Window problem: a ≪ x ≪ 1/ΛQCD
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S/P(a; x)

<latexit sha1_base64="oy4CNdps9kZS0N9iOe9mj81ZACU="></latexit>
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Renormalized mass

�13

RBC/UKQCD (2016)
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Ensemble (RBC/UKQCD) 
- 2+1 DW fermions 
- a-1 ≈ 3.1 GeV 

- Mπ ≈ 300 MeV

e
m

MS
q,S/P(3GeV; a; x) =

e
Z

MS/lat
S/P (3GeV; a; x)

�1
m

bare,phys
q (a)

<latexit sha1_base64="Oun6vBo3ntGz5c5P+BN/JToQHiE="></latexit>

[MeV]
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Truncation of perturbation 

treated as much as possible

NP effects

Discretization error
(1,1,1,1) ≠ (0,0,0,2) on lat
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NP effects
3% difference b/w S & P at 1/|x| ≈ 1 GeV 

“Instanton effects ≫ OPE effects” for S & P 
’t Hooft vertex & single instanton effect 

Average can reduce such effects (applicable for DWF)

�14

uR uL

dL dR
Chirality flip → difference b/w S & P 
Same magnitude but different sign 
for S & P

Shuryak 1993

’t Hooft 1979

e
Z

MS/lat
S+P (µ; a; x) =

s
G

MS
S (µ; x)

1
2

�
G

lat
S (a; x) + G

lat
P (a; x)

�
<latexit sha1_base64="yTePSaNOMxXLMjpJJG1KQFJOKZA="></latexit>
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Renormalized mass
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[RBC/UKQCD (2016)]

Ensemble (RBC/UKQCD) 
- 2+1 DW fermions 
- a-1 = 3.1 GeV 

- Mπ ≈ 300 MeV
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Truncation of perturbation 

treated as much as possible

Discretization error
(1,1,1,1) ≠ (0,0,0,2) on lat
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Average over spheres
Estimate the value of a 
quantity at each 4d point 
from values at lattice points, 
with a guideline 

Take the average over the 
sphere for each distance |x|

�17

0
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x
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f̄(x)
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f̄(x) = ⌘(f lat;x)
<latexit sha1_base64="f8CpRUWYju1fA0RCwvsr8WBtXaQ="></latexit><latexit sha1_base64="f8CpRUWYju1fA0RCwvsr8WBtXaQ="></latexit><latexit sha1_base64="f8CpRUWYju1fA0RCwvsr8WBtXaQ="></latexit><latexit sha1_base64="f8CpRUWYju1fA0RCwvsr8WBtXaQ="></latexit>

f̂(|x|) = 1

2⇡2

I

S

3(|x|)
d⌦ f(x)

<latexit sha1_base64="iMpPgnWnKDq1DummmZ+cC2AERjM="></latexit><latexit sha1_base64="iMpPgnWnKDq1DummmZ+cC2AERjM="></latexit><latexit sha1_base64="iMpPgnWnKDq1DummmZ+cC2AERjM="></latexit><latexit sha1_base64="iMpPgnWnKDq1DummmZ+cC2AERjM="></latexit>

※ details in following slides

MT & N.Christ, PRD99 014515

More sophisticated approach in Miyamoto etal 1906.01987
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Potential O(a1) error (1-dim)
Defs: 
- fn: lattice value at site n 

- f(x): “continuum limit” : fn = f(an) + O(a2) 

Estimation f(x) should satisfy 
- f(x) = f(x) + O(a2) 

Potential O(a1) error in f(x) 
- fn = f(an) + O(a2) 

         = f(x) + f’(x)･(an-x) + O(a2) 

- f(x) is calculated using fn’s ⇒ O(a1) can appear 
- Balanced combination needed

�18

-
-

-

O(a1)-
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Evaluation of  f(x) (1-dim)
Linear interpolation

�19
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f̄(x) =
(a(n+ 1)� x)fn + (x� an)fn+1

a
= f(x) +O(a2)

<latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit><latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit><latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit><latexit sha1_base64="JhGGMB7glhSJzsAT5B6XRZJD0dU="></latexit>

Accurate up to O(a2)
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Evaluation of  f(x) (2-dim)
Bilinear interpolation
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= f(x) +O(a2)
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Evaluation of  f(x) (4-dim)
Quadrilinear interpolation

�21

f̄(x) = a

�4
1X

i,j,k,l=0

�1,i�2,j�3,k�4,lfn+i1̂+j2̂+k3̂+l4̂
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�µ,i = |a(nµ + 1� i)� xµ|
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- Accurate up to O(a2)



  Seminar @ Beijing,  July 2, 2019                 Columbia University   Masaaki Tomii                      / 48

x-dependence of Z

Discretization error (SDs, lat) 
- (a/x)2n 
- O(4) violation 

Truncation of perturbative calculation (LDs, MS) 
NP effects: not encoded in MS (LDs) 
- OPE effects: m<qq>x4, <GG>x4, <qqqq>x6, … 

- Instanton effects 

Window problem: a ≪ x ≪ 1/ΛQCD
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Result of spherical average

�23

Sphere average of 

Able to calculate at 
any distance 

Plateau seen better 
for finer lattices
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Continuum limit

�24
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Extension to mixing operators

2pt functions 

Naïve extension of renormalization condition

�25

Gij(x) =
⌦
Oi(x)Oj(0)

†↵
<latexit sha1_base64="m6JgDJS5ZM+4yib9xeStRu2KS8Y="></latexit>

e
Z

R/lat
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⇣
e
Z

R/lat(µ; a; x)
⌘T

kj
= G

R
ij (µ; x)

<latexit sha1_base64="Sb92t41CsHLE1EmCBQGC97WvnLM="></latexit>

How to solve this?
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Ambiguity of Z

Gij: positive definite & real symmetric 

One solution of the condition: 

General solution:

�26

~

9Aij s.t. Gij = Aik(A
T)kj
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eZR/lat
ij (µ; a; x) = AR

ik(µ; x)Pkl

�
Alat(a; x)

��1

lj
, P 2 O(N)
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Interpretation of ambiguity 

Alternative tool (for 4-quark operators) 

  w/ quark bilinears Jα

Gij: symmetric 

Effective number of conditions: N(N+1)/2 

Zij: N2 independent values 

N(N-1)/2 conditions missing

�27

Ambiguity of Z~

hJ↵(x)Oi(0)J�(y)i
<latexit sha1_base64="drQIKPUhgZ7vN4vhiZ69KcNLWg4="></latexit>

Ishikawa, Lat19
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Interpretation of ambiguity 

Alternative tool (for 4-quark operators) 

  w/ quark bilinears Jα

Gij: symmetric 

Effective number of conditions: N(N+1)/2 

Zij: N2 independent values 

N(N-1)/2 conditions missing

�27

Dimension of O(N)

Ambiguity of Z~

hJ↵(x)Oi(0)J�(y)i
<latexit sha1_base64="drQIKPUhgZ7vN4vhiZ69KcNLWg4="></latexit>

Ishikawa, Lat19



  Seminar @ Beijing,  July 2, 2019                 Columbia University   Masaaki Tomii                      / 48

Section Summary
Idea 

Practically 

Applied to mq using ZS & ZP 
Extension to the case of mixing operators?

�28

Z

R/lat(µ; a)
2
G

lat(a; x) = G

R(µ; x)
<latexit sha1_base64="NUt6q8pUgywZSSAWM2sfKBWc0b4="></latexit>

e
Z

R/lat(µ; a; x) =

s
G

R(µ; x)

G

lat(a; x)
<latexit sha1_base64="A3xlQ7Dc0I4kZ5/M+jeO+FLBX9c="></latexit>

= ZR/lat(µ; a)
<latexit sha1_base64="Mm04tLB/moj9nn5cOvPkWyjqBpE="></latexit>

+ irrelevant x-dependence
1. Discretization error (SDs) 
2. Truncation of perturbative series (LDs) 
3. Other non-perturbative effects (LDs)

Gauge invariant!
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Outline

Renormalization of lattice operators 
- Motivation 

- Theoretical foundation 

- Example: quark mass renormalization from ZS 
- Renormalization of mixing operators? 

NP matching of 3/4-flavor Wilson coefficients 
- Motivation 

- Theoretical foundation 

- Result of an exploratory calculation

�29
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Neutral Kaon System
Kaons 
- Charged: 
- Neutral:                                     * strong eigenstates 

CP eigenstates 
-                                                 : CP even 

-                                                 : CP odd 

CP nature of decay modes 
- |ππ>: CP even 

- |πππ>: CP odd

�30

|K+i = |̄sui, |K�i = |ūsi
<latexit sha1_base64="QXKIxPnxsHDA1QFlVxjfCBA0I1I="></latexit>

|K0i = |̄sdi, |K0i = |d̄si
<latexit sha1_base64="43kSzvRfgDJEng4/UaqmTzyzRAY="></latexit>

Not CP eigenstates: CP|K0i = |K0i, CP|K0i = |K0i
<latexit sha1_base64="HHDWEDRoUeBcDPRVMeD9iJxGe9I="></latexit>

|K1i =
1p
2

⇣
|K0i+ |K0i

⌘
, CP|K1i = +|K1i

<latexit sha1_base64="Wglvlxg3plXdsoTJ+t2mbrqyxUo="></latexit>

|K2i =
1p
2

⇣
|K0i � |K0i

⌘
, CP|K2i = �|K2i

<latexit sha1_base64="lLtYPIo+Rqz+gAdJIbw+Cg1ZzPo="></latexit>
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KS & KL in CP limit

Large difference in lifetimes: 
- mK - 2mπ ≈ 220 MeV ≫ mK - 3mπ ≈ 80 MeV 

- KS ≡ K1, KL ≡ K2 (in CP limit) 
- τS ≈ 9 x 10-11s, τL ≈ 5 x 10-8s 

Possible processes: 
- KS → ππ    (CP even to CP even) 
- KL → πππ  (CP odd to CP odd) 

�31
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CP-violation in K → ππ
KL → ππ discovered (1964) 

Scenarios of CP-violation

�32

|KL> = |K2> + ε|K1>
CP odd CP even

|ππ>
CP even

ε’ ε
direct 
CPV

indirect 
CPV

Direct	CPV	(decay) ✏0
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⇥10�4
<latexit sha1_base64="6OrjgFYh1kabN2GTxxjKNiU0nkI="></latexit>
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SM prediction
SM vs Exp. 

27% systematic uncertainties from various sources in A0

�33
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✓
✏0

✏

◆
= Re

⇢
i!ei(�2��0)

p
2✏


ImA2

ReA2
� ImA0

ReA0

��
= 1.38(5.15)(4.59)⇥ 10�4
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usVud
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�1)h(⇡⇡)I|Qlat
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AI = h(⇡⇡)I|HW|Ki
<latexit sha1_base64="Mghx4FQHGFMZHwugamGuV2u4Wuc="></latexit>

pQCD LQCDLQCD 

(+pQCD) Other sources 
✦Discretization (12%) 
✦ Finite Volume (7%)

1.06(5.07)⇥ 10�4
<latexit sha1_base64="B6IEJdZ+uDWc1HMv7DMtJFPlw2c="></latexit>

Kitahara et al, 2016 
Improvement of RG

2.8σExp: 16.6(2.3) x 10-4

RBC & UKQCD, 2015

Lellouch-Lüscher factor (11%)
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pQCD LQCDLQCD 

(+pQCD)3f/4f matching (12%) 
⭐ Target of this talk

Operator renormalization (15%) 
Window problem: ΛQCD ≪ μ ≪ a-1 

Solved by “step scaling”

Other sources 
✦Discretization (12%) 
✦ Finite Volume (7%)
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Nf in Weak Hamiltonian

�34

HW = Σi wi (μ) Oi (μ) 

     = Σi wi (μ) Oi (μ) 
     = …

4f 4f

3f 3f

We can use either 3f or 4f for WMEs
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WMEs w/ 4-flavor operators

�35

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>4f 4f

LQCDpQCD

wi (μ): precise at HEs4f

μΛQCD

wi
Main issue in lattice calculation is 
  Window problem:  ΛQCD ≪ μ ≪ a-1 

    → resolved by step scaling, etc…
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WMEs w/ 3-flavor operators

�36

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): precise at HEs4f

μ

wi
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WMEs w/ 3-flavor operators

�36

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): large uncertainty 
12% uncertainty for K → ππ 

- PRL 115,212001(2015)

3f

wi (μ): precise at HEs4f

μmc

wi
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WMEs w/ 3-flavor operators

�36

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): large uncertainty 
12% uncertainty for K → ππ 

- PRL 115,212001(2015)

3f

wi (μ): precise at HEs4f

μmc

wi

wi (μ) from pQCD 

+ 

NP matching: wi (μ) → wi (μ)

4f

4f 3f
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wi  (µ)≠ wi  (µ)?
Of coarse sea charm effects ⇒ wi (μ) ≠ wi (μ) 
- Maybe small difference → neglect in this project 

If Oi  involves charm… 

- Corresponding wi’s in 3f & 4f different  

- wi necessary if MEs calculated with Oi
�37

3f

3f

4f

4f

4f

u,c,t u,c,t
g

W

q q

s d

QCD penguin
Oi = (sd)V-A Σq (qq)V±A- -

Ex)

current-current
Oi = (sd)V-A (uu)V-A- -u

Oi = (sd)V-A (cc)V-A- -c

3f 3f

s

du,c

u,c

W
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K → ππ by RBC/UKQCD (2015)

2+1 DWF  
a-1 = 1.38 GeV 

    ⇒ too coarse to introduce charm 

    ⇒ 3-flavor operators for MEs 
        & perturbative 4/3-flavor matching 

    ⇒ 12% systematic uncertainty in A0 

‣ NP matching (obtained from finer lattices) is desired

�38
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NP 4f-3f matching in position Sp.

�39

HW = Σi wi (μ) Oi (μ) = Σi wi (μ) Oi (μ)

Σi <O(x) Oi (μ;y)†> wi (μ) = Σi <O(x) Oi (μ;y)†> wi (μ) 

for any operator O(x) 
at LDs: 1/|x-y| ≪ mc

4f 4f 3f 3f

This means:
4f 4f 3f 3f

Relation b/w wi  & wi  can be obtained by choosing 

appropriate number of O(x)’s 
  ⇒ We choose 
      O(x) = Oi (μ;x)

4f 3f

3f
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NP 4f-3f matching in position Sp.

�40

HW = Σi wi (μ) Oi (μ) = Σi wi (μ) Oi (μ)

<Oj (μ;x) HW(y)†>

4f 4f 3f 3f

3f

Σj Gij   (μ;x-y) wj (μ) = Σj Gij   (μ;x-y) wj (μ)3f-3f 3f3f-4f 4f

Gij     (μ;x-y) = <Oi (μ;x) Oj  (μ;y)†>nf-n’f nf n’f

wi (μ) = Σjk (G       (μ;x-y))ij Gjk    (μ;x-y) wk (μ)3f 4f3f-4f3f-3f -1

Gauge invariant & free from contact terms 

  ⇒ can prevent mixing with irrelevant operators
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Matching Mtx & 3f operators

�41

Mik = Σj (G       (μ;x-y))ij Gjk    (μ;x-y) 

Inverse matrix (G       (μ;x-y))ij  exists                        
ONLY IF Oi ’s are independent with each other 
- Ex: ΔS = 1 weak operators not the case!

3f-3f 3f-4f-1

3f

3f-3f -1

6 Treatment of discretization errors 30

6.1 O(a2)-interpolation and average over zero-thickness spheres . . . . . . . . . 30

6.1.1 One dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

6.1.2 Bilinear interpolation for two dimension . . . . . . . . . . . . . . . . 31

6.1.3 Four dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

6.1.4 Some concerns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

7 Results 37

A Derivation of equations 39

A.1 Derivation of (126) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

A.2 Derivation of (137) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

1 Definitions and irreducible representations

1.1 Three-flavor theory

Table 1: Standard basis of ∆S = 1 four-quark operators in three-flavor theory.
Type Qi (L,R)-I

current-current Q1 = (sαdα)L(uβuβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q2 = (sαdβ)L(uβuα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

QCD penguin Q3 = (sαdα)L
∑3f

q (qβqβ)L (8, 1)-1/2

Q4 = (sαdβ)L
∑3f

q (qβqα)L (8, 1)-1/2

Q5 = (sαdα)L
∑3f

q (qβqβ)R (8, 1)-1/2

Q6 = (sαdβ)L
∑3f

q (qβqα)R (8, 1)-1/2

EW penguin Q7 =
3
2(sαdα)L

∑3f
q eq(qβqβ)R (8, 8)-1/2 ; (8, 8)-3/2

Q8 =
3
2(sαdβ)L

∑3f
q eq(qβqα)R (8, 8)-1/2 ; (8, 8)-3/2

Q9 =
3
2(sαdα)L

∑3f
q eq(qβqβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q10 =
3
2(sαdβ)L

∑3f
q eq(qβqα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

The ∆S = 1 four-quark operators in three-flavor theory are summarized in Table 1.

Here, α and β are color indices and the R/L subscripts denote right- and left-handed

currents,

(qq′)R/L = qγµ(1± γ5)q
′. (1)

2

Fierz symmetry                
→ 3 relations among Qi’s 
→ 7 independent operators
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Matching matrix

�42

If we choose 
- Oi  = (Q1, Q2, …, Qn3) 
- Oi  = (Q1, Q2, …, Qn3, P1, P2, …, Pnc) 
- Pi’s contain charm / Qi’s don’t 

Then

3f

4f

M = (G      (x))  (G      (x)  <Q(x) P(0)†>)

(1n3×n3        )
…

…

…
… …

…

… …

}nc 

Represents how Pi’s turn to Qi’s below 

charm threshold

We now redefine Qi’s as 
independent operators

3f-3f -1 3f-3f

=
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ΔS = 1 4-quark operators

�43
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1.1 Three-flavor theory

Table 1: Standard basis of ∆S = 1 four-quark operators in three-flavor theory.
Type Qi (L,R)-I

current-current Q1 = (sαdα)L(uβuβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q2 = (sαdβ)L(uβuα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

QCD penguin Q3 = (sαdα)L
∑3f

q (qβqβ)L (8, 1)-1/2

Q4 = (sαdβ)L
∑3f

q (qβqα)L (8, 1)-1/2

Q5 = (sαdα)L
∑3f

q (qβqβ)R (8, 1)-1/2

Q6 = (sαdβ)L
∑3f

q (qβqα)R (8, 1)-1/2

EW penguin Q7 =
3
2(sαdα)L

∑3f
q eq(qβqβ)R (8, 8)-1/2 ; (8, 8)-3/2

Q8 =
3
2(sαdβ)L

∑3f
q eq(qβqα)R (8, 8)-1/2 ; (8, 8)-3/2

Q9 =
3
2(sαdα)L

∑3f
q eq(qβqβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q10 =
3
2(sαdβ)L

∑3f
q eq(qβqα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

The ∆S = 1 four-quark operators in three-flavor theory are summarized in Table 1.

Here, α and β are color indices and the R/L subscripts denote right- and left-handed

currents,

(qq′)R/L = qγµ(1± γ5)q
′. (1)

2

Table 2: Standard basis of ∆S = 1 four-quark operators in four-flavor theory.

Type Pi

current-current P1 = (sαdα)L(uβuβ)L

P c
1 = (sαdα)L(cβcβ)L

P2 = (sαdβ)L(uβuα)L

P c
2 = (sαdβ)L(cβcα)L

QCD penguin P3 = (sαdα)L
∑4f

q (qβqβ)L

P4 = (sαdβ)L
∑4f

q (qβqα)L

P5 = (sαdα)L
∑4f

q (qβqβ)R

P6 = (sαdβ)L
∑4f

q (qβqα)R

EW penguin P7 =
3
2(sαdα)L

∑4f
q eq(qβqβ)R

P8 =
3
2(sαdβ)L

∑4f
q eq(qβqα)R

P9 =
3
2(sαdα)L

∑4f
q eq(qβqβ)L

P10 =
3
2(sαdβ)L

∑4f
q eq(qβqα)L

1.2 Four-flavor theory

The ∆S = 1 four-quark operators in the four-flavor theory are summarized in Table 2.

Identities among four-flavor operators derived from the Fiertz symmetry are

P4 = −P1 − P c
1 + P2 + P c

2 + P3,

P9 =
3

2
(P1 + P c

1 )−
1

2
P3,

P10 =
1

2
(P1 + P c

1 − P3) + P2 + P c
2 . (28)

We construct an independent basis. Since four-quark operators with the required quan-

tum numbers must be composed of s̄, d, q̄ and q (q = u, d, s, c), possible left-left operators

are combinations of

(s̄d)(ūu), (s̄u)(ūd)

(s̄d)(d̄d),

(s̄d)(s̄s),

(s̄d)(c̄c), (s̄c)(c̄d),

where we omit the subscript L for simplicity.

8

3-flavor 4-flavor

7 independent operators
9 independent operators
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Color trivialization by Fierz trf.

Def: 

Left-Left operators 

Left-Right operators

�44

(s̄d)L(q̄q)R/L = s̄�µ(1� �5)d · q̄�µ(1± �5)q
<latexit sha1_base64="N2d5a5Bgzd7W/w5Zut864TFP/g0="></latexit>

(s̄↵d�)L(q̄�q↵)L = (s̄↵q↵)L(q̄�d�)L
<latexit sha1_base64="kFYF3JDtDEKy/0Kx7zF62NvqhXg="></latexit>

(s̄↵d�)L(q̄�q↵)R = �2s̄↵(1 + �5)q↵ · q̄�(1� �5)d�
<latexit sha1_base64="WWLBNJZ4hjkcmbncTAvekCkcj7k="></latexit>
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Contractions

�45

4/3-flavor matching should be independent of mud & ms 

     ⇒ Calculate w/ SU(3) valence quarks + 1 heavier quark

�� ����

Figure 1: Fully connected diagrams in which each quark propagator connects the source
and sink points. The left panel corresponds to F4-type and the right one corresponds to
F2,2-type.

2.2 Fully connected diagrams

The fully connected diagrams can be classified to the following two kinds:

F2,2(x, y;Γ1,Γ2;Γ3,Γ4)
q1q2q3q4 = Tr

[
Γ1S

q1
F (x, y)Γ2S

q2
F (y, x)

]
· Tr

[
Γ3S

q3
F (x, y)Γ4S

q4
F (y, x)

]
,

(61)

F4(x, y;Γ1,Γ2,Γ3;Γ4)
q1q2q3q4 = Tr

[
Γ1S

q1
F (x, y)Γ2S

q2
F (y, x)Γ3S

q3
F (x, y)Γ4S

q4
F (y, x)

]
, (62)

which are sketched in Figure 1.

For calculation of GF
4-3(x − y) and GF

3-3(x − y) at the SU(3) isospin limit, we need 6

contractions of the type F4:

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

−
µ ,Γ

−
ν )

llll,

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

−
µ ,Γ

+
ν )

llll,

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

+
µ ,Γ

+
ν )

llll,

F4(x, y;Γ
−
µ , 1− γ5,Γ

−
µ , 1 + γ5)

llll,

F4(x, y;Γ
−
µ , 1 + γ5,Γ

+
µ , 1− γ5)

llll,

F4(x, y; 1− γ5, 1− γ5, 1 + γ5, 1 + γ5)
llll,

and 6 contractions of the type F2,2:

F2,2(x, y;Γ
−
µ ,Γ

−
ν ;Γ

−
µ ,Γ

−
ν )

llll,

F2,2(x, y;Γ
−
µ ,Γ

−
ν ;Γ

−
µ ,Γ

+
ν )

llll,

1It may be enough to use only n′
f = 3. See Section 4
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to

F̃2,1,1-type.

For calculation of GF
4-3(x− y) and GF

3-3(x− y), the F̃4-type requires 18 contractions for

3 + 1-flavor or 10 contractions in the SU(4) limit:

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

−
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

−
ν )

llcl,

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

+
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

+
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llcl, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

clll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

−
ν ,Γ

+
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

clll,

F̃4(x, y;Γ
+
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llll, F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llcl,

F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)
llll, F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)

llcl.
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to

F̃2,1,1-type.
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18 contractions 32 contractions 18 contractions
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Subtraction of power divergence

Loop diagram can contain power divergence 
- from power divergence of operators 

- Eliminate by redefining 

     with a condition

�46

Oi ~ ̶m̶q

a2

O0
i = Oi � C�s̄(1� �5)d� C+s̄(1 + �5)d

<latexit sha1_base64="oV8fQcl80yEOZ9gFYcuIvTnxIHw="></latexit>

⌦
s̄(1± �5)d(x) ·O0

i

(y)†
↵ ��

x�y=x0
= 0

<latexit sha1_base64="hSbxRqK2IHhZXjJ+ZKIqJ3FRYiw="></latexit>
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Figure 3: Diagrams of correlators of a four-quark and bilinear operators. Top/Left panel

corresponds to F̃ [x]
3 -type, Middle/Left panel corresponds to F̃ [y]

3 -type, Top/Right panel

corresponds to F̃ x
2,1-type, Middle/Right panel corresponds to F̃ y

2,1-type and Bottom pane
corresponds to F2-type.
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12 contractions 12 contractions 3 contractions
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Result for Mij

�47

• 163 x 32 

• a-1 = 1.78 GeV 

• 88 confs in 3,500 

MD time 
• mud = ms  = ms 

• Unrenormalized

val val sea

Mik = Σj (G       (x))ij Gjk    (x) 

- Valid and should be independent of x at LDs |x| ≫ 1/mc

3f-3f 3f-4f-1

(1n3×n3        )…

…
…

… …
…

… …
=

������

������

�����

�����

�����

��� ��� ��� ��� ��� ��� ��� ��� �

��� � ���
��� � ���

1/|x| [GeV]

Spherically averaged
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Result for Mij

�47

• 163 x 32 

• a-1 = 1.78 GeV 

• 88 confs in 3,500 

MD time 
• mud = ms  = ms 

• Unrenormalized

val val sea

Mik = Σj (G       (x))ij Gjk    (x) 

- Valid and should be independent of x at LDs |x| ≫ 1/mc

3f-3f 3f-4f-1

(1n3×n3        )…

…
…

… …
…

… …
=

������

������

�����

�����

�����

��� ��� ��� ��� ��� ��� ��� ��� �

��� � ���
��� � ���

1/|x| [GeV]

around 1/|x| = 0.4 GeV… 

- Large statistical error 
- No clear plateau

Spherically averaged
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Section Summary

�48

Purpose 

Idea 

Large statistical error in an exploratory calculation on 

16-1 lattice at a-1 = 1.78 GeV 

- Trying to improve using Lanczos A2A, … 

Main calculation will be at a-1 = 2.35 GeV, 3.15 GeV, … 

w3f
i

<latexit sha1_base64="NQWJvzk9XQUkyFu6IzYVqxDyehQ="></latexit>

w4f
i

<latexit sha1_base64="YbsvdJit3rglHqZpUi+OkV7nPDE="></latexit>

NP method

w4f
i O4f

i = w3f
i O3f

i
<latexit sha1_base64="sypyKUyu6V+e+xwdB59NPgOQTdA="></latexit>

(for K → ππ)

w

3f
i (µ) =

�
G

3f-3f(µ; x)
��1

ij
G

3f-4f
jk (x)w4f

k (µ)
<latexit sha1_base64="cqlTxiwUTQgk8aMEJzObr/vdSmA="></latexit>
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Condition 

Condition valid in |p1,2| ≪ mc  

Statistical error 
- |p1,2| = 1.2 GeV → 10% 

- |p1,2| = 0.6 GeV → 50% 

Previous effort in mom Sp.

�49

Oi

p1 p1

p2 p2

Oi

p1 p1

p2 p2

Pαβγδ  Λαβγδ (Oi (μ);p1,p2) wi (μ)
abcd abcd 3f 3f

Pαβγδ  Λαβγδ (Oi (μ);p1,p2) wi (μ)
abcd abcd 4f 4f

=

G-fixed amputated Green’s function
flavor, color and spin projector
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Why mom procedure so bad?
Gauge fixing 

- Large Gribov noise 
• Gauge condition does not have a unique solution on the 
gauge orbit 

• Gauge-dependent quantities have some ambiguity 

- Mixing with gauge-noninvariant operators 

Off-shell condition 

- Mixing with operators that vanish by EoM

�50

All significant at small p1,2 

Position-space procedure is free from all of these 



  Seminar @ Beijing,  July 2, 2019                 Columbia University   Masaaki Tomii                      / 48

Spherical average of a correlator

�51

�����
�����
�����
����
����
����
����
���

� � � � � �� �� �� ��
�����

����������� �

��� ����
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Euclidean correlators

Good tool to extract information on O in QCD vacuum 

-     : projection to         state ⇒ mass spectrum ~ e-Mt 

- E(  ) 
3pt, 4pt functions also useful 
- scattering amplitudes 
- weak matrix elements 
- form factors 
- …

�52

⌦
0|O(x)O(y)†|0

↵
<latexit sha1_base64="c+7Lhv4Ha7zRM6pslLCTzHDRlqw="></latexit>

P
~
x

<latexit sha1_base64="Etnx8vjtiKHEzYh17P/gFh3+FXA="></latexit>

~p = 0
<latexit sha1_base64="lJq/VSFxgKAuyJ+lSBg7CT2aHw4="></latexit>

~p
<latexit sha1_base64="mTdrfCI8i0HBWWsBgmRLbm16fus="></latexit>
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Path integral

                  : Operator of interest 
                      : Wick-contracted form of  

Ex: 

2 diagrams:

�53

［ ［

O =  (n)i�5 (n) ·  (0)i�5 (0)
<latexit sha1_base64="t97ReZlTPOhVBe/MrXCt46+jFz4="></latexit>

O = nfTr[(D�1)n,0�5(D�1)0,n�5]

�n2
fTr[(D

�1)n,n�5] · Tr[(D�1)0,0�5]
<latexit sha1_base64="6kDziLW0++5qMXjGUMY0810oi6c="></latexit>

［

［


